* 


Bound  to  LsU 


BINDERY  COPY  2 


MATERIAL  COLOR 

QQO 

SET  OF 

PRINT  COLOR 

£ja 

ROLLS 

PRINT  DATE 


WRAP 


SLOT 


mm 


.  . 


$  '' 


ACCOUNT  NO 


TITLE  NO. 


TITLE 


DATE 

SENT 


NAME 


EDUCATION 


NG 


ON 


ISSN  NO 


FREQ 


SORT 


BINDING  CLASS 


SPECIA 


CHANGE 


NEW  TITLE 


F 

B 

IN 

OUT 

TITLE  PAGE 

FRONT  COVER 

TABLE  CONT 

BACK  COVER 

INDEX 

ADS  , 

- 

,  * 

C.  &\(LvAo 


Bridgeport  National 
Bindery,  Inc. 


?  - 

■ 


* 


■  •• 


V 


{AO= 


: 


♦  -  - 


CO 


ON  THE 


DIFFERENTIAL  AND  INTEGRAL 


C  A  L  C  IT  L  U  S, 


AND  ON  THE 


CALCULUS  OF  VARIATIONS. 


BY  EDWARD  H.  COURTENAY,  LL.  D. 

LATE  PROFESSOR  OF  MATHEMATICS  IN  THE 
UNIVERSITY  OF  VIRGINIA.  , 


A.  S.  BARNES  AND  COMPANY, 
NEW  YORK  AND  CHICAGO. 

1871. 


Valuable  Works  by  Leading  Ambers 

TN  THE 

HIGHER  MATHEMATICS. 

- - 

Al.  E.  CHURCH,  LL.D., 

'-Prof.  Mathematics  in  the  United  States  Military  Academy ,  JV'cst  Point. 

CHURCH’S  ANALYTICAL  GEOMETRY. 

Elements  of  Analytical  Geometry,  preserving  the  true  spirit  of  Analysis,  and  rendering  the 
whole  subject  attractive  and  easily  acquired. 

CHURCH’S  CALCTTLTJS. 

Elements  of  the  Differential  and  Integral  Calculus,  with  the  Calculus  of  Variations. 

CHURCH’S  DESCRIPTIVE  GEOMETRY. 

Elements  of  Descriptive  Geometry,  with  its  applications  to  Spherical  Projections,  Shades 
and  Shadows,  Perspective  and  Isometric  Projections.  2  vols. ;  Text  and  Plates  respectively. 

EDWARD  M.  COURTENAY,  IPL.IX, 

Date  Prof.  Mathematics  in  the  University  of  "Virginia. 

COURTENAY’S  CALCULUS. 

A  treatise  on  the  Differential  and  Integral  Calculus,  and  on  the  Calculus  of  Variations. 


CHAS.  W.  HACHLEY,  S.  T.  33., 

Date  Prof,  of  Mathematics  and  Astronomy  in  Columbia  College. 

IIYCICLILY’S  TRIGONOMETRY. 

A  treatise  on  Trigonometry,  Plane  and  Spherical,  with  its  application  to  Navigation  and 
Surveying,  Nautical  and  Practical  Astronomy  and  Geodesy,  with  Logarithmic,  Trigonomet¬ 
rical,  and  Nautical  Tables^ _ 

W.  IX.  C.  BARTLETT,  LE.D., 

Prof,  of  JV'al.  cC  Pxp .  Philos,  in  the  U.  S.  Military  Academy,  JCest  Point . 

BARTLETT’S  SYNTHETIC  AH  IL  CIIANICS. 

Elements  of  Mechanics,  embracing  Mathematical  formulae  for  observing  and  calculating 
the  action  of  Forces  upon  Bodies — the  source  of  all  physical  phenomena. 

BARTLETT’S  AXALYTICAL  At  ISO  HLAJNTICS. 

For  more  advanced  students  than  the  preceding,  the  subjects  being  discussed  Analytically , 
by  the  aid  of  Calculus. 

BARTLETT’S  ACOUSTICS  AND  OPTICS. 

Treating  Sound  and  Light  as  disturbances  of  the  normal  Equilibrium  of  an  analogous  char¬ 
acter,  and  to  be  considered  under  the  same  general  laws. 

BARTLETT’S  ASTRONOMY. 

Spherical  Astronomy  in  its  relations  to  Celestial  Mechanics,  with  full  applications  to  the 
current  wants  of  Navigation,  Geography,  and  Chronology. 

- imiiynbii.amfiMiA  .,-isbb - 

DAYIES  PECK, 

‘Department  of  Mathematics ,  Columbia  College. 
MATHEMATICAL  DICTIONARY 
And  Cyclopedia  of  Mathematical  Science,  comprising  Definitions  of  all  the  terms  employed 
in  Mathematics— an  analysis  of  each  branch,  and  of  the  whole  as  forming  a  single  science. 

CHARLES  DAYIES,  LE.I3., 

Late  of  the  United  States  Military  Academy  and  of  Columbia  College. 

A.  COMPLETE  COTTIVSIL  IN  MATHEMATICS. 

See  A.  S.  Barnes  &  Co.’s  Descriptive  Catalogue. 

Entered,  according  to  Act  of  Congress,  in  the  year  1855,  by 
A.  S.  BARNES  &  CO., 

In  the  Clerk’s  Office  of  the  District  Court  of  the  United  States  for  the  Southern  District  of  New  York. 
COURTENAY’S  CAL. 


EDWARD  H.  COIJRTE  Jf  AY. 


In  the  publication  of  the  following  Treatise  on  the 
Differential  and  Integral  Calculus  by  Edward  II.  Courtenay, 
two  Institutions  have  an  equal  interest  —  the  Military 
Academy  where  he  was  graduated  in  the  year  1S21,  anyl 
the  University  of  Virginia,  where  he  died  in  the  Fall  of  1S53. 


Mr.  Courtenay  was  born  in  the  City  of  Baltimore,  on  the 
19th  of  November,  1803.  He  entered  the  Military  Academy 
as  a  cadet  in  September,  1818,  and  was  the  youngest 
member  of  the  Class  of  that  year. 


The  Course  of  Study  embraced  a  term  of  four  years.  In 
three  years  Mr.  Courtenay  made  himself  highly  proficient  in 
all  the  branches,  and  was  graduated  at  the  head  of  his  class, 
m  July,  1821. 

In  his  initiatory  examination  he  made  a  strong  impression 
on  the  mind  of  the  examiner,  who  remarked,  when  the 
examination  was  concluded,  that  “a  boy  from  Baltimore,  of 
spare  frame,  light  complexion  and  light  hair,  would 
certainly  take  the  first  place  in  his  class.” 

We  transcribe  the  following  record  from  the  Register  of 
the  United  States  Military  Academy. 


“  Edward  II.  Courtenay — Promoted  Bvt.  Second  Lieut., 
Corps  of  Engineers,  July  1,  1821. — Second  Lieut.  July  1, 
1821. — Acting  Asst.  Professor  of  Natural  and  Expeiimental 
Philosophy,  Military  Academy,  from  July  23,  1821,  to  Sept. 
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1,  1822  ;  and  Asst.  Professor  of  Engineering,  from  Sept  1, 
1822,  to  Aug.  31,  1824. — Acting  Professor  of  Natural  and 
Experimental  Philosophy,  Military  Academy,  from  Sept.  1, 
1828,  to  Feb.  16,  1829  ;  and  Professor,  from  Feb.  16,  1829, 
to  'Dec.  31,  1834. — Designed  Lieutenancy  of  Engineers,  Feb. 
16,  1829;  and  Professorship  of  Natural  and  Experimental 
Philosophy,  Dec.  31,  1834. — Professor  of  Mathematics, 
University  of  Pennsylvania,  from  1834  to  1836. — Division 
Engineer,  New  York  and  Erie  Pailroad,  1836-37. — Civil 
Engineer,  in  the  service  of  United  States,  employed  in  the 
construction  of  Fort  Independence,  Boston  Harbor,  from 
1837  to  1841.* — Chief  Engineer  of  Dry  Dock,  Navy  Yard, 
Brooklyn,  N.  Y.,  1841-42. — Professor  of  Mathematics, 
University  of  Virginia,  since  1842. — Author  of  Elementary 
Treatise  on  Mechanics,  translated  from  the  French  of  M. 
Boucharlat,  with  additions  and  emendations,  designed  to 
adapt  it  to  the  use  of  the  Cadets  of  the  U.  S.  Military 
Academy,”  1833. — Degree  of  A.  M.,  conferred  by  University 
of  Pennsylvania,  1834;  and  of  LL.  D.,  by  Hampden 
Sidney  College,  Va.,  1816.” 


*  Mr.  Courtenay,  while  employed  as  Engineer  in  the  construction  of  the  works 
in  Boston  Harbor,  was  associated  with  that  distinguished  officer,  Colonel  Sylvanus 
Thayer,  of  the  Corps  of  Engineers. 

The  year  before  Mr.  Courtenay  entered  the  Military  Academy,  as  a  Cadet, 
Colonel  Thayer  had  been  appointed  Superintendent.  He  was  then  engaged  in 
laying  the  foundation  of  the  system  of  instruction  and  discipline  which  has 
imparted  so  much  reputation  to  that  institution. 

It  was  among  the  most  agreeable  and  cherished  remembrances  of  Mr.  Courtenay’s 
life  that  he  enjoyed  the  entire  confidence  and  friendship  of  so  interesting  and 
distinguished  a  man. 

The  relation  of  principal  and  pupil,  in  a  public  institution  became  the  basis  of 
a  sincere  and  generous  friendship  ;  and  when  the  news  reached  the  north  that 
Courtenay  was  dead,  no  eye  was  moistened  by  a  tear  of  warmer  sympathy  than 
that  of  the  Superintendent  who  had  guided  his  youth  and  admired  his  life. 
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The  author  of  this  notice  examined  Mr.  Courtenay  when 
he  entered  the  Military  Academy,  was  associated  with 
him  in  the  Academic  Board,  and  knew  him  intimately 
in  all  the  situations  which  he  subsequently  filled ;  and 
yet  feels  quite  incompetent  to  do  justice  to  the  memory 
of  so  perfect  a  man  and  so  dear  a  friend. 

The  painter  who  has  a  faultless  form  to  delineate  or  a 
perfect  landscape  to  transfer  to  the  canvas,  is  embarrassed 
by  the  very  perfection  of  his  subject.  He  has  nothing  to 
put  in  opposition  to  the  beautiful — no  shading  that  can  give 
full  effect  to  the  living  light.  Characters  which  afford 
strong  contrasts  are  easily  drawn — it  is  the  perfect  char¬ 
acter  which  it  is  difficult  to  sketch. 

\ 

The  intellectual  faculties  of  Professor  Courtenay  'were 
blended  in  such  just  proportions,  that  each  seemed  to  aid 
and  strengthen  all  the  others.  He  examined  the  elements 
"  of  knowledge  with  a  microscopic  power,  and  no  distinction 
was  so  minute  as  to  elude  the  vigilance  of  his  search.  He 
compared  the  elements  of  knowledge  with  a  logic  so  scruti¬ 
nizing  that  error  found  no  place  in  his  conclusions  ; — and 
he  possessed,  in  an  eminent  degree,  that  marked  character¬ 
istic  of  a  great  mind,  the  power  of  a  just  and  profound 
generalization. 

His  mind  was  quick,  clear,  accurate  and  discriminating 
in  its  apprehensions — rapid,  and  certain,  in  its  reasoning 
processes,  and  far-reaching  and  profound  in  its  general 
views.  It  was  admirably  adapted  both  to  acquire  and 
use  knowledge. 

The  intellectual  faculties,  however,  are  but  the  pedestal 
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and  shaft  of  the  column — the  moral  and  social  faculties 
are  its  entablature  or  crowning  glory.  It  \s  these  faculties 
which  shed  over  the  whole  character  a  soft  and  attractive 
radiance,  exhibiting  in  a  favorable  light  the  majesty  of 
intellect  and  the  divine  attributes  of  truth,  justice  and 
beneficence. 

It  was  the  ardent  desire  and  steady  aim  of  Professor 
Courtenay,  during  his  whole  life,  to  he  governed  by 
these  principles,  and  there  are  few  cases  in  which  the 
ideal  and  the  actual  have  been  brought  more  closelv 
together.  Modest  and  unassuming  in  his  manners  even 
to  diffidence,  he  was  bold,  resolute  and  firm  in  asserting 
and  maintaining  the  right.  Liberal  in  his  judgments  of 
others,  he  was  exacting  in  regard  to  himself.  He  could 
discriminate,  reason,  and  decide  justly  even  when  his  own 
interests  were  involved  in  the  issue.  His  love  of  truth 
and  justice  was  stronger  than  his  love  of  self  or  of  friends. 


His  intercourse  with  others  wras  marked  by  the  gentlest 
courtesies.  He  w-as  an  attentive  and  eloquent  listener. 
Differences  of  opinion,  appeared  to  excite  regret  rather  than 
provoke  argument,  and  his  habitual  respect  for  the  opinions, 
wishes  and  feelings  of  others,  imparted  an  indescribable 
charm  to  liis  manners. 


As  a  professor  he  was  a  model.  He  was  clear,  concise, 
and  luminous  in  his  style  and  methods.  Laborious  in  the 
preparation  of  his  lectures,  even  to  the  minutest  facts,  he 
was  at  all  times  prepared  to  impart  information.  His  manner, 
as  a  teacher,  was  highly  attractive.  lie  never  by  look,  act, 
word,  or  emphasis  disparaged  the  efforts  or  undervalued 
the  acquirements  of  his  pupils.  His  pleasant  smile  and  kind 
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voice,  when  he  would  say,  “  Is  that  answer  perfectly 
correct  ?  ”  gave  hope  to  many  minds  struggling  with  the 
difficulties  of  science  and  have  left  the  impression  of  affec¬ 
tionate  recollection  on  many  hearts. 

At  the  Military  Academy,  on  the  banks  of  the  Hudson, 
where  Mr.  Courtenay  was  educated,  and  where  he  first 
labored  to  advance  the  interest  of  instruction  and  science, 
his  name  is  recorded  on  the  list  of  distinguished  graduates, 
and  honorably  enrolled  among  the  most  eminent  Professors 
of  that  Institution.  There  his  labors  and  memory  will  live 
long  together. 

At  the  University  of  Virginia  he  has  left  a  name  equally 
dear  to  that  distinguished  Faculty  of  which  he  was  an  orna¬ 
ment  and  to  the  many  pupils  whom  he  there  taught.  When 
these,  in  later  years,  shall  revisit  their  Alma  Mater,  to  revive 
iarly  and  cherished  recollections — to  strengthen  the  bonds  of 
early  friendships  and  renew  their  resolves  to  be  good  and 
great,  they  will  find  that  a  wide  space  has  been  made  vacant. 
They  will  realize  in  sorrow  that  a  favorite  professor  has  been 
transferred  from  the  hails  of  instruction  to  the  grove  of  pines 
which  borders  the  town,  and  which  contains  the  remains  of 
the  revered  dead.  Thither  they  will  go,  in  the  twilight  of 
the  evening,  to  visit  the  grave  of  a  man  of  science — their 
able  teacher  and  faithful  friend.  In  reviewing  his  life  and 
contemplating  his  character,  they  will  exclaim — 

“Mark  the  perfect  man  and  behold  the  upright;  for  the 
end  of  that  man  is  peace.” 

Fisiikill  Landing,  j 
March  10  th,  1855.  j 
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NOTICE. 

The  following  work  was  left  by  Professor  Courtenay,  in  manuscript,  in 
a  highly  finished  condition  ;  and  yet,  it  must  be  regretted  that  it  could  not 
receive  the  final  corrections  of  the  author.  A  premature  death,  at  the 
meridian  of  life,  placed  the  work  in  other  hands,  and  any  slight  inaccuracies 
of  language  which  may  now  appear,  would  doubtless  have  been  corrected, 
if  the  sheets  could  have  passed  under  the  eye  of  the  author. 

It  is  a  cause  of  thankfulness,  however,  that  the  work  was  entirely  com¬ 
pleted  by  Professor  Courtenay  :  and  in  its  publication  the  plan,  language, 
and  even  the  punctuation,  have  been  followed  with  a  fidelity  due  to  the 
memory  of  a  friend. 

The  work  will  be  found  more  full  and  extensive  than  any  which  has  yet 
appeared  in  this  country  on  the  same  subject ;  and  the  part  which  relates 
to  the  Calculus  of  Variations  will  be  especially  acceptable  to  the  America): 
public. 

It  is  perhaps  not  improper  to  add,  that  the  Publishers  have  generously 
offered  to  publish  the  work  on  very  favorable  terms,  and  that  the  profits, 
whatever  they  may  be,  will  go  to  the  family  of  the  author. 
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CHAPTER  I. 

FIRST  PRINCIPLES. 

t 

\  In  all  mathematical  calculations,  the  quantities  which  are 
p»  rented  for  our  consideration  belong  to  one  of  two  remarkable 
claves  :  namely,  constant  quantities,  which  are  such  as  preserve 
the  same  values  throughout  the  limits  of  one  investigation;  or 
variable  quantities,  which  may  assume  successively  different  values, 
the  number  of  such  values  Leins;  unlimited. 

The  first  letters  of  the  alphabet,  as  <7,  5,  c,  &c.,  are  usually 
employed  to  denote  constant  quantities,  and  the  last  letters  z,  y,  x. 
&c.  are  used  to  represent  such  quantities  as  are  variable. 

2.  When  two  quantities  x  and  y  are  mutually  dependent  upon 
each  other,  so  that  a  knowledge  of  the  value  of  one  will  lead 
to  that  of  the  other,  they  are  said  to  be  filnctions  of  each  other. 
Thus,  in  the  equations 

y  —  ax,  y  =  bx 2  cx  c,  y  —  ax3  -f-  bx2  —  cx  +  e, 

the  value  of  y  is  determined  as  soon  as  that  of  x  is  known ;  and 
accordingly  y  is  said  to  be  a  function  of  x. 

In  like  manner,  an  assumed  value  of  y  will  fix  the  correspond¬ 
ing  values  of  x,  and  therefore  x  is  a  function  of  y.  There  is 
this  difference,  however,  between  the  two  cases :  when  the  value 
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of  x  is  assumed,  that  of  y  is  obtained  by  a  simple  substitu¬ 
tion  ;  whereas  the  determination  of  the  value  of  x  from  that 
of  y  requires  the  solution  of  an  equation.  Hence,  y  is  called 
an  explicit  function  of  x,  but  x  is  said  to  be  an  implicit  func¬ 
tion  of  y. 

The  general  fact  that  y  is  an  explicit  function  of  x  is  written 
thus  : 

,  y  —  Fx,  or  y  =  p.r, 

when  the  character  F  or  9  stands  as  the  representative  of  certain 
operations  to  be  performed  on  the  quantity  x,  the  result  of  which 
operations  will  be  a  quantity  equal  in  value  to  y.  And  when 
we  wish  to  imply  that  the  values  of  x  and  y  are  connected  by 
an  unresolved  equation,  or  that  y  is  an  implicit  function  of  x. 
we  write 

■Ffa  V)  =  0,  or  cp(x,  y)  =  0. 

Tor  the  purpose  of  -illustration,  let  there  be  taken  the  three 
equations 

y=ax  +  b  (1), 
y  =  ax 2  +  bx  -f  c  (2), 
y  =  ax 3  -f  bx 2  +  cx  -f-  e  (3), 

and  suppose  x  to  receive  an  increment  h  in  each  equation,  con¬ 
verting  it  into  x  +  A,  and  causing  y  to  assume  a  new  value  yt. 
Then  if  the  form  of  each  function,  or  value  of  y,  be  supposed 
to  remain  unchanged,  the  three  equations  (1),  (2),  and  (3),  will 
become  respectively 

V\  =  -b  h)  -f-  b  (4) 

?/i  =a(x  +  A)2  +  b(x  +  A)  -f  c  (5), 
and  y,  =  a(x  +  A)3  -f  b(x  -f-  A)2  -J-  c(x  -f  A)  4*  e  (0). 

Subtracting  (1)  from  (4)  we  obtain 

V\  ~~  V  =  oh  (7V 
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jfrom  (2)  and  (5)  we  get 

yx  —  y  —  a(2xh  +  h2)  -f  bh  (8). 

And  from  (3)  and  (G) 

V\  —  V  ~  a(ox2k  -f  oxh2  -f-  A3)  -f  h(2xh  -f-  A2)  +  ch  (9). 
From  (7)  we  leduce,  by  division, 


from  (8) 
and  from  (9) 


ih  —  y 

A 


—  a  (10) ; 


Vi  —  y 
h 


a(2x  -f-  A)  -f-  b  (11) ; 


—2 ax  -f-  ah  +  b  \ 


=  a( 3x2  -f  oxh  +  h2)  +  b(2x  +  h)  +  c 


The  results,  (10),  (11),  and  (12),  express  tne  ratio  between 
the  increment  h  assigned  to  x,  and  the  corresponding  increment 
yx  —  y  imparted  to  y.  The  values  of  this  ratio,  in  the  three 
examples  selected,  present  remarkable  differences. 

In  the  first  example,  this  ratio  retains  the  same  value  a,  what¬ 
ever  may  be  the  value  assigned  to  the  increment  h.  In  the 
second  example  it  consists  of  two  parts, 


one  =  2  ax  +  b , 

entirely  independent  of  A,  and  the  other  =  ah, 


which  varies  with  h.  If  the  value  of  h  be  supposed  to  diminish, 
the  ratio 

2 ax  -f-  h  -f-  ah  (1 1), 

will  become  more  and  more  nearly  equal  to  2 ax  +  b  •  and,  final¬ 
ly,  when  h  becomes  indefinitely  small,  the  ratio  is  reduced  to 
this  latter  value. 

The  corresponding  increments  h  and  yx  —  y,  when  indefinitely 
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small,  are  called  the  differentials  of  the'  quantities  x  and  y,  and 
the  limiting  value  of  the  ratio 

Vi  —  y 

h 

is  called  the  differential  coefficient ,  because  it  is  the  multiplier  of 
the  differential  of  x  necessary  to  produce  the  differential  of  y. 

The  differentials  of  x  and  y  are  written  dx  and  cly ,  the  char¬ 
acter  d  being  the  symbol  of  an  operation  to  be  performed  on 

dy 

x  or  ?/,  not  a  factor :  and  the  differential  coefficient  is  written  -f- 
J)  dx 

Moreover,  one  of  the  variables  (usually  x)  is  called  the  inde¬ 
pendent  variable,  its  increment  dx  (although  small)  being  arbi 
trary  ;  while  the  other  y,  whose  increment  dy  depends  on  that 
of  x ,  is  called  the  dependent  variable  or  simply  the  function. 

In  the  third  example,  the  ratio 

Vi  ~~  V 
h 

reduces,  at  the  limit  when  h  —  0,  to 

~  —  3 ax2  4-  2 bx  +  c. 
dx 

These  examples  illustrate  the  fact  that  two  indefinitely  small 
quantities  may  yet  have  a  finite  ratio  ;  and  they  suffice  to  show 
that  the  form  of  the  differential  coefficient,  which  is  usually  a 
function  of  x ,  will  depend  very  materially  on  the  form  of  the 
original  function  y. 

(3.)  The  considerations  just  presented  analytically  admit  of 
geometrical  illustration.  For,  whatever  may  be  the  relation  be¬ 
tween  x  and  y,  the  former  may  be  regarded  as  the  abscissa,  and 
the  latter  as  the  ordinate  of  a  plane  curve;  and  the  determination 
of  the  relation  between  the  corresponding  increments  of  x  and  y, 
is  reduced  to  finding  the  change  in  the  length  of  the  ordinate 
produced  by  an  arbitrary  change  in  the  length  of  the  abscissa. 
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It  is  the  chief  object  of  the  Differential  Calculus  to  investigate 
the  laws  of  increase  of  functions  having  various  forms,  when  such 
changes  are  produced  by  an  arbitrary  change  in  the  value  of 
the  independent  variable  upon  which  the  values  of  the  functions 
depend. 

Geometrical  considerations  will  also  point  out  very  clearly  how 
it  happens  that  a  given  augmentation  of  the  variable  x  will,  in 
different  stages  of  its  magnitude,  produce  widely  different  increments 
of  the  function  y. 

Referring  to  the  an¬ 
nexed  diagram,  it  will 
be  apparent  that  near 
the  vertex  C  of  the 


X 


increase  in  the  value  of 

the  abscissa  x  will  produce  a  comparatively  large  increase  in  the 
value  of  the  ordinate  y;  but  when  the  tangent  to  the  curve  forms 
a  smaller  angle  with  the  axis  OX ,  as  at  P,  the  same  increment 
in  x  will  produce  a  much  smaller  increase  of  y;  and  if  the  tangent 
be  nearly  parallel  to  OX ,  the  increment  received  by  y  will  be  very 
small  in  comparison  with  that  given  to  x.  Finally,  by  continuing 
to  increase  x ,  the  ordinate  y  may  first  cease  to  increase,  and  may 
afterwards  actually  decrease,  or  the  increment  of  y  may  become 
negative;  and  these  different  results  will  occur  without  any  change 
in  the  form  of  the  function  y. 

4.  One  of  the  first  inquiries  presented  for  consideration  is  the 
determination  of  the  general  form  of  the  function  F(x  -f  h )  ;  for, 
since  we  desire  to  compare 


y  =  Fx  with  yx  =  F(x  -j-  li ), 

it  is  important  to  know  what  form  F{x  -f-  h)  will  assume  when  ex¬ 
panded  into  a  series  of  terms  involving  x  and  h.  Hence  the  fol¬ 
lowing 
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Frojiosilton.  To  determine  the  general  form  of  the  development 
of  any  function  of  the  algebraic  sum  of  two  quantities,  such  as 
F(x  -f  h),  arranged  according  to  the  powers  of  the  second  h. 

1st.  There  must  be  one  term  m  the  development  of  the  form 
Fx,  and  the  other  terms  must  contain  h.  Tor,  since  the  develop¬ 
ment  is  supposed  to  be  general,  and  therefore  true  for  all  values  A, 
it  ought  to  be  applicable  when  li  —  0,  in  which  case  the  undeveloped 
function  F(x  -f-  A)  reduces  to  Fx.  This  condition  will  be  satisfied 
by  supposing  the  first  term  in  the  development  to  be  Fx,  and  all 
the  succeeding  terms  to  contain  powers  of  h,  since  the  supposition 
A  —  0  will  then  give  rise  to  an  equation,  Fx  —  Fx,  which  is  identi¬ 
cally  true.  And  no  other  conceivable  form  of  development  would 
lead  to  this  result. 

We  may  therefore  write 

F (x  -f-  A)  —  Fx  T  Aha  -j-  BE  -f-  Clie  -j-  dec.  (1)) 

in  which  the  coefficients  A,  B,  C,  dec.,  will  usually  be  functions  of  x, 
and  the  exponents  a,  b,  c,  dec.,  undetermined  constants. 

2d.  None  of  the  exponents,  a,  b,  c,  dec.,  can  be  negative.  For  if 
there  could  be  a  term  of  the  form 

B 

Bh~ b  or  — , 

hb 

it  would  become  infinite  when  h  —  0,  thus  rendering  the  developed 
expression  infinite,  while  the  undeveloped  expression  would  become 
simply  Fx,  and  this  latter  would  probably  be  finite. 

3d.  None  of  the  exponents  can  be  fractional.  For  if  there  could 
be  a  term  of  the  form 

T 

Eli  or  E 

such  term  would  have  as  many  different  values  as  there  are  units 
ins;  that  is,  it  would  have  s  values;  and  each  of  these  values 
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could  be  combined  in  succession  with  the  aggregate  of  the  other 
terms  of  the  series. 

Now  if  each  of  these  other  terms,  except  the  first  term  Fx,  be 
supposed  to  have  but  one  value,  the  sum  of  all  the  terms  containing 
h  will  have  s  different  values.  And  if  Fx  be  susceptible  of  n  dif¬ 
ferent  values,  the  entire  development  will  admit  of  n  X  s  values, 
since  each  value  of  Fx  may  be  combined,  in  succession,  with  each 
value  of  the  remaining  terms. 

But  F(x  +  h)  being  of  the  same  form  with  Fx,  must  have  the 
same  number  n  of  values.  Thus,  for  example,  if 

F(x  -f  li)  —  (x  +  h) 3,  then  Fx  —  x3, 
and  both  will  have  three  values. 

If  F(x  +  7i)  =a.(x  +  /i)2  +  b(x  +  k)*, 

JL 

then  Fx  —  ax 2  -f-  Ac5, 

and  both  will  have  five  values,  &c. 

Thus,  in  the  case  supposed  above,  where  there  was  one  fractional 
exponent,  F(x  +  would  have  n  values  when  undeveloped,  bu<t 
n  X  s  values  when  developed — a  manifest  absurdity. 

"We  conclude  therefore  that  the  exponents  a,  b ,  c,  &c.,  in  the 
general  development,  must  be  positive  integers  ;  and  in  order  to 
make  the  development  include  every  possible  case,  we  write 

F{x  +  h)  —  Fx  -f-  Ah  +  j Bh2  +  Ch3  -j-  Fh*,  &c., 


including  every  power  of  h.  If  in  any  particular  case  some  of  these 
terms  should  be  unnecessary,  it  will  suffice  to  suppose  the  cor¬ 
responding  coefficients  A,  B,  C,  &c.,  to  reduce  to  zero. 

Wre  have  a  familiar  example  of  the  expansion  of  F(x  +  h)  in  the 
well  known  binomial  theorem.  Thus,  if 


F(x  4-  h)  —  (x  +  h) n  =  xn  +  nxn~lh 
”^--1)  .  Xn-V  +  »("-!)(»»-.  8)  _r„_: 


I  o 

X .  .  •  O 


xn~3h3  •-}-  &c., 


1.2 
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we  shall  have 

n(n  —  l') 

Fx~xn,  A=znxn~\  B— — 4—— — - x *~2, 

j  1  •  4* 

~  n(n~  l)(n  —  2)  Q  0 
a  =  — 123 — -  x  >  &c-> 

where  A,  B ,  C ,  &c.,  are  functions  of  x. 

'The  following  are  likewise  examples  of  the  development  as  ap¬ 
plied  to  particular  cases. 

•  1 

2.  Let  Fx  =  (a  -f-  x) 2  +  bxn  :  then 

F{x  +  h)  =  (a  +  x  +  +  b(x  -f-  7i)n, 

which  expressions,  when  expanded  by  the  binomial  theorem,  give 


F{%  +  h)  =  (a  +  a)^-j-  ^  (a  +  x)  ^  h  —  i  (a  +  x)  2  h2  +  &c., 

/L  o 

01x71  -  -  J  ) 

+  &.rn  +  nbx 71—1  7i  -j - -  —  — — -  bxn~2h 2  -j-  &c. 

x  • 

✓ 

=  idr  -f  j^nTa’71-1  +  ^  (a  +  *)  7i 

+  Jj^6ra(n.  —  l)xn~2  —  -  (a  -j-  x)  ^J7i2  +  &e, 
which  corresponds  with  the  general  form. 


3.  Let 


Fx  =  log  x  :  then 


Fix  +  h)  =  log  (x  +  h)  =  log  |jr  ^1  +  =  log  x  +  log  ( 1  +  ^ 


Ih  h2  h3  b>  \ 

=  logx  +  M(--—+  —  -  —  +  &cJ 


2x2  Sx3  4x4  1 

where  M  denotes  the  modulus  of  the  system  of  logarithms. 

.  F(x  +  h)  =  Fx  +  % .  k  -  -g  A*  +  ^  A3  ~  ~  hl  +  &c. 

which  also  corresponds  to  the  general  form. 
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It  may  be  well  to  observe,  that  although  the  form  of  the  develop¬ 
ment  of  F(x  -f-  A)  is  always  such  as  has  been  indicated  while  x 
retains  its  general  value,  yet  it  is  possible  (in  some  cases)  to  assign 
certain  particular  values  to  x  which  shall  cause  the  development, 
in  this  form  to  become  impossible. 

Thus,  if  in  the  second  of  the  above  examples,  we  put  x  —  —  ay 
the  true  development  of  F(x  +  A)  will  become  simply 

1 

F(x  +  A)  =/r-{-J(  -  a)11  -f  A»( —  a)””1  A  4-  &c., 

in  which  one  fractional  exponent  appears. 

The  same  supposition  causes  all  the  coefficients  involving  negative 
powers  of  a  +  x  to  become  infinite  in  the  general  expansion.  It 
will  be  shown  hereafter  that  the  particular  cases  in  which  the 
general  development  is  inapplicable,  are  always  indicated  by  some 
of  the  terms  of  the  development  becoming  infinite.  At  present 
it  is  sufficient  to  remark  that  the  number  of  such  cases  is  compara 
lively  small,  and  that  they  will  receive  a  special  examination. 

5.  From  the  development  of  F(x  +  A),  we  derive  a  direct  and 
general  method  of  finding  the  differential  of  any  proposed  function 

V  =  Fx. 

For,  if  we  give  to  x  an  increment  A,  we  shall  have 

y i  rr  F{x  -f-  A)  —  Fx  -f-  All  T"  Bh2  -{-  Ch3  T"  dee. 

.  • .  yx  —  y  =  F{x  +  A)  —  Fx  =  Ah  -f-  Bli2  +  Ch3  -f  &c. 

. . .  iLZl  =  A  +  Zh+  Ch 2  +  &c. 

A 

And  by  passing  to  the  limit,  when  h  —  0,  we  get 


whence  dy  —  Adx . 
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Thus  it  appears  that  the  coefficient  A  of  the  1st  power  of  h 
in.  the  development  of  F{x  +  h)  is  the  differential  coefficient  of 
the  proposed  function,  and  this  multiplied  by  dx  gives  the  re¬ 
quired  differential  of  y. 

It  will  be  found  convenient,  however,  to  form  rules  for  dif¬ 
ferentiating  functions  of  the  various  forms  likely  to  arise,  and 
to  this  investigation  we  proceed  next. 


CHAPTER  II. 


DIFFERENTIATION  OF  ALGEBRAIC  FUNCTIONS. 

6.  Prop.  To  differentiate  the  product  of  two  functions  of  a  sin* 
gle  variable. 


Let 


u  =  yi 


a  here  y  and  z  are  given  functions  of  the  same  independent  variable 
x,  and  let  x  take  an  increment  h ,  converting  w,  y,  and  2,  into  uv  y2, 
and  zy  Then,  since  yx  and  zx  will  each  be  a  function  of  x  -j-  A, 
we  shall  have 

yx  —  y  +  Ah  +  Bli2  -f-  Ch3  -j-  &c., 
and  zx  =  z  +  Axh  +  B-Ji2  -f  Cxh3  +  &c. 

.  ♦ .  ux  =  ylz1  =  yz+  ( Az  +  Axy)h  +  (Bz  +  Bxy  +  AAx)k2 
4*  ( Bz  4*  Cxy  -f ~ABX  +  AxB^h3  -f*  dec. 


.  ui  —  «  _  y^i  —  yz  _ 


h 


h 


—  Az  +  Axy  +  ( Bz  -f-  Bpj  -f-  AA^)h 


+  (Cz  +  Cxy  +  ABX  -f  AxB)h2  4-  &<* 

* 

and  when  A  —  0,  this  becomes 

du  .  dy  dz 

Tx  =  Az  +  A,y.=Tx.z+~y, 


since 


A  ——f  and  Ax  = 
dx 


dz 

dx 


And  by  multiplying  by  dx ,  we  get 


da  —  zdy  -{-  ydz. 
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Thus  the  differential  of  the  product  yz  of  two  functions  is  found  by 
multiplying  each  function  by  the  differential  of  the  other  function,  and 
adding  the  results. 

7.  Prop.  To  differentiate  the  product  of  several  functions  of  a 
single,  variable. 

1st.  Let  u  —  vyz ,  where  v,  y ,  and  z,  are  functions  of  the  inde¬ 
pendent  variable  x. 

Put  yz  —  s ;  then  u  =  vs, 

and  by  the  last  proposition, 

du  =  vds  -f  sdv,  and  also  ds  =.  ydz  -p  zdy. 
Substituting  the  values  of  s  and  ds  in  that  of  du,  there  results 
du  =  v  (ggdz  +  zdy )  +  yzdv  =  vydz  -p  vzdy  -P  yzdi>. 

2d.  Let  u  —  svyz. 

Put  yz  —  w ;  then  n  —  svw, 

.  • .  du  — svdw  T  swdv  +  mods  —  svigjdz  -p  zdy)  -f  syzdv  -p  vyzits, 

or,  du  =  svydz  -p  svzdy  -p  syzdv  -p  vyzds  ; 

and  the  same  method  could  be  applied  to  the  product  of  a  greater 
number  of  functions. 

Hence  we  have  the  following  rule  for  the  differential  of  the 
product  of  several  functions  : 

Multiply  the  differential  of  each  factor  by  the  continued  product  of 
all  the  other  factors,  and  add  the  results. 

8.  Prop.  To  differentiate  a  fraction  whose  numerator  and  denom¬ 
inator  are  functions  of  a  single  variable. 

y 

Le  t  u  —  -  j  where  y  and  z  are  functions  of  x. 

• 
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Then  y  —  uz<  and  this  differentiated  by  the  rule  for  products, 
gives 

y 

dy  —  udz  +  zdu  =  -  •  dz  -f-  zdu 


.  * .  zdy  =  ydz  +  z2du, 


zdy  —  ydz 
— 

Thus  the  rule  is  as  follows : 

Multiply  the  differential  of  the  numerator  by  the  denominator ,  and 
the  differential  of  the  denominator  by  the  numerator ;  subtract  the 
second  product  from  the  first ,  and  divide  the  remainder  by  the  square 
of  the  denominator. 

9.  Prop.  To  differentiate  a  power  of  a  single  variable. 

1st.  Let  u  —  xn,  where  n  is  a  positive  integer. 

Regarding  xn  as  the  product  x.  x.  x.  x,  &c.,  of  n  equal  factors 
each  =  x,  and  applying  the  rule  for  differentiating  a  product,  we 
get 

du  —  xn~ldx  -f*  xn~ldx  -j-  x1l~ ldx  -f-  &c.,  to  n  terms. 

du  —  nxn~1dx, 


and  by  reduction 


and  the  rule  in  this  case  is  the  following : 

Multiply  the  given  power  (x11)  by  the  exponent  (giving  nxn)  ;  then 
diminish  the  exponent  by  unity  (giving  nxn—1)  ;  and  finally ,  multiply 
by  the  differential  of  the  root  (producing  nxn-,1dx). 

2d.  Now  suppose  the  exponent  n  to  be  a  positive  fraction  - 

c 

a 

Then  u  =  xe 

.  * .  u°  —  xa ,  where  the  exponents  a  and  c  are  both  positive  integers. 

Hence,  by  the  application  of  the  rule  just  established  for  such 
cases,  we  have 

cuc~ldu  =  axa~ldx 


.  du  — 


ax 


a— 1 


a 


cu 


C— ] 


dx  =  -  • 


x 


a — 1 


a 


(  ? 

\x 


a  a—l—a-U  -  ,  CL 

—  dx  =  -  x  cdx  -  xe 

c — 1  C  C 


dx. 
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and  the  rule  for  differentiating  the  power  is  the  same  as  when  the 
exponent  is  a  positive  integer. 

3d.  Let  the  exponent  be  a  negative  integer,  or  u  =  x~n 


Then 


1  x 

xn  ~  xn+1 


and  this  differentiated  by  the  rule  for  fractions,  gives 


du  = 


x 


,•«+!  _ 


(»  + 1) 


X 


n+1 


X 


2n+2 


dx  =z 


ndx 


X 


n+1 


—  —  nx~n~ldx. 


And  the  rule  is  still  the  same. 


4th.  Let  the  exponent  be  a  negative  fraction,  or  let  u  —  x  \ 
Then  uc  —  xra ,  and  by  the  first  and  third  cases, 

a  x~a~1  . 

uic-ldu  =  —  axra~ldx,  or,  du  = - - ~dx. 

’  ’  c  uc~l 


.  • .  du¬ 


el  x~a~ldx 


dx , 


and  the  formula  is  still  the  same. 

We  might  have  deduced  the  rule  for  differentiating  a  power,  as 
alike  applicable  to  all  cases,  by  employing  the  binomial  theorem; 
for,  since  the  second  term  in  the  development  of  (x-\-1i)n,  is 
nxn~di ,  for  all  values  of  n, 


we  must  have 


d  ( xn ) 
dx 


nxn~\  or,  d  ( xn )  —  nxn~:dx. 


It  is  intended,  however,  to  demonstrate  the  truth  of  the  binomial 
theorem  by  the  aid  of  the  differential  calculus,  and  hence  the  neces¬ 
sity  of  establishing  the  rules  for  differentiation,  without  reference  to 
that  theorem. 

Remark.  If  the  function  which  it  is  proposed  to  differentiate 
contain  a  constant  factor,  such  factor  will  appear  in  the  differential. 
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Thus  d  (a. r)  =  adz,  for  when  x  takes  the  increment  h,  the  function 
ax  becomes 

.  .  .  u,  —  u  _  du 

w,  =  a  (z  +  h)  and  .  — — — —a  and  —  =  a. 

x  h  dz 

/ 

Similarly  if  u  =  a .  Fz,  where  F  denotes  any  function, 
then  uY  —  aF  (x  +  Ji)  and  da  =  ad  {Fx). 

10.  Prop.  To  differentiate  the  algebraic  sum  of  several  functions 
of  a  single  variable. 

Let  u  =  As  +  Bv  —  Cy  -f-  Dz, 

where  s,  v,  y,  and  z,  are  functions  of  x. 

Then  when  z  takes  the  increment  h, 

As  becomes  As1  —  A  {s  +  A-Ji  -f-  B-Ji 2  +  Cff  &c.). 

Bv  becomes  Bv1  =  B  (v  +  A2h  -f-  B2h2  -f-  CJi 3  &c.) . 

Cy  becomes  Cyx  =  C  {y  +  AJi  -f-  B3h2  +  C3W  &c.). 

Dz  becomes  Dz1  =  D  {z  4-  Afi  +  BJ12  -f-  CJA  &c.). 

.  * .  u  becomes  u 1  =  As  +  Bv  —  Cy  -J-  Dz 

-{-  {AA^  -f-  BA2  —  CA3  -j -DA4)  h  -f-  &c. 

.  * .  du  —  {AA-^  — f-  BA2  —  CA 3  -j-  DA4)  dz. 

But  Axdz  —  ds,  A2dz  =  dv,  A3dx  =  dy,  A4dx  =  dz. 

.  • .  du  =  Ads  -f-  Bdv  —  Cdy  +  Ddz. 

And  the  rule  is  as  follow's : 

Differentiate  the  terms  successively,  and  take  the  algebraic  sum  of 
the  result. 

Remark.  If  a  constant  be  connected  with  a  variable  quantity  by 
tne  sign  -f-  or  — ,  such  constant  will  disappear  by  differentiation. 

Thus,  when  we  have  u  =  a  -f-  Fx,  then 

u  t  =  a  -j-  F  {x  h)  —  a  - f-  Fx  +  Ah  -j-  Bh2,  &c., 

=  u  -f-  Ah  +  Bh2,  &c. 

.  • .  du  —  Adx,  the  constant  a  having  disappeared. 
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EXAMPLES. 


11.  1.  To  differentiate 

y  —  4x3  +  7  a:2  —  Sa:  +  5. 

Applying  the  rule  for  powers  to  each  term  we  obtain 

dy  =  4  X  3  x2dx  -f-  7  X  2 xdx  —  8 dx  —  (12a:2  -f-  14a;  —  8 )dx. 

=  12z2  +  \4x  —  8. 
dx 

2.  y  —  ax2(bx  +  c)  =  abx 3  +  cicx2. 

Differentiating  this  as  a  product,  we  get 

dy  =  2 ax{bx  +  c)dx  +  ax2bdx  =  (3 abx2  -f-  2 acx)dx. 

Or  by  first  performing  the  multiplication  indicated,  and  then  di£ 
ferentiating  as  a  sum,  the  same  result  is  obtained. 

.  • .  ~  =  3 abx2  -f-  2 acx. 
dx 


o  „  _  4x3 

J  (b  + 

Differentiating  by  the  rules  for  fractions  and  powers,  we  obtain 

12a:2(6  -f-  x2)3dx  —  3(5  +  a:2)2  X  4a:3  X  2.r dx 
d  (5  -j-  a'2)6 

12a:2(5  -(-  x2)  —  24a:4  7  12a:2(5  —  x2)  . 

— - r, - ^t-7 - dx  =  ■ — —r— - —  dx. 

(5  +  x 2)4  (5  -f-  a:2)4 

dy  12.r2(5  —  x2) 
dx  (5  -f-  a;2)4 

y  =z  ■yj a  bx2  —  ( a  +  5ai2)^. 


dV  =  \  (a  +  bx2)  ^ 


X  2 bxdx  . 


dy  bx 

dx  Ja  -j-  bx2 


4. 
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5.  u  —  a;(l  -j-  x2)(l  +  a;3). 

dm 

—  =  (1  4-  a;2)(l  +  a;3)  4-  x(\  4-  x3)  x2j4-4'14-  x2)  x  ox2 

=  1  4"  *2  4~  x3  4~  a:5  4"  2a;2  4-  2x5  4-  3a;3  4-  3a;5 
=  1  4*  3a:2  4-  4a;3  4~  6a;5. 

G.  u  —  V x  +  yT" 4-  a;2  =  j^a;  -f-  (1  +  x 2)^J 72 

S  =  ■§  [* + (x  +*2)2]  2  x  [x  +  (!  +  •-t2)  2  x 

l(*+VT+*j  ya"+7T+^ 

*  " ~  ■ 1  ■  ■■  ■  ■  ■  - —  - "  1  ■  ■  - • 

<yfx  +  yT+  z2  X  t/1  +  a2  2-v/l  -I-*2 


7. 


u  =  bx 


du  8  f 

Tx  =  lbx  ' 


8.  u  —  —  —  b  —  cxrQ  —  Z>. 


a;c 


cftt  , _ 7  6c 

dx  '  x 7 


9. 


u  =  v  a; . 


4-  1  =  a: 3  (a: 2  4-  1)^. 


du  ~  -x  ^(a;2  4"  1  )^a:  4~  ^  a;3  (a;2  4-1)  ^  X  ^  a;  ^dx. 

O  ^ 


(a;^  4-  1 )  2 


3a;3 


4- 


7a^  4-  4 


4a;6  (a;2  4-  1)*  12Va:2  Vx^  4-  1 


10.  u  — 


yT  4-  a;  4-  yl  —  a; _  (i/l  4-  a?  4“  -yl-— a:)2 

14"*—-  VT  —  a; 


V 


2  a; 


14-  V1-*5 


a: 


—  22(1  —  a;2)  ^-(14-  -y/l  —  a;2)  _  14-  yT"—  a;2 


dx 

11.  u  = 


a;4 


a:2yT 


a:" 


a; 


a; 


4-  yi  4- 


a;" 


a;  (a;  —  yi  4-  *2) 

2  -  (1  4-  x2) 


—  x-y/l  4~  a;2  —  a;2. 


a; 
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du 

dx 


—  y 1  -f-  +  z2(l  4-  z2)  —  2.C  — 


1  +  2x2  —  2x*J\  -f-  #2. 


VT+  a 


2 


12. 


13.  ze  —  a-f-^  +  V^^  +  ^’+V a  +  #  &c.,  continued  indefV 

nitely. 

Here  u  =  Va"+  a;  4-  u,  and 


or, 


u2  —  u  =  a  +  x, 


.  * .  zd2  =  a  4~  #  +  w, 


.  u 


l+\r 


+  x  +  y 


du  1 

^  'y/4a  4-  4:c  4-  1 

The  functions  considered  hitherto  are  called  algebraic  functions, 
because  they  require  only  the  performance  of  the  common  algebraic 
operations  of  addition,  subtraction,  multiplication,  division,  raising 
of  powers,  and  extraction  of  roots.  There  is  a  second  and  very 

extensive  class  of  functions,  in  which  the  variable  enters  as  an 

■  •  \ 

exponent,  or  in  connection  with  logarithms,  sines,  cosines,  tangents, 
circular  arcs,  &c.,  of  which  the  following  are  examples  :  ax,  xx , 
Jogrr,  sin  x,  (cos rr)sina;,  sin- 1  x,  (log  :c)tan;r,  &c.  These  are  called 
transcendental  functions,  and  they  will  be  considered  in  the  next 
chapter. 


CHAPTER  III. 


TRANSCENDENTAL  FUNCTIONS. 


12.  Prop.  To  differentiate  u  —  logo;. 

Let  x  take  the  increment  h,  converting  u  into 

«i  =  log  («+  h). 

Then  wx  =log  (  x  -f-  h)  =  log  £ ' x  ^1  +  —  log  x  -f-  log  ^1  -f-  -J. 

,  -,th  h2  ,  It 3  7i4  p  \ 

or  Ul  =  u  +  M(--—  +  —  -—&c.) 

where  M  is  the  modulus  of  the  system. 


du  c7(log  x )  M 
dx  dx  x 


and  du  =  —  dx. 

x 


Hence  the  rule  is  as  follows : 

Multiply  the  differential  of  the  variable  by  the  modulus  of  the  sys - 
tem  in  which  the  logarithm  is  taken ,  and  divide  the  product  by  the 
variable. 

If  the  logarithms  belong  to  the  Naperian  system  whose  modulus 
is  equal  to  unity,  we  shall  have 

7/i  x  dx 
d{  logs)  =  —  * 

• A. / 


As  the  essential  properties  of  logarithms  are  the  same  in  all  sys¬ 
tems,  while  the  form  of  the  differential  is  simplest  in  the  Naperian 
system,  the  logarithms  employed  throughout  the  Calculus  will 
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always  be  the  Naperian,  unless  the  contrary  is  distinctly  specified, 
and  the  rule  for  differentiating  a  logarithm  will  be  simply  this : 
Divide  the  differential  of  the  quantity  by  the  quantity  itself. 

13.  Prop.  To  differentiate  an  exponential  function  as  u  =:  a*,  the 
base  a  being  constant.  ' 

Passing  to  logarithms  we  have 

O  O 


log  u  —  x  log  a. 


.  * .  c/(log  u)  —  d(x  log  a)  or 

du 

log  a  .dx\ 

u 

du  =  log  a  .  u  .  dx  ==  log  a  .  ax.  dx 

and 

du 

-  =  log  «.«*. 

And  the  rule  for  differentiating  an  exponential  is  this : 

Multiply  the  exponential  (ax)  by  the  differential  of  the  exponent 
(dx),  and  that  product  by  the  Naperian  logarithm. \  of  the  base  (log  a). 
Cor.  If  a  =  e,  the  Naperian  base,  we  shall  have  log  e  =  1  ; 


.  * .  d{ex)  —  exdx , 


and 


Remark.  The  rule  for  differentiating  logarithmic  functions  will 
often  be  found  useful,  even  when  the  original  function  is  algebraic, 
since  by  passing  to  logarithms  we  may  give  the  function  a  simpler 
form. 


Examples  af  Logarithmic  and  Exponential  Functions. 


14.  1.  Let  u  —  log  ( x  +yi  +  x2). 

_  d(x  +  yi  +  *2)  1  +  (1  +  x2)~h  7 

x  +  £2  *  +  yT  +  x2 

_  X  -y/ 1  +  x2  _  dx  du  1 

~~  (x  +  y/T+x2  *  'dx~^Yff~x 2 
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2.  u  —  x(a 2  4  x2)y/a2  —  x2. 

Passing  to  logarithms  we  have 

log  u  —  log  x  4  log  (a2  +  a2)  -f  i  log  (a2 

/w 


3. 


—  a:2). 


c/w  _ c/ar  c?(a2  -}-  a>2)  1  (/(a2  —  a:2) 

w  x  a 2  -f-  %2  2  cr2  —  a;2 


r/a:  ^  2o4.r 


arc/.r 


a;  a2  +  xz  a2  —  a:2 


du 


.*.—==  (a2  -f x2)^/a2  —  £2  -f  2 x\Jdz  —  £2 


a:2  (a.2  4^2) 

y4I2_—  a2 


a4  4*  «2.4  —  4.r4 


a:" 


«  r=  log 


V*2  +  i 


a: 


a; 


-\A2  4  1  4 

Multiplying  numerator  and  denominator  by  the  numerator  we  have 


u  — 


log  —  +  !  ,  4'  +  -  =  log  (~*2  +  1  -  2*-/**+  1) 


4  1  -  22 


rfM  _  4:r  -  2-V42" 4  1  -  2*2(s2  4  1)  *  _  _  2 

dx  2x2  4  1  -f.2  _j_  |  y42  4  1 

4.  ?r  =  a: “4-1.  Then  log  zr  =  cr  y —  1  log  a*. 


?/  / — -  dx 

.  * .  —  —aW~  1  — , 
u  x 


and  '/ic  —  cr  / —  1  .  a:a4-i .  —  —  o  f—  1  xa^~^~~ldx. 

>  a;  ▼ 

Thus  the  rule  for  differentiating  a  power  is  still  the  same,  when  the 
exponent  is  imaginary 
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5. 


u  =  xx.  Then  log  u  —  x  log  x. 


—  =  log  x .  dx  4-  x .  —  =  (log  x  -f-  1 )  da? 
u  x 


du 

’**  lx 


—  .r*(log  x  -f-  1). 


6. 


u  —  x3 


This  signifies  that  x  is  raised  to  a  power  whose  exponent  is  x*} 
and  it  must  not  be  confounded  with  ( xx)x ,  which  latter  implies  that 
xx  is  raised  to  the  xth  power. 

d  u  dx 

Then  log  u  —  xx  log  x  .  * .  —  =  log  a;(log  x  4*  1  )xxdx  +  xx  — 

u  '  '  x 

=  xx* .  xx  ^log  a; (log  x  -f  1) 


7. 


u  =  ex x  where  e  is  the  Naperian  base. 


du 


log  u  =  xx  log  e  ==  xx  =  exX .  xx  (log  x  -f-  1) 

Cl 


8. 


U  —  X1 


Then  log  u  =  ex  log  x 


du  x / .  ,  1  \ 

—  xe  ( log  x  -\ —  )ex. 
dx  \  xj 


9. 


u 


—  log  (nx) .  Then  du  = 


d  {nx)  dx 


nx  x 


This  result  is  the  same  as  when  u  =  log  x,  as  might  have  been 
anticipated,  since  log  (nx)  =  log  n  -f-  log  .r,  and  log  n  is  constant. 


10.  u  =  log  (log  x) .  Then  du  = 


d  (log.?)  dx 


log  x 


x .  log  x 


du 


1 


dx  x\ogx 
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11.  n  =z  (log  #)  n  =  log  nx.  Then  da  —  n  log  71-1  x .  d (log  #) 

du  n  .  log  n~ 1  x 

' ’  *  Tx  =  x  ' 


12. 


13. 


u 


_  e  log  V«2  +  2:2.  Then  log  u  =  log  ^/a2  +  P 


• .  u  a2  4-  x 3  =  (a2  +  #2)  and 


(7  m 


# 


-y/a2  -j-  x 2 


log”*  7  ]og“a;  j  n  x 

u  =  e  .  du  -=.e  .  d,  (log7*#) 


»  log  z  ,  n  , 
e  .  log7*-1#. 
<7#  a;  ° 


14. 


u  =  i  #*  log2#  —  ^  #4  log  x  4-  ~  x\ 


— -  =  #3  log2#  4*  ^  #3  l°g  #  —  ^  x3  log  x  —  ^#3  4-  ^  #3  =  x3  log2#. 


8 


15. 


u  =  <4(#4  —  4#3  4-  12#2  —  24#  4-  24) 
du 


dx 


=i  ex  (#4  —  4#3  4-  12#2  —  24#  4~  24) 

4-  ex  (4#3  —  1 2#2  4-  24#  —  24)  =  ex .  #4. 


Trigonometrical  Functions . 

15.  The  trigonometrical  functions  sin  #,  cos  #,  tan  #,  &c.  will  next 
be  considered,  but  the  determination  of  the  forms  of  their  differen¬ 
tials  will  be  facilitated  by  the  following 

arc  arc  nrc 

Prop.  The  limit  to  the  ratios  — ,  — — ->  and  — - ?  when  the 

sin  chord 

arc  is  diminished  indefinitely,  is  unity. 

sin  cos  rad — versin 


tang 


Proof.  Since 


tan  radius 


rad 


1  - 


versin 
rad  ’ 
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and  since  the  last  term  in  this  equality  can  be 
rendered  smaller  than  any  assignable  quantity 
by  taking  the  arc  sufficiently  small,  it  follows 


that  the  limit  to  the  ratio 


sin 

tan 


is  unity. 


are  intermediate  in  value  between  the  sine 

BD  and  the  tangent  AT.  Hence  at  the  limit,  when  the  arc  is 
indefinitely  small, 

arc  arc  arc  sin 

sin  chord  tan  tan 

16.  Prop.  To  differentiate  y  —  sin  x. 

In  the  well  known  trigonometrical  formula, 

sin  a  —  sin  b  —  2  sin  i  {a  —  b)  cos^  (a  -f  b), 


make 


a  —  x  +  h  and  b  —  x. 


Then  I  (a  -  b)  =  I  li,  and  I  (a  +  6)  =  x  +  t  h. 

/W  Z  (W 

.  • .  sin  ( x  +  h)  —  sin  x  =  2  sin  i  h .  cos  (.r  4*  ^  h). 

Z  Z 

sin  ( x  -f-  h)  —  sin  x  2  sin  i  h  .  cos  ( x  +  i  h) 

Z  Z 


k 


h 


.  1; 

Sm  2  1  , 

— - - cos  ( X  4-  x  h). 


But  at  the  limit  when  k  =  0, 


.  1; 

sm  -  h  1 

=  1,  and  cos  (x  4-  h)  —  cos  x. 

z 


\h 


I 
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dy  c/(sin  x) 
dx  dx 


cos#,  and  (/(sin#)  =  cos#  .dx. 


17.  P>  ■op.  To  differentiate  y  —  cos  x. 

Here  y  —  cos  x  =  sin  Acr  —  #j 

where  ir  —  semi-circumference  of  the  circle  whose  radius  =  1. 

.  * .  dy  —  d  sin  <r  —  x^j  —  cos^-  —  #^  •  (/^-  —  #^  —  —  sin  #t lx 

dy  d  cos  x 


dx  dx 


sm  x 


the  negative  sign  prefixed  to  the  value  of  this  ratio  signifies  that  the 
cosine  decreases  as  the  arc  increases. 

18.  Prop.  To  differentiate  u  —  tan  x. 

.  sin  x  cos  x  .  c/  sin  x  —  sin  x  .  d  cos  x 
du  —  d (tan  x)=  d - = - 

'  '  i  k  «*!  '** 


COS  X 


Cost¬ 


co  s2;c  +  sin2#  dx 

—  dx  — - —  —  sec"5# .  dx. 


cos2# 


cos2# 


dn  d  tan  x 
dx  dx 


-  sec2#. 


19.  Prop.  To  differentiate  u  =  cot#. 

da  =z  (/(cot  x)  =  d  tan  ^  <x  —  x\  =  sec2  ^  —  x^ .  d 


-*) 


=  —  cosec2#.  dx 

du  d  c<  it  x 


dx 


dx 


—  —  cosec2#. 


20.  Prop.  To  differentiate  u  —  sec  a:. 


Here  u  =  sec  x  = 


1 


.  • .  du  —  d 


1 


—  d  cos  x  sin  x .  dx 


cos  x 


cos  x 


cos2# 


cos2# 


du  dsocx 

or,  du  =  tan  x .  sec  x .  dx  and  .  * .  —  =  — : - 

dx  dx 


tan  x  .  sec  x, 
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21.  Prop.  To  differentiate  u  =  cosec  x. 

du  —  d  (cosec  x)  =  d  sec^-  k  — 

'  =  tan  (\^  —  aA  secA  *it  —  aA 

V2  )  \'Z  )  \2 


"*) 


—  cot  x .  cosec  .rcfa. 


du  d  cosec  :r 
dx  dx 


—  cot  a; .  cosec  x. 


22.  Prop.  To  differentiate  u  —  versin  x. 

du  =  o?(versin  cc)  ==  r/(l  —  cos  a:)  =  sin  xdx. 
du  d  versin  x 


dx 


dx 


—  Sill  X. 


23.  Pro p.  To  differentiate  u  —  coversin  x. 
da  —  d[ coversin  a;)  d.  versing  nt  —  xj  —  sin|- 

—  —  cos  x .  dx. 


—  rf 


rHr-*) 


du  d  coversin  x 
dx  dx 


=  —  COS  X. 


24.  In  each  of  these  expressions,  x  represents  the  length  of  an 
arc  described  with  a  radius  equal  to  unity,  and  the  radius  does  not 
appear  in  the  formulae  :  but  it  is  necessary  to  remember  that,  in 
each  case,  R  =  1  must  be  understood  to  enter  into  the  formula  as 
often  as  may  be  required  to  make  the  two  members  of  the  equation 
homogeneous. 


Geometrical  Illustration. 

25.  The  results  just  obtained  may  be  illustrated  geometrically  in 
such  a  manner  as  to  convey  a  more  precise  view  of  the  compara¬ 
tive  small  changes  imparted  to  the  several  trigonometrical  functions, 
by  an  arbitrary  small  change  in  the  arc  upon  which  they  depend. 
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Thus  ]et  ah  represent  an  arc  x  described 
with  rad  =  1 ,  and  bbl  =  dx  a  small  in¬ 
crement  given  to  x.  Then 

eh  —  sin  x,  ce  —  cos  x.  at  =  tan  x ,  ct  =  sec  x , 

6-Oj  ==  d .  sin  x,  sb  —  cl .  cos  x.  ttx  =  d .  tan  x, 
rtl  =  cl .  sec  a*. 

Also  when  bbl  is  diminished  continually, 
the  small  figures  bdjl  and  trtl  will  continu¬ 
ally  approach  to  the  forms  of  right  angled  triangles,  becoming  in 
definitely  near  to  such  forms  at  the  limit.  Moreover,  the  two  small 
triangles  will  then  be  similar  to  cbe.  Hence  we  shall  have  the 
proportions 

cb  :  ce  :  :  bbx  :  bys  or  1  :  cos  x  :  :  dx  :  d  sin  x  —  cos  xdx. 

cb  :  eb  :  :  bbl  :  bs  or  1  :  sin  x  :  :  dx  :  d  cos  x  =  sin  xdx. 

The  latter  result  should  be  written  d  cos  x  —  —  sin  x .  dx,  be¬ 
cause  the  cosine  diminishes  as  the  arc  increases. 

Again  we  have  the  proportions 

ca  :  ct  :  :  rt  :  ttx  )  .  *.  ca  X  cb  :  {ct)2  :  :  bbx  :  ttx 

and  cb  :  ct  ::  bbx  :  rt  )  or  l2  :  sec2a:  ::  dx  :  dt ana:. 

.  * .  d  tan  x  =  sec 2xdx. 

Also  ca  :  at  ::  rt  :  rt1  )  .  * .  ca  x  cb  :  at  X  ct  : :  bbx  :  rtv 

cb  :  ct  : :  bbx  :  rt  )  or  l2  :  tana;,  sec#  ::  dx  :  d  sec  a;. 

.  * .  d  sec  x  =  tan  x .  sec  x  .  dx. 

In  the  same  manner,  expressions  for  d  cot  x ,  d  cosec  x ,  &c., 
could  be  obtained. 

Circular  Functions. 

26.  We  will  now  consider  the  circular  functions,  sin^a;,  tan- 

&c.,  which  expressions  are  read,  the  arc  whose  sine  is  x,  the  arc 

whose  tangent  is  x ,  &c. 
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In  these  cases,  it  is  the  arc  which  is  the  function,  or  dependent 
variable,  the  independent  variable  being  the  sine,  or  the  tangent,  &c. 

27.  Prop.  To  differentiate  y  =  sin""1.?. 

Since  this  notation  is  intended  to  imply  that  y  is  the  arc  whose 
sine  is  equal  to  x ,  we  must  have  as  an  equivalent  relation 

x  —  sin  y 

.  * .  dx  =  cos  y  .  dy  and  ^  =  — — —  =  — - — -- - =  — : 

dx  cos  y  y'l  _  sin2y  i/T-  x* 


d  sin- lx  1 


*  *  dx 

• 

1 

11 

l 

KJ 

GO 

• 

Prop.  To 

differentiate 

y 

cos- !.r. 

Here  x 

=  cos  y, 

« 

,  * .  dx  —  —  sin  y  . 

dy 

.  dy 

1 

1 

1 

*  *  dx 

sin  y 

■yjl  —  cos  2y 

-v/1  -  a2 

d  cos' 

-1* 

1 

*  *  dx 

II 

1 

1 

H 

to 

• 

29. 

Prop.  To 

differentiate 

u 

=  tan- lx. 

X 

=  tan  v, 

.  • .  dx  —  sec 2u  . 

du 

• 

du  1 

1  1 

t 

• 

dx  sec 2u 

1  +  ta  n2u  1  + 

X 2 

d  t; 

an- 

-hr  1 

•  • 

dx 

~  1  +  X2 

30. 

Prop.  To 

differentiate 

u 

=  cot- hr. 

x  == 

cot  u, 

• 

• .  dx  —  —  cosec2i 

u .  du 

du 

•  _ 

1 

1 

1 

dx  ' 

cosec2^ 

1  -f-cot2« 

1  -f  a-2  ’ 
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31.  Prop.  To  differentiate  u  =  sec”1#. 


x  =  sec  ii , 


du 


1 


.  • .  dx  —  tan  u  .  sec  u  .  du 

1  1 


dx  tan  u  .  sec  u 


secv*  ysec hi  —  1  #y4:2  —  1 

d  sec-1#  1 


dx 


V*- i 


x 


32.  Prop.  To  differentiate  u  —  cosec-1#. 


x  —  cosec  u, 
du 

dx  ~ 


.  • .  dx 


cot  u  .  cosec  u  .  du 

1 


cot  u  .  cosec  u  cosec  ^'y/cosec2w  —  1 


xWx2  —  1 


d  cosec-1# 
dx 


#y'#2~  —  1 


33.  Prop.  To  differentiate  u  =  versin-1#. 


x  =  versin  u  .  * .  dx  —  sin  u  .du  —  -y/Z  versin  u  —  versin2w  du 

du  1  1 


dx 


-y/2versin  u  —  versin2  w  -\/2x  —  #2 
d  versin-1#  1 


or. 


dx 


y2#  — 


x* 


34.  Prop.  To  differentiate  u  =  coversin-1#. 

#  =  coversin  u 

.  * .  dx  —  —  cos  u  .  du  =  —  tJz  coversin  u  —  coversin2?*  dv 


du 

dx 


1 


1 


or. 


■yjz  coversin  u  —  coversin2?*  -y/Zx  —  #2 


d  coversin-1# 
dx 


\ 


/•> 


# 


1 
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35.  The  differentiation  of  trigonometrical  and  circular  functions 


will  now  be  illustrated  by  examples. 


EXAMPLES. 


1. 


u  —  3  sin4.z. 

du  —  3x4  sin3.r .  d  sin  x  ~  12  sin3^ .  cos  x .  dx 
da 

.  * .  —  =  12  sura; .  cos  x. 
dx 


2. 


4. 


u  —  cos  nx. 

du  —  —  sin  nx .  d(nx)  =.  —  n  sin  nx .  dx 
du 


dx 


—  —  n  sin  nx. 


3.  u  =  tanna#. 

du  —  7i  tan"-1  nx .  d  tan  nx  =  n 2  tan”-1  nx .  sec 2nx .  dx 

du 


.  * .  —  =  n2  tann_1  nx .  see2??#. 
dx 


71  z=z  sin  ox  .  cos  2x. 

du  —  (3  cos  3# .  cos  2x  —  2  sin  ox .  sin  2 x)dx 


du 


.‘.  —  —  o  cos  ox .  cos  2x  —  2  sin  ox .  sin  2x  =  cos  ox  cos  2x  -+■  2  cos  5#. 
dx 


u  =  (sin  x)x.  Then  log  u  =  x .  log  (sin  x) 

du 
dx 


.• .  —  =  [log  (sin  #}-f-  x  cot  x\dx  .  * . C—  =  (sin  x)x.  [log  (sin  #)  +  x  cot  #]. 


0.  u  —  (cos  #)sin  x.  Then  log  u  —  sin  x  log  (cos  x) 
du 


dx 


u 


—  (cos  x)sin  x  [cos  x  log  (cos  x)  —  sin  a?  tan  x\. 

—  sin  (cos  x ),  du  =  cos  (cos  x)d  cos  x. 

du  . 

.  * .  —  —  sin  x .  cos  (cos  x). 

dx 


7. 
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U  —  Sill  x 


X 


d -- 


X 


*d - r  _  _ 


y  1  X2 


Xi 


1  "T  X 


,r‘2. 


y/ 1  4*  ?2 

(1  -f-  ?2)^  —  X2  (1  +  X2)  ^ 

<'+ *•)('- 1 


dx 


du 


0. 


dx  1  4~  X" 


u  —  log  tan  x. 


du 


yiA  'X 


2 


dx  tv*,  ^  bin  x  .  cos  x  sin  2x 


10.  U  : 

du 

dx 

11. 


l0^ v ■ tttSa  •  ^.bgC  +  sin:£)  - ^los('  - smx> 

1  T  cos  x  *j  %  i  r  1  cos  a 

2  Ll  4~  sin  x  1  —  sni  x  J  1  —  sii 

4x3). 


sin4?  cos  x 


du 

dx 


sin-1  (oi 


3  -  12  r2 


O 

o 


y/l  —  (3?  —  4?3)  2  y/ 1  —  x2 


12. 


w  =  log  (cos  x  +  y/—  1 .  sin  x). 
du  y/  —  I 


cos  a:  —  sin  x 


dx 


13. 


COS  X 


1 


+  y/—  1  .  Si 


=  V^T. 


Sill  X 


u  = 


cZm  =  — 


y/a2  -  62 

1 


.  lb  -f-  a-  •  cos  x\ 

cos-1  ( - - - ]• 

\a.  +  b  .  cos  ?/ 


d 


(b- 

\a 


b  H-  a  .  cos  ?\ 


4-  6  •  cos  ?/ 


y/a* 


b2  (b  4-  a  . 

V  1  “  W"-m7 


cos  ?\2 

COS  ?/ 

rt  sin.?  (<7  4-  &  cos  ?)  —  £  sin  ?  (b  4-  «  cos  ?) 


(«s 


(a  +  &  cos  ?)^(«  4-  b  cos  ?)2  —  (b  -f-  a  cos  ?)2J^ 


c?? 
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14. 


15. 


16. 


17. 


du 

dx 


DIFFERENTIAL  CALCULUS. 

(a2  —  b2)  sin  x 


(a2  —  b2^{a  +  &  cosa;)£(a2  —  62)(1  —  cos2.r)J^ 


1 


a  +  b  cos  x 


u  z=  ex  cos  x. 


du 

dx 


=  ex  cos  x  —  ex  sin  x  =  ex  (cos  x  —  sin  x). 


u 


—  tan-1  ( yT+x2  —  x) . 


du 


(l  X2)  ^  X  —  1 


d*  1  +  (\/i  +  z2  -  x)2  2(1  +  x2) 

u  —  log  y/sin  x  +  log  y/cos  x. 

du  1  /cos  x  sin  x\  1 

dx  2  \sin  x  cos  x)  tan  2x 


4  /I  +  x  ,  1 
9 


u  —  lo<r  \  /  r — ' — —  +  7z  tan-1  x 


1  —  X 


=  1  !og  (i  +  *)  -  i  log  (1  -  *)  +  1  tan-1 


du 


+ 


l 


+ 


1 


dx  4(1  +  x)  4(1  —  x)  2(1  4-  re2)  1  —  x 


18. 

eax  (a  sin  x  — 

u  — - - - - - 

a2  +  1 

du 

1 

[ oeax  («  sin  x  —  cos  x) 

dx 

a2  4-  1 

—  eax  sin  x . 


x. 


CHAPTER  IV. 


SUCCESSIVE  DIFFERENTIATION. 


36.  When  we  differentiate  a  function  u  =  Fx,  the  differential  co- 

dvb 

efficient  —  will  usually  be  itself  a  function  of  x ,  and  will  therefore 

(t 

admit  of  being  differentiated.  This  will  simply  be  equivalent  to 
examining  the  comparative  rates  of  increase  of  the  independent 

(l  n 

variable  x  and  the  variable  ratio  —  This  differentiation  will  give 

dx  b 

rise  to  a  second  differential  coefficient,  which  may  also  be  a  function 
of  x,  and  this,  in  its  turn,  being  differentiated  will  give  a  third  differ¬ 
ential  coefficient,  &c. 

37.  To  illustrate  this  subject,  let  u  —  x3  be  the  proposed  function. 
The  first  differential  coefficient, 

du 


dx 


=  3z2, 


second  differential  coefficient, 


dx 


0>x, 


third  differential  coefficient, 


d 


du 

I* 

dx 

dx 


=  6. 


As  the  third  differential  coefficient  in  this  example  proves  con- 
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slant,  the  fourth  and  all  succeeding  differential  coefficients  will  be 
equal  to  zero. 

38.  The  preceding  notation  of  successive  differential  coefficients 
being  inconvenient,  it  is  replaced  by  the  following  : 

du 


d 


For 


for 


d 


dx 

ydu 
d  — 
dx 

dx 


dx  .  dzu 

■>  we  write  — — 


we  write 


dx 2  ’ 

d'iy 

7’  <KC., 


c lx* 


dx 

the  symbols  d 2,  d 3,  &c.,  indicating  the  repetition  of  the  process  of 
differentiation  twice,  thrice,  &c.,  and  not  the  formation  of  a  power. 
On  the  contrary,  the  expressions  dx 2,  dx3,  &c.,  represent  powers 

(Pu 

of  dx.  The  second  differential  coefficient  ~r—  may  be  obtained 

dx1  J 


immediately  from  the  first  differential  coefficient 


da 

dx 


by  differen¬ 


ce  \ 

or  - I 

°  dx) 

and  then  dividing  the  result  by  dx. 

o  J 

Now  since  the  law  according  to  which  the  independent  variable 
x  changes,  in  different  stages  of  its  magnitude,  is  entirely  arbitrary, 
we  adopt,  as  most  simple,  that  law  by  which  the  successive  incre¬ 
ments  of  x  are  supposed  equal ;  that  is,  we  make  dx  constant. 

The  same  supposition  will  enable  us  to  derive  each  successive 
differential  coefficient  from  the  preceding  coefficient  by  a  similar 
process  of  differentiation  and  division. 


Hating 


this  latter  as  though 


dx  was  constant,  ^thus  producin 


EXAMPLES. 


39.  1. 


u  =  xn. 


du 

dx 


nx 


n— 1 


d2u 


n[u  —  l)xn~2 


d3u  d±u 

w - 1)(M  - 2)*  ’  dji 


’  dx2 

n(n  —  1)(«  -*  2)(n  —  3)*n“4  &c. 
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This  operation  will  terminate  when  n  is  a  positive  integer;  but 
if  n  be  a  negative  integer  or  a  fraction,  the  number  of  variable 
differential  coefficients  will  be  unlimited. 


dy  1  dhj  1  d3y  1 . 2 

dx  x  dx2  x 2’  dx3  x3  ’ 


d4y  1.2.3 

dx 4  x4 


and  by  analogy 


dny  1.2.3....(n  —  1) 

dxn  xn 


the  upper  sign  will  apply  when  n  is  odd,  and  the  lower  when  n  is 
even. 

3.  u  =  sin  x. 

M 

du  d2u  .  d3u  d4u 

— ■  z=z  cos  x ,  — — -  —  —  sin  x,  —  =  —  cos  x,  =  sin  x, 

dx  dx 2  dx 3  dx4 

and  the  succeeding  differential  coefficients  will  recur  in  the  same 
order. 

4.  y  =  cos  x. 

du  .  d2y  d3y  .  d4y 

-f-  =  —  sin  x.  “  =  —  cos  x,  -r1?  =  sin  x,  -7-7  —  cos  x, 

dx  dx2  ax 3  dx4 

and  the  coefficients  will  now  recur  in  the  same  order. 


5. 


u  =  tan  x. 


el'll  d2a  d^a 

—  =  sec2.r,  — —  =  2  sec2^ .  tan  x.  *— — ■ ■  =  4  sec2.z  ta n2x  +  2  sec4^,  &c. 
dx  dx 2  dx 3 

Here  the  law  of  formation  of  the  successive  coefficients  is  not 
obvious. 

6.  u  =  ax. 


du  , 

—  —  ax .  log  a 
dx 


d2u 

d^2 


~  ax .  log2a, 


d?u 
dx 3 


ax  •  log3a,  &c., 


the  law  of  the  coefficients  being  very  evident. 
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u  —  ex. 


da 

d2u 

d3U 

_  -  S)X 

dx  ’ 

H 

II 

(M 

N 

"3 

dx3 

the  coefficients  being  all  equal. 

8.  u  —  sin(«a:). 


(J  ft 

—  =  n  cos(?2.r),  =  —  n2sin(n;r),  &c. 

ax  ax *• 


The  formation  of  successive  differential  coefficients  will  be  found 
extremely  useful  in  the  expansion  of  functions  by  the  methods 
which  will  be  explained  in  the  chapters  immediately  succeeding. 


CHAPTER  V. 


maclauuin’s  theorem. 


40.  The  theory  of  Maclaurin  is  a  very  general  and  useful  formula 
for  the  development  or  expansion  of  a  function  of  a  single  variable, 
in  a  series  involving  the  positive  ascending  powers  of  that  variable, 
when  such  development  is  possible. 


41.  Prop.  If  y  =  Fx ,  where  Fx  denotes  such  a  function  of  x  as 
can  be  expanded  in  a  series  containing  the  positive  ascending  powers 
of  x ,  then  will  the  form  of  the  development  be  the  following : 

’  =  w  +  @)H8)o  +  (3)r^a+te-’ 

in  which  the  parentheses  are  used  to  denote  the  particular  values  of 

( l  y  d2  y 

the  quantities  //,  — ,  —p-„  &c.,  enclosed  therein,  when  x  is  taken 
equal  to  zero. 

Proof.  By  hypothesis,  y  can  be  expressed  in  the  form 

y  =  A  4-  Bx  +  Cx2  +  Dx3  +  Fx 4  +  &c.,  (1 ) . 

in  which  A,  B ,  (7,  &c.,  are  unknown  constants. 

.  dV 


dx 

d2y 

dx2 

Py 

dx3 

<Py 

dxx 


—  B  +  %Cx  4*  oDx 2  +  4  Ex3  +  &c. 

—  2  C  -f"  2 . 3 Dx  -f-  3 . 4:Fx2  4 
=  2 . 3D  4-  2 . 3 . 4 Fx  4-  &c. 

2 . 3 . 4F  +  &c. 


&c. 

4 


&c. 


50 


DIFFERENTIAL  CALCULUS. 


Now  making  x  =  0  in  each  of  these  expressions,  we  obtain 


( 


‘^=2.3.41  &o.,  &o. 
ax1  / 


These  values,  being  substituted  in  (1),  reduce  it  to  the  form 

(dy\  x  ( d2y\  x 2  Ai3//\  a;3 

y  =  (y)  +  U)  I +  ( S?)  171  +  wjnaTs’ 

+  (^)l.2%.4  +  &0"  (3)- 


which  agrees  with  the  enunciation. 


This  formula,  called  Maclaurin’s  Theorem,  may  be  written  thus 
n  t  t-t  \  (dFx\x  l d2Fx\  x 2  (d3Fx\  x3 

Fx  =  w  + 1  dr)  i  +  l ilf)  ni  + 1  -&-)  ro 

,  [dxFx\  x 4 

+  (*r)r.V^T 4  +  &c”  (3); 

or  again,  if  we  represent  the  1st,  2d,  3d,  &c.,  differential  coeffi¬ 
cients,  which  are  functions  of  x,  by  Fzx,  F2x,  F3x ,  &c.,  the  formula 
may  be  written 


x  .  „  „  x2  _ x3 


Fx  =  F0  +  Ffi  -  +  F,0  —  Jf30r^ 

+  L°  r-/4v  +  &c-  (4>- 

i  «  <w  •  O  •  cJb 


EXAMPLES. 


42.  1.  To  expand 


y  =  («  +  .r)7t. 


TvIACLAURIN’s  theorem. 
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IIere  Tc  “  (a  +  x)  =  n  (»  - 1 )  (a  +  z) !’"2, 


dx2 


d?y 


—  n(ii  —  1)  {ii  —  2)  (a  +  x)n~3, 


dx3 


cfin 

*-  =  n(n  —  1)  (n  —  2)  {n  —  8)  ( a  +  a-)"-4,  &c.,  &c. 


dx* 

Hence,  when 

(y)  =  «n, 


x  =  0. 


*=  «a 


n— 1 


l  dx2 1 


—  n{n  —  l)an‘"2, 


:s) = *( 


n 


1)0  -  2)  an— 3, 


i  dx^  i 


—  iz  (n  •—  1)  (?z  —  2)  (?i  —  3)an~1,  &c.,  &c. 


And,  therefore,  by  substitution  in  Maclaurin’s  formula, 

Yi  (  yi  —  1  ) 

y  —  (a  x)n  =  an  nan~lx  H - - — — — -  an~ 

i  •  /■W 


2X2 


+ 


n 


("  -!)("-  2) 


1  9  ‘i 

J.  .  /W  .  o 


a7l~3x3 


n(n  —  1)  (n  —  2 )(n  —  8) 

4-  — - o  a - ~  «n_4^4  +  &c. 

1  •  «W  *  tJ  •  TC 


Thus  we  have  a  simple  proof  of  the  binomial  theorem ,  applicable 
to  all  values  of  the  exponent,  whether  positive  or  negative,  integral 
or  fractional,  real  or  imaginary. 

2.  To  develop  y  =  log  (1  +  z), 

the  modulus  of  the  system  being  J/, 

dy  _  M  (Py  _  _  M _  dhy  _  1 . 2  M 

~dx  ~  1  -f-  x  dx 2  (1  +  #)2?  (l  -h  x)3 

dh ,  1.2. 3 M  _ 

dF  =  ~JT TW' 
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.  • .  when 


s  =  0,  0)  =  log  1  =  0, 

M 


idy\  M  /d2y  \  if  /c/3//\  1.2¥  /7b/\  _  1.2. 33/  ^ 

T’  “T’  1  ’W/  1  ’  °* 

And  by  substituting  these  values  in  Maclaurin’s  formula,  we  have 

y  —  log  (I  +3)  =  M[x  —  ^  #2  +  o  x3  —  7^  +  &c.) 

which  is  the  fundamental  theorem  used  in  the  computation  of  loga 
rithms,  and  "is,  indeed,  that  which  was  employed  in  deducing  the 
rule  for  differentiating  logarithms. 


3.  To  expand 
Here 


y  ■=  sin  x. 
Fx  =.  sin  x 


.  * .  Fxx  =  cos  x,  F2x  =  —  sin  x,  F3x  —  —  cos  x,  F±x  —  sin  a*, 

and  the  succeeding  coefficients  recur  in  the  same  order. 

.  *.  F0  =  sin  0  =  0,  Fx 0  =  cos  0  =  1,  F2 0  =  0,  F3 0  =  —  1 , 

F4 0  =  0,  Fs 0  =  1,  &c. 

.  * .  by  substitution  in  (4)  the  third  form  of  Maclaurin’s  theorem, 
we  have 


x- 


sin  x  ~  x 


:r  + 


x 


.5 


x‘ 


1.2.3  1.2. 3.4.5  1.2. 3. 4. 5. 6. 7 


T"  &c. 


This  series  converges  very  rapidly  when  x  is  small. 


4.  To  expand 


y  =  cos  x. 


Fx  —  cos  x ,  Fxx  —  —  sin  x)  F2x  =  —  cos  x,  F3x  =  sin  x,  F4x  =  cos  a;, 
and  the  succeeding  coefficients  recur  in  the  same  order, 


.  • .  F0  =  1,  A\0  =  0,  7^0 


1,  7^0  —  0,  7^0  —  1 ,  F50  =  0,  &c. 


.  ’  .  COS  X  —  1 


X* 


7  + 


Xq 


xc 


1.2  1 . 2 . 3 . 4  1 . 2 . 3 . 4 . 5  .  () 


4-  &c. 


maclaurin’s  theorem. 
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5.  To  develop  y  —  ax. 

Employing  Naperian  logarithms,  we  have 

Fx  =  a  r,  Fxx  —  ax .  log  a,  F2x  —  ax .  log2«  F3x  —  ax .  logr a,  &c. 
FO  =  1,  F}0  =  log  a,  F2 0  —  log2a,  F3 0  =  log3#,  F,t 0  =  log4#,  &c. 


x 


X‘ 


.  • .  ax  zzz  1  +  log  a  ~  -|-  log2#.  j - f-  log3# 


X'- 


1 


-f  log4a 


1.2 


i  o 
I  .  4> .  o 


X 


A 


i .  2 .  3 .  4 


-j-  &c. 


This  is  called  the  exponential  theorem. 

Cor.  If  a  =  e  the  Naperian  base,  then  log  a  =  log  e  =  1, 


X  X‘ 


+ 


X “ 


•  ex  —  1  - 1 

1  1.2  '  1 .2.3  '  1.2. 3. 4 


+ 


x4 


4-  &c; 


and  if  x  =  1  also, 


1  1  1 

»*  —  «  =  1  +  T  +  —  +  -  —  ~  + 


1 


1  1.2  1.2.3  1 . 2 . 3 . 4 

a  formula  for  the  Naperian  base. 

Cor.  If  x  —  1,  but  a  not  equal  e ,  then 

<>  —  1  4-  log  a  +  — — log2#  +  - — — — —  log3#  4- 


4"  &xc.j 


1 


1  •>  o 

X  •  /w 


1 

1  .  /V  . 


1.2. 3. 4 


log4#  4-  &o. 


a  formula  for  a  number  in  terms  of  its  Naperian  logarithm. 

Prop.  To  express  the  sine  and  cosine  of  an  arc  in  terms  of 
imaginary  exponentials. 

in  the  series  giving  the  value  of  ex,  put  successively 
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and 


e~*\  _i  =  1  — 


.  Z3y/  -  1 


+ 


1  «■>  1  1  *>  5* 

1  .  /w  1  .  V  ,  t) 


+ 


z4 


1 . 2 . 3 . 4  1 . 2 . 3 . 4 . 5 


—  &c. 


• '  •  e*v  ^  =  2  [i  "  A  +  TTzTsTi  “  &c] 

e^_r,vcr  =  2yn  [«  -  -  &c.]. 

But  the  first  series  within  the  [  ]  is  the  development  of  cos  z,  and 
the  second  that  of  sin  z, 


.  ’  .  COS  0  = 


sin  z  — 


)ZU  — 


-zy'—  1 


■>Zyf—  1  _  e—Zy/—\ 


O  /_  ] 

~y  1 


Oi), 


CO. 


These  singular  formulae,  discovered  by  Euler,  are  very  useful  in 
the  higher  branches  of  analysis,  especially  in  the  development  of 
functions. 

Cor.  If  we  divide  ( B )  by  (-4),  there  will  result 


tan 


iV-C  —  e~zV-i 


o2ZvAT_  ] 


y/—  l[ez^~l  -f  eW-J]  ^  —  l[e2  z\/~r+  1] 


(C). 


Cor.  If  we  make  z  —  x-y/  —  1  in  (^4),  (7>),  and  ((7),  we  can 
express  the  sine,  cosine,  and  tangent  of  an  imaginary  arc  in  terms 
of  real  exponentials  ;  thus  : 


sin  ( x y/  —  1) 


£1— X  _  p  X 


e-x  _p  et 


1 


(D),  COS  (xy/-  1)  — - - - ( F-  ) 


•2x 


tan  (xy/~  1 )  = 


-  1 


1  —  e2x 


•vATT (<-2*  4- 1)  1 11  + 


'  I 


maclaurin’s  theorem. 
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Cor.  If  we  square  (yl)  and  ( B )  and  add,  there  will  result 


e2zy/-\  -f-2  4-  e~2z v^-1  —  e2zy/~^ 

cos22  4*  si112-2  =  - - , - 

i\r 


2  —  2z 


:,/CT 


And  similarly  sin2(a  /—  i)  4-  cos2  (ay/  —  1)  =  1; 
two  results  obviously  correct. 

43.  The  applications  of  Maclaurin’s  theorem  are  often  much 
restricted  by  the  great  labor  necessary  in  forming  the  successive 
differential  coefficients.  This  may  sometimes  be  avoided  by  ex¬ 
panding  the  first  differential  coefficient  by  some  of  the  algebraic 
processes.  For  example, 

To  expand  u  =  tan-1#. 


Here 


du  1 
dx  1  4*  x2 


which  gives  by  actual  division,  the  quotient 

1  —  x2  -f-  x4  —  x6  +  x8  —  &c. 

.  .  ‘ .  Fx  =  tan-1;**, 

F±x  =  1  —  x2  +  a"4  —  a6  +  x8  —  &c. 

F2x  =  —  2x  4*  4a:3  —  Gx5  +  8a7  —  &c. 

F3x  =  -  2  +  3 . 4a;2  —  5 . 6a4  +  7 . 8a6  -  &c. 

F±x  =  2 . 3 . 4x  —  4 . 5  .  Gx3  4*  G  .  7 . 8a;5  —  &c. 

F5x  =  2 . 3 . 4  -  3 . 4 . 5 .  Gx2  +  5 . 6 . 7 . 8a;4  -  &c. 
F6x  =  —  2.3.4.5.0a  4-4. 5. 0.7. 8a3  —  &c. 
F1x  —  —  2 . 3 . 4 . 5 . 0  4-  3 . 4 . 5  .  G .  7  .  8a2  —  &c. 
Fqx  =  2.3.4. 5.0.7.8a*  —  &c. 

&c.,  &c. 

.  • .  F0  =  tan_10  =  0,  Fl 0  =  1,  F20  =  0,  F3 0  =  — 
F40  =  0,  F5 0  =  1 . 2 . 3 . 4,  F6 0  =  0, 

F,G  =  -  1 . 2 . 3 . 4 . 5 . 6,  F80  =  0,  &c. 


1.2, 
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Therefore,  by  substitution  in  Maelaurin’s  formula, 

1  .  1 

7*  +9 


1  1  r  1  1 

Fx  —  tan-1#  =  x  —  -x3  +  -x5  —  -x1  +  -.-r9  —  &c. 


Jf.  in  this  formula,  we  make  u  —  —  arc  of  45°, 

then  x  —  tan  45°  =  1. 


1  /i  1  ,  1  1  ,  ,  x 

*  =  40  -  |  +  + 


nnd 


a  formula  for  determining  the  ratio  of  the  diameter  to  the  cir¬ 
cumference  of  a  circle. 

This  series  converges  so  very  slowly,  that  even  a  tolerably 
accurate  approximation  to  the  value  of  n  cannot  be  deduced  from 
it,  without  employing  a  great  number  of  terms. 

44.  Prop.  To  deduce  Euler’s  more  convergent  series  for  the 
ratio  of  the  diameter  to  the  circumference. 

If  in  the  trigonometrical  formula 

.  7.  tan  a  -f-  tan  b 

tan  (a  -f  b)  =  - - 

1  —  tan  a  .  tan  b 


we  put  a  +  b  =  i  tf, 


then 


tan  (a  -j-  &)  =  1 , 


whence  we  deduce 


1  —  tan  a  .  tan  b  —  tan  a  -j-  tan  b ; 
1  —  tan  a 


tan  b  — 


1  +  tan  a 

And,  therefore,  if  any  value  be  assigned  to  tan  a ,  that  of  tan  b 
can  be  determined. 


Let 


tan  a  =  — ,  then  tan  b  = 


‘-i  i 


■+i  * 


maclaurin’s  theorem. 
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-  ~i-W©vt©r-i©w 

-  -‘!-i-i©,+i©,-}©v** 


1  + 


11 

''‘4*~2~‘3.23  1  5 . 2^ 

+  i - —  +  -1 

R  ‘-*3  1  V 


1 


7 , 27 
1 


4-  &c. 
+  &c. 


3  3 . 33  5 . 33  7 . 37 

By  taking  six  terms  in  the  first  set,  and  four  in  the  second,  and  mul¬ 
tiplying  by  4,  we  get  the  common  approximation, 

*  =  3.1416. 

Cor.  We  might  extend  this  method,  obtaining  series  still  more 
convergent.  For  if  we  take  four  arcs  cl9  c2 ,  c3,  and  c4,  such  that 

1  1  1 

cx  +  c2  =  tan-1-  and  c3  -f-  c4  =  tan-1-.  Then  Cj+  r2+  c3-f-  c4=~rf, 
/W  u  4: 

and  if  we  assume  the  values  of  tan  and  tan  c3,  those  of  tan  c2  and 

tan  c4  can  be  determined.  Moreover,  the  values  of  tan  cl9  tan  c2 

tan  c3,  and  tan  c4,  can  all  be  rendered  less  than  i,  and  therefore  th& 

series  for  determining  £  <r  will  be  more  convergent. 

45.  Pro p.  To  obtain  more  convergent  series  for  the  value  of 

2  tan  a 


If  in  the  formula 


tan  2 a 


1  —  tan2a : 


we  put 


and 


tan  a  =  — ,  then 
5 


tan  2a  = 


2XT  5 

WI=T? 

25 


.  • .  .,an  4a  = 


2  tan  2a 
1  —  tan2  2a 


2  x 


5 


12 


1  - 


25 

144 


120 

ITo 
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Now  this  result  is  very  little  greater  than  unity,  and  therefore  4a 
must  be  slightly  greater  than  45°. 


Put 

where  z  is  a  very  small  arc. 


4a.  —  -  —  z 

4 


Then 


tan  4a  —  tan  - 
, .  1  N  4 

tan  ^  =  tan  (4a  —  -  tf)  = - - — 

4  1  A  1 

1  -f  tan 4a .  tan  -  cr 


120 

TTo 


-  l 


l 


i  + 


120  230 


110 


I  or  =  4  tan-1 1  —  tan-1  A_ 

=  4  l-  —  q~F3  +  ;  r5  —  ~ — pj  +  ; — m  —  &c-) 
\o  o.o  5.o  7.o  i/.o  / 

_(1 _ 2_, i _ &c^ 

\2:JU  3 . 5 . 2395  '/ 


Hy  taking  three  terms  in  the  first  line  and  one  in  the  second,  we  get 
the  common  approximation  or  =  3 . 14 1 G ;  and  by  taking  eight 
terms  of  the  first  line  and  three  of  the  second,  we  get 

=  3. 1 4 1 502G535S0T03. 

46.  1.  To  expand  «  =  sin—: lx. 


Fx 

Fxx 


sin-1  x. 


1  =  (  1  -  * 


F2x 


F3x 


-v/1  -  a2 

1  +  o  +  oi  *4 +  roi *6  +  &c- 

1.2  ,  1.3.4  1.3.5.C  .  ,  , 

TTa*  +  rr  a**3  + +  &0- 


12  0  1  f>2  A 

1  ~  1,0  r2  1 

1.2  r  1 . 2 . 22  ‘  + 


1 . 3 . 52 . 6 
17273723 


rr4  +  &c. 


/ 
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7T  1 . 2 . 32 . 4  1 .3.4.52.0  „ 

Fx  =  ■ — Vo- -a?  +  . 7  . .  .vt  a?  +  &c. 


|  O  02 

L  .  .  ** 


]  •>  ;»  03 


F0  = 


77  l2 . 2 . 32 . 4  1  .32. 4.52.G  „ 

=  ^"2^  +  -T^"3“2~  *  +  &C‘ 

1  o  R2  4.  f, 

^  *  +  &<=■ 

12  o  R2  4  r.2  n 
Fx  —  '  ’  4-  &c 

’  1  •>  a  -2>  + 

0,  Fx  0  =  1,  i^O  =  0,  F3  0  =  l2,  i^40  =  0,  7^0  =  l2 . 32; 
7^0  =  0,  F1 0  =  l2 . 32 . 52,  &c. 


• .  ts  =  sin-1  .r  =  x  -f- 


1 2 .  x3 


1 2 . 32 .  x5 


1 


- - 1 - - - — 

2.31.2.3.4. 


,  l2. 32.5a.  a:*  ,  , 

+  UOTT.  sToTT  “  °‘ 


CHAPTER'  VI. 


taylor’s  theorem. 


47.  Taylor’s  Theorem  is  a  general  formula  for  the  development 
of  a  function  of  the  algebraic  sum  of  two  variables. 

Prop .  If  ?/  =  Fx,  and  if  x  be  supposed  to  receive  an  increment 
h ,  converting  y  into  yx  =.  F{x  -f-  A)  ;  then  will 

A4 


dy  A  d2y 

Vl  =  y  +  Tx'i  +  d^'T7z 


A2  dhy 


A3  dAy 


dx 3  1.2.  a  cfo4  1.2. 3. 4 


+  Ac. ; 


or 


^(.r  +  A)  =  idr  4- 


cAc  1  cAr2 


A2 

1.2 


+ 


d3idr 


A3 


17  + 


dlFx 


A4 


eAz3  1.2.3  dx 4  1 . 2 . 3 . 4 


+  Ac. 


To  prove  the  truth  of  this  formula,  we  first  establish  the  following 
principle : 

If  in  the  expression  yl  —  F{x  -f-  A)  we  suppose  first  that  x  is 
variable  and  A  constant,  and  then  suppose  A  variable  and  x  constant, 
the  first  differential  coefficient  will  be  the  same  in  both  cases ; 


that  is, 


dl±  —  dJll. 

dx  dli 


This  is  almost  self-evident,  for  when  a  given  increment  is  assigned 
to  x,  or  to  h  the  same  increment  must  be  imparted  to  x  -j-  A,  and 
therefore  F(x  +  A)  —  yx  will  undergo  the  same  change  in  the  one 
case  as  in  the  other.  Hence  the  ratio  of  the  corresponding  change* 
of  x  and  yx  is  equal  to  the  ratio  of  the  changes  in  A  and  yv  This 
is  true  whatever  may  be  the  magnitudes  of  the  increments  im 
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parted  to  x  or  A,  provided  that  magnitude  be  the  same  in  both 
cases.  But  when  we  suppose  these  increments  indefinitely  small,  it 
is  no  longer  necessary  to  consider  them  equal.  For  since  the  ratio 
dy 

-yd  does  not  contain  dx ,  it  will  have  the  same  value  whether  dx 
dx 

and  dh  be  supposed  equal  or  unequal. 

.  _  dlh 

dx  dh 


d 

Similarly,  — 
And  generally, 


Now  assume 


or  -  d2Vi 
dx 2  “  dh2’ 


y1  =  F{x  -f-  A)  Fx  -f-  Ah  +  Bh2  -f-  Oh3  -f-  DF  4-  &c.  (1), 

that  being  the  general  form  in  which  F(x  -f-  A)  can  be  developed, 
as  shown  in  Art.  4.  The  coefficients  A,  B:  C ,  I),  &c.,  are  func¬ 
tions  of  x,  but  are  independent  of  A. 

If  we  differentiate  (1)  first  with  respect  to  A  and  then  with 
respect  to  x ,  and  place  the  resulting  differential  coefficients  equal, 
we  shall  obtain 


A  +  2  Bh  +  3  Ch2  +  4DA3  +  &c. 


dFx  ^ 
dx 


dA  7 
lx  h  + 


dB10  d07O 
—r~  A2  -| — —  A3  +  &c. 
dx  dx 


which  equation  being  true  for  all  values  of  A,  it  follows,  by  the 
principle  of  indeterminate  coefficients ,  that  the  coefficients  of  the  like 
powers  of  A,  in  the  twro  members  of  the  equation,  must  be  sepa¬ 
rately  equal. 
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,  dFx 
A  —  — —5 


C  = 


1  dB 
3  dx 


I  9  ‘I 

JL  •  /W  •  O 


dx 
d3Fx 
dx 3 


1  cM  1  ‘d2Fx 

2  dx  1.2  dx 2 


1  c7<7_  1 

“  4  *  ~dx  ~  1.2. 3.1’  dx*'9 


&c. 


Hence,  by  substitution  in  (i), 

7X  _  c//dc  A.  d2Fx  h2  d3Fx 
F(x+  A)  =Fx  +  —  .T  f  -r-  •—  -  + 


A3 


+ 


dc  1  dx 2  1 . 2  dx 3  1.2.3 

i4idr  A4 


cAr4  1 . 2 . 3 . 4 


-f-  &c.. 


or. 


dy  li  d2y  h2  d3y  h3 
Vx  ~  V  +  lx  ’I  +  da?'  O  +  c71 ' 1.2.3 


+ 


A4 


c?4;// 


rAr4  1.2. 3. 4 


~f*  &c. 


If  we  denote  the  suceessive  differential  coefficients  by  F^,  F2x 
F3x,  F4x,  &c.,  the  series  may  be  written 

7,  7/2  7;  3 

^(*  +  h)  =  Fx  +  FlxJ  +  F2x  —  +  F,x—— 


-1-  FaX 


A4 


1.2. 3.4 


+  &c. 


(2). 


Cor.  The  formula  of  Maclaurin  may  be  readily  deduced  from 
that  of  Taylor;  for  if  we  make  x  —  0  in  (2),  there  will  result 

Fh  =  fo  +  A0  y  +  A0  ~  +  A0 

+ F<!)  ITa + &o” 


which  is  Maclaurin’s  theorem. 


EXAMPLES. 

48.  1.  To  expand  sin  (a;  +  A),  in  terms  of  the  powers  of  the 

arc  h. 

F (x  -f  A)  =  sin  (x  +  A), 


taylor’s  theorem. 
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.  * .  Fx-  —  sin  x,  Fxx  =  cos  x,  F2x  =  —  sin  x , 
=  —  cos  2:,  F±x  =  sin  x,  &c. 

.  * .  By  substitution  in  Taylor’s  formula 


A 


h2 


sin  ( x  -J-  h)  =  sin  x  -f-  cos  x - sin  x  — 

1  1  . 


h3 


2  C°SX  l.2.o 


77  +  &c. 


•  ,,  1)2  A4 

=  S1«  *  0  -  T-o  +  „  -  &C.) 

JL  •  A  •  <w  •  O  • 


-f-  cos  x  (A 


It3 


1.2. 


+ 


h5 


1 .2. 3. 4. 5 


—  &c.) 


m  sin  x  .  cos  A  -j-  cos  x  .  sin  A,  a  well  known  formula. 

2.  To  expand  cos  (x  ~{-  A),  in  terms  of  the  powers  of  the 
arc  A. 

F  (x  +  A)  —  cos  ( x  -j-  A), 

.  • .  Fx  —  cos  x ,  Flx  =  —  sin  a:,  F2x  —  cos 
F3x  =  sin  x,  FAx  —  cos  x,  &c. 

.  • .  By  substitution  in  Taylor’s  Theorem  we  have 

,  ,  7N  .  h  h2  ,  .  h* 

cos  ( x  A)  —  cos  x  —  sin  x  -  —  cos  x  - — -  -f-  sin  x  - — — — 

1  1  .  /w  1  .  »  o 


+  cos# 


A4 


1 . 2 . 3 . 4 


&c. 


Jl 2  7^4 

=  CP5-*  0  -  7-5  +  r-T>— rri  -  &c->) 

h3  h 5 

~ sin  *  ~  01 + a.a.8.4.5  “  &c->) 

—  cos  x  .  cos  A  —  sin  x  .  sin  A, . .  .  a  well  known  formula. 
.  To  expand  log  (#  +  A),  where  M  is  the  modulus  of  the 


system. 


M 


1 M 
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(h  h 2  h3  A4 

^-2^  +  I?-4F+&c-) 


4.  To  expand 


u 


x  =  tan-1  (#  +  A), 


1  1 

w  =  tan-1#  =  Fx.  Fxc  —  - — - — -  =  — — 

]  +  #2  scc2u 


=  cos2^. 


F2x 


2sin  u  .  cos  u 


du 

dx 


—  sin  2 u  .  cos%. 


du 


F3x  —  ( —  2cos  2  u  .  cos2 a  -j-  2sin  2 u  .  cos  u  .  sin  u )  — 


dx 


dv- 

—  —  2cos  w .  cos  ou  —  =  —  2cos  3 u  .  cos 3u. 

dx 

F^x  =  2.3  (sin  3?/ .  cos%  +  cos  on .  cos% .  sin  n) 

d  ul 

—  2 . 3cos2w  .  sin  4w  —  =  2 . 3  .  sin  4 u  .  cos 4w, 

dx 


du 

dx 


&c., 


&c. 


h  A2 

.  • .  tan-1  (#  +  A )  =  =  u  +  cos2w - sin  2w .  cos%  -- 

1  2 


/^3  7^4  7^5 

—  cos  3/' .  cos3«  —  +  si14  4 u .  cos%  — — f-  cos  5 u  .  cos 5u  — - &c. 

3  >4  5 

5.  To  expand  u  —  tan(#  -f*  ^)* 

Fx  =  tan  #,  =  sec2#,  jF2#  =  2  sec2# .  tan  #, 

F3x  —  2  sec2#  (1  +  3  tan2#).  &c.,  &c. 

h  h2 

.  * .  tan  (#  +  A)  —  tan  x  +  sec2#  — 1-2  sec2#  .  tan  x - - 

v  1  1  1.2 

h3 

+  2  sec2#  (1  +  3  tan2#)  - — — — -  +  &c. 

1  •  /W  •  O 


Prop.  Having  given  u  =  Fy,  and  y  =  <p#,  to  form  ther 

dxt 

differential  coefficient  —  of  u  with  respect  to  #,  without  eliminating 

CLJC 

y  between  the  equations,  in  which  the  characters  F  and  <p,  denote 
any  functions  whatever. 
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Let  x  take  ail  increment  A  converting  y  into  y1  =  cp  ( x  -f  A). 
Then  if  Jc  denote  the  increment  received  by  y,  we  shall  have,  by 
Taylor’s  theorem, 


Jc  —  Vl  —  y 


dy  li  d2y 
dx  1  ^  dx 2  1 . 2 


h2  d?y 

+ 


h3 


dx 3  1.2.3 


-j-  &c.  (1 ), 


Also  when  y  takes  the  increment  A,  it  imparts  to  u  ~  Fy ,  an 
increment 


n 


u  =  F(y  ~f  Jc)  —  Fy  =  - —  -  + 


du  Jc  d2u  Jc2  d3u  Jc3 


“o  + 


o  +  &C.t 


dy  1  dy2  1 . 2  dy3  1.2.3 

or  by  substituting  for  Jc  its  value,  (1). 

du  I- dy  Ji  d2y  Ji2  d3y  Ji3  . 

dy  idx  1  dx2  1 . 2  dx3  1.2.3 

,  1  d2uVdy  h  d2y  Ji2  l2 

+  TTz'df  Uu'\3~  d&'TrZ  +  &0J  +&e- 

Dividing  both  members  by  A,  and  then  passing  to  the  limit  by 

making  A  =  0.  in  which  case  — - — —  =  ^  we  get 

hdx 


du  du  dy 
dx  dy  dx 


Thus  it  appears  that  the  differential  coefficient  of  u  with  respect 
to  a*,  is  found  by  differentiating  u  as  though  y  were  the  inde¬ 
pendent  variable,  then  differentiating  y  as  though  x  were  the 
independent  variable,  and  finally,  multiplying  the  first  of  the  co¬ 
efficients  so  found  by  the  second. 

49.  It  might  perhaps  seem  at  first  view  that  the  equation  (2)  is 
necessarily  and  identically  true,  and  therefore  that  the  preceding 
investigation  is  unnecessary.  But  it  must  be  borne  in  mind  that  the 


dij 

dy  which  appears  in  the  coefficient  ~  and  which  represents  the 

C l  JO 


increment  given  to  y  by  assigning  an  arbitrary  small  increment  dx 
to  the  variable  x ,  is  not  necessarily  the  same  as  dy  which  appears  in 


5 
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du 


,  since  this  latter  increment  of  y  is  arbitrary  (though  likewisfl 


dy 
small). 

1. 

Here 


j  „  da 

u  =  ay,  y  —  bx,  to  find  — • 
’  J  ’  dx 

da  da 

=  aV .  Jog  a,  — -  =  bx  log  b. 
dy  °  ’  dx  a 


da  du  dy  x 

- - 7-  =  aV .  bx  .  log  a .  log  b  .  =  ab  .  bx .  log  a  .  log  b. 

dx  dy  dx  00  o 


2. 


u  =  log  y.  y  —  log  x. 


du  1  dy  1 
dy  y  dx  x' 


da 


1  1 


1 


dx  y  x  x  log  x 

50.  Taylor’s  Theorem  may  be  employed  in  approximating  to  the 
roots  of  numerical  equations. 

Let  Fx  —  0  'be  the  given  equation,  and  a  an  approximate  value 
of  one  of  its  roots  found  by  trial ;  then  we  may  put  x  =  a  -j-  \  in 
which  h  is  a  small  fraction  whose  higher  powers  will  be  small  in 
comparison  with  h,  and  may  therefore  be  neglected  without  great 
error.  But 

h  h2  h3 

Fx  =  F(a  +  h)  =  Fa  +  Fxa .  -  +  F2a  — —  -f  F3a  ------  -f  &c.  =  0. 

JL  i.  *  JL  •  /W  • 

.  *.  By  neglecting  the  terms  involving  h2,  h 3,  &c.,  we  get 


Fa  +  F-fl  j  =  0 


and  .  • .  h  —  — 


Fa 

J\a 


Adding  this  approximate  value  of  h  to  a,  we  have 

Fa 


x  —  a 


nearly. 


Fxa 

Call  this  value  ax  and  put  x  ~  ax  -f-  hx. 

Then  by  similar  reasoning  we  shall  find 

Fax  Fax 

and  x - 


*1  = 


a. 


Fxax  ~  Fxax 

and  the  same  process  may  be  repeated  if  necessary. 


a2,  a  nearer  approximation, 


taylor’s  theorem. 


G  7 


51.  Find  the  positive  root  of  the  equation 

z4  -  l'2x 2  4-  12a;  -  3  =  0 

to  three  places  of  decimals  inclusive. 

Here  we  find  by  trial  that 

x  >  2  .  G  and  x  <  3. 

Put  a  —  2.8. 

.  * .  Fa  —  a4  —  12a2  -f  12a  —  3 

=  (2 . 8) 4  -  12(2.8)2  +  12(2.8)  -  3  =  -2. 0144 

7  Ti1 

Fxa  =  ~  =  4a3  -  24a  +  1 2  =  4  (2 . 8) 3  -  24  (2 . 8)  + 12  =  32 .  G08. 
_  o  0t44 

r.h  — - ..  7  T.vr-r~  —  G . 002  near! y.  .  • .  x  =  a  -f  h  =  2 . 802  near! v. 

32.008  J 

To  test  the  accuracy  of  this  approximation,  put 

a1  =  2. 802  and  x  --  a1  -j-  hv 
Fax  —  (2 . 8G2)4—  12(2.S02)2+  12(2. 802) -3  =  0. 144074 nearly. 
F ’jch  =  4(2 . 802) 3  -  24(2 .  S02)  +  12  =  37  .  OS3072  nearly. 

—  0 . 003001  nearly. 


7  0.144074 

’  •  ‘L\  — 


37 . 083072 

.  • .  x  —  ox  +  hx  =  2 . 802  —  0 . 003901  =  2 . 858099  =  2 . 858 

to  three  places  of  decimals. 

If  the  process  were  repeated  it  would  be  found  that 

x  =  2 . 85808  ; 

so  that  the  second  approximation  is  true  to  four  places  of  decimals, 
and  the  fifth  place  is  slightly  erroneous. 

2.  Given  xx  =  100 

to  find  the  value  of  x  to  the  place  of  hundredths. 

Passing  to  the  common  logarithms,  we  have 


x  log  x 


log  100  =  2. 


.  * .  x  log  x 


2 


0. 


Also 


x  >  3,  and  x  <  4. 
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Put  a  —  3.5,  and  x  =  a  +  h. 

^  dFa  _  , 

.  * .  idz  =  a  log  a  —  2,  d  -.a  =  — —  =  log  a  +  A/, 

da 

where  JLT  =  modulus  of  the  common  system  =  .  43429448 

Fa  =  3 . 5  log  (3 . 5)  -  2  =  .  544068  x3.5-2=-0. 095762 

Fxa  =  .  54406S  +  .  434294  =  0 . 978362. 


7  .  095762 

1  -  :  978302  ~  •  °08' 


.  * .  x  —  3 . 5  +  .  098  =:  3 . 598  or 


x  =  3 . 60  nearly. 

V 


We  shall  now  apply  Taylor’s  Theorem  in  deducing  rules  for  the 
expansion  and  differentiation  of  functions  of  more  complicated 
forms. 


52.  Prop.  To  establish  a  general  rule  for  differentiating  any 
function  of  two  quantities  p  and  q ,  which  quantities  are  themselves 
functions  of  the  single  independent  variable  x. 

Let  u  —  F{p,  q),  where  p  —  fx,  and  q  —  fpc ,  the  characters 
F,f  and  /•,,  denoting  any  function  whatever,  and  let  x  take  the 
increment  h,  converting  p  in  p  -f-  Jc  =  px,  q  into  q  -f-  l  =  qx,  and 
u  into  uv 

Then  u1  —  F(p  +  Jc,  q  +  l)  =  F(p  -f  gq), 


which  may  be  developed  by  Taylor’s  Theorem  as  a  function  of 
p  +  7c,  observing  that  qv  which  does  not  contain  1c,  will  appear  in 
the  development  as  would  a  constant : 


«,  =  F(p  +  k,  ?1)  =  F(p,  jj)  + 


dF(p,  7i)  k 


dp 


1 


+  dFFpF .  il  +  &c.  (1). 


c/p5 


1  9 

J-  • 


But  F  (p,  5'1)  —  F  {Pi  q  +  O’  which  developed  as  a  function  of 
q  V  l,  gives 


taylor’s  theorem. 
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r.  /  .  -n  i  \  .  d-Ffp^q)  l  d2F(p,q )  l2 

F(p,g+t)=F  {p,  g)  +  +  — P2  '  O  +  &c' 

And  similarly  the  coefficient  of  k  in  the  second  term  of  (1). 

dF(p,  g})  __  dF(p,  q  +  l)> 

dp  dp 

may  also  he  developed  as  a  function  of  q  +  Z,  and  will  give 

JF{p,q+l)  _  r/F(p,  g)  d_  VdF  (  p,  g)!  I 

dp  dp  +  dq  L  dp  J 1  +  ' 


And  in  like  manner 

d2F  (  p,  qi)  d2F(p,q  +  l)  d2F(p,q)  d  I” d2F(p,  q) 


dp2  dp 2 

By  substitution  in  (1). 


dqr 


+  -7T  ■ 


dq  L  dp‘ 


] 


+  &c. 


F{p+k,q+i)^F{p,q)+Fi^dl  +  dn^).’L 


But 


And 


4-  terms  involving  A2,  A’/,  Z2,  A3,  &c. 
dp  h  d2p  It 2  * 

*  =  p1-^  =  5*-T  +  ^*0  +  &c- 

l^-gM  +  %*  +  &C, 


Wj  —  u 


dx  1  dx2  1 . 2 

du  Vdq  h  d2q  h2 

.  _| —  . 


+  &c.,  + 


•] 


dq  Y.dx  1  dx2  1 . 2 
du  T dp  h  d2p  h2  1  ,  o 

^U't  +  ^T3  +  &c-’J  +  &c- 

Now  dividing  by  k,  and  then  passing  to  the  limit,  by  making 

h  =r.  0,  in  which  case  — -  =  — ,  we  obtain 

h  dx 


du  du  dq  du  dp 
dx  dq  dx  dp  dx 


(2). 


du,  —  T  du  dq  _  du  dp 

.  * .  —  dx  —  du  —  - - —  dx  -j-  •  —  tx. 

dx  dq  dx  dp  dx 


(3). 
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Thus  it  appears  that  we  must  differentiate  w  with  respect  to 
each  function,  as  though  the  other  functions  were  constant,  and 
add  the  results. 

53.  It  is  very  important  that  the  precise  signification  of  the 
notation  here  employed  should  be  distinctly  understood.  By  an 
attentive  consideration  of  the  manner  in  which  the  several  expres¬ 
sions  employed  in  the  formula)  (2)  and  (3)  arise,  it  will  appear 

that  the  expression  ~  in  (2),  represents  the  ratio  of  the  change 

dx 

in  x  to  the  entire  change  in  it,  which  latter  is  produced  partly  by 
the  change  imparted  to  p,  and  partly  by  that  imparted  to  q: 

chi  dci 

that  the  expression  —  •  — ! -  represents  the  ratio  of  the  change  in  x 

(£(]  ClU/ 

to  that  part  of  the  change  in  u  which  is  communicated  through 

1  ,  cl  tt  cl O  ,  ,  pi  i  , 

a :  and  that  —  •  —  represents  the  ratio  of  the  change  m  x  to 
a p  ax 

that  part  of  the  change  in  u ,  which  is  communicated  through  p. 

du  do  du 

We  must  be  careful,  therefore,  not  to  confound  —  •  — ,  with  — , 

’  ’  tlq  dx  '  dx 

or  to  suppose  that  the  first  of  these  expressions  can  be  brought 

to  the  form  of  the  second  by  the  ordinary  process  of  algebraic 

reduction.  This  will  appear  evident,  when  it  is  recollected  that 

du 

the  du  which  appears  in  — -  refers  to  the  total  change  in  u,  while 

Cl  iC 

(l\b  d  o 

the  du  which  occurs  in  —  •  — ,  refers  only  to  so  much  of  the 

dq  dx  J 


change  in  u,  as  is  communicated  through  q.  Similarly, 

d  u 

must  not  be  confounded  with  — ,  for  a  like  reason. 

dx 


du  dp 
d p  dx' 


54.  To  differentiate  u  --  F(p,  q ,  r ,  s,  &c.)  when  p,  q ,  r,  s,  &c. 
are  functions  of  the  same  variable  x. 

By  attributing  to  x  an  increment  h ,  and  reasoning  as  in  the  last 
proposition,  we  readily  prove  that 


T. IY  LO I V S  TH E 0 E E M. 
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dn  dp  du  dq  da  dr  chi  ds  .  lo 

-  - - j - .  - - -  -| - -  - -  -I - - - (-  I  -- 

jdp  dx  clq  dx  dr  dx  ds  dx  ' 


u}  =  u  -j- 

-{-  terms  in  A2,  A3,  &c. 

Transposing  w,  dividing  by  A,  and  then  passing  to  the  limit,  we  have 

du  du  dp  du  dq  du  dr  dn  ds 

—  —  -  -  .  _L  _ | - L  _| - .  q - p 

dx  dp  dx  dq  dx  dr  dx  ds  dx 


dn 

.  —  dx 
dx 


du  =. 


clu  dp  _  du  dq  du  dr  _ 

T  *  ~r  *  dx  4-  ~t  *  ~r  •  dx  4*  —  •  -r-  •  dx 

ctq)  dx  dq  dx  dr  dx 


du  ch 

H — 7 - -  dx  4-  &c. 

ds  dx 


that  is,  we  must  differentiate  u  with  respect  to  each  of  the  functions, 
as  if  the  other  functions  were  constant,  and  add  the  results. 

55.  Prop.  To  differentiate  u  —  F(p,  a’),  where  p  =  fx. 

Here  u  is  directly  a  function  of  x,  and  also  indirectly  a  function  o! 
x  through  p. 


Now  if  in  the  equation  u  ■=.  F(p,  q), 


which  gives 


d  u  du 
dx  dp 


dp  du 
dx  dq 


dq 

dx 


we  put  q  —  x,  there  will  result 


n  clu  du  dp  du  dx 
u  =  F(  p,  x)  and 


du  du  clp  ]  du  .  . 
°r  dx  dp  dx  ~r  dx 


smco 


dx 

dx 


1. 


The  formula  (1)  is  that  required,  but  we  must  distinguish  carc- 

du 

fully  between  the  differential  coefficient  — -  in  the  first  member,  and 

\JjJb 

the  similar  expression  in  the  second.  The  latter,  called  the  partial 
differential  coefficient  of  u  with  respect  to  x,  refers  only  to  that  part 
of  the  change  in  u  which  results  directly  from  a  change  in  x,  while  p 
is  supposed  to  remain  constant ;  and  the  former,  called  the  total  dif- 


/ 
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ferential  coefficient  of  u  with  respect  to  x ,  refers  to  the  entire  change 
in  u,  which  is  partly  the  direct  result  of  a  change  in  x ,  and  partly 
an  indirect  effect  produced  through  p. 

To  distinguish  the  total  from  the  partial  differential  coefficient,  it 
has  been  agreed  to  enclose  the  former  in  a  parenthesis ;  thus  we 
write 

[du  1  du  dp  dn  _  rd.,1  7  da  dp  da 

~  \  —  - —  +  and  .  * ,  da  =  I  —  \ax  =  — - f- »dx-\ — r  dx. 

ax  J  dp  dx  dx  L  dx  J  dp  dx  dx 

Here  again  there  is  a  necessity  for  caution,  so  as  not  to  confound 


du 

dx 


•  dx  with  da  ;  the  former  being  only  a  part  of  the  change  im¬ 


parted  to  u  by  a  change  in  x ,  while  the  latter  is  the  symbol  of  the 
entire  change. 

Cor.  If  there  were  given  u  =  ./^(/>,  q ,  %) 
where  p  and  q  are  functions  of  x,  then 


HI 

\-dxj 


da  dp  du  dq  du 

~7~  "1 — I  7"  *  “7 - b  T* 

dp  dx  dq  dx  dx 


and  similar  expressions  would  apply  if  there  were  a  greater  numbei 
of  functions. 


EXAMPLES. 


56.  1.  u  =  sin-1  ( p  —  </),  where  p  —  ox  and  q  —  4a:3 

du  1  du  —  1  dp  0  dq  ^  ^ 

dP  ~  yT  -  (p-  qf  dl  y'i  -  (p  -  qf  dx  ~  dx  ~ 


da.  du  dp  da  dq 


O 

O 


12a:2 


dx  dp  dx  dq  dx  y'j  _ fp _ qf 


3  -  12a:2 


3 


-\J  1  —  *dx2  -f  24a:4  —  Uix6  1  —  x 2 
2.  u  —  pq,  where  p  —  ex,  and  q  =  a:4  —  4a:3  4-  12a:2  —  24a:  +  24. 


du 


du 


dp  dq 


P, 


dp 

dx 


dq 


ex ,  -4  =r  4a:3  —  12a:2  +  24a:  —  24 ; 
dx 
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& 


dn  du  do  du  dq 

•  -  —  -  .  _i - ! - -  —L  —  px  r4 

dx  dp  t lx  dq  dx 


xAp 


8 


o’ 
0-0 


when  p  ~  log  x. 


du  x*p  x 4  dp 
dp  2  8  ’  dx 


d  u  dp  d  a 

— . .  -L  _i - 

dp  dx  dx 


x 


A 


1 


X 


du 

dx 


—  x3p2 


-  + 
X 


=  re3 (log  x)2. 


4. 


u 


eax(p  —  q)  . 

= - — — —L  where  p  =  a  sin  x.  and  q  =  cos  x. 

a2  +  1 


du  eax  du 
dp  a2  +  1’  dq 

du  aeax  (p  —  q ) 
dx  a2  +  1 


eax 

a2  -f-  1’ 


dp 

r  =  a  cos  x, 
dx 


dq 

—  —  —  sin  x, 

dx 


dp  du  dq  du 
dx  dq  dx  dx 


pax 

— - -  (a  cos  x  +  sin  x  +  a2  sin  x  —  a  cos  a.1)  =  eax  sin  x. 

a2  -f  1  7 


Differentiation  of  Implicit  Functions. 

57.  In  the  various  cases  hitherto  considered,  we  have  supposed 
die  function  to  he  given  explicitly  in  terms  of  the  variable.  It  is 
now  proposed  to  establish  rules  for  differentiating  implicit  functions. 

Prop.  Having  given  F{x ,  y )  =  0,  to  form  the  differential  coeffi¬ 
cient  ~  without  solving  the  equation. 
dx 

Put  u  —  F (x,y):  then  u  will  be  a  function  of  x  directly,  and 
also  indirectly  through  y. 


74 


DIFFERENTIAL  CALCULUS. 


Bat  since  u  remains  constantly  equal  to  zero,  the  total  differen¬ 
tial  coefficient  of  u  with  respect  to  x  must  be  equal  to  zero  also. 


du  dif  da  , 

.  * .  - - j-  +  =  0,  whence 

ay  dx  dx 


du 

djf  dx 

dx  du 

dj 


Thus  it  appears  that  we  must  form  the  partial  differential  co- 
du  da 

efficients  —  and  — ,  then  divide  the  former  by  the  latter,  and 

dx  dy  J  5 

prefix  the  negative  sign  to  the  quotient. 

Ex.  1.  y2  —  2ax?y  -f-  x2  —  b2  —  0,  to  form  the  differential  coeffi¬ 
cient  of  y  with  respect  to  x. 


u  —  y2  —  2  axy  +  x2  —  &2, 


dn 

dx 


—  2ay  +  2x, 


o 


ax. 


dy  —  2 ay  -J-  2x 

dx  2  y  —  2ax 


ay  —  x 
y  —  ax 


2.  Given  x3  +  Saxy  -j-  y3  =  0,  to  form  the  1st  and  2d  differen¬ 
tial  coefficients  of  y  with  respect  to  x. 


u 


—  o-3 


x3  -f  oaxy  +  y3, 


du 

dx 


du 


—  ox2  +  3ay,  ~  =  oax  -f-  3y2. 


dy 


x2  -f-  ay 
■  — — • 

ax  -f  y2 


dy 

Put  j——  T\ ;  then  px  will  be  a  function  of  x  directly,  and  also 

(JbtV 

indirectly  through  y. 


IMPLICIT  FUNCTIONS. 


VO 


Hence  by  substitution  and  reduction 

d2y  2 yx2  4*  cty2  —  a2x  /  x2  -f  «//' 


2 yx2  -f*  tfy2  — 
dx2  {ax  +  y2)2 


X 


/  .t2  -f  a//\  ,  a 

\  ^T7v  + 


r2//  —  <7.r2  —  2.ry2 


(«•»  +  y2)2 


2a3xy  —  2xy(x3  -j-  3cm/  4-  y3)  2 o3xy 

' - 1  • 

(ex'  4-  y2)3  (ax  4-  y2)3 

58.  Since  it  is  possible  to  form  the  successive  differential  coeffi¬ 
cients  of  y  with  respect  to  .r,  without  solving  the  given  equation,  it 
will  be  possible  to  expand  y  in  terms  of  x  by  Maclaurin’s  Theorem. 

1.  Given  y3  —  3y  4“  ®  =  0, 

to  expand  y  in  terms  of  the  ascending  powers  of  x. 


O  o  ,  A  ^  1  da  o/o  A  ^y  1 

1(=2/3-»y+*=0,  s  =  l.  ^  =  o(r-1).  = 


Expanding  the  last  expression  by  actual  division,  we  have 

'lx?~\  4y3+  Gi/5+  &c*)  lx  ~  ¥  (2^  +  12/’+  &c-) 

/73?y  1  f///  1 

|  =  ^-(2+18^+C0^+&c.)4  =  nj  C  +  20^+80/+  &e.) 


dx3 

d*y 

dxA 


dx 

—  Jr  (40-?/  +  S20y3  4-  &c.)  ~  =  ~  (40 y  4-  3G0y34-  &c.) 


d%  =  ±-  (40  4-  lOSOy2  4-  &c.)  ^  =  7^(40  4-  1120y4-  &c.)&cl 


dx 5  34 


dx 

x  —  0,  [y]  =  0, 


But  when 

r d,/i  _ 1  r _n  r ^ i  _ 2  r ^  1  _n  1  _ 40  *  - 

•  ’LL’  LG-0’  Lj“3»’  LJ-0’  Ld_35’& 

»•.  By  substitution  in  Maclaurin’s  formula, 
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2.  To  expand  y  in  terms  of  the  descending  powers  of  x ,  from 
the  relation 

ay 3  —  x3y  —  ax 3  =  0. 

Put  a:3  =  — ;  then  ay3v  —  y  —  a  =  0. 


du  du  dy  ay J 

m\u  =  a?y3v—y—a,  —  =  ay3,  —  =  oayH  —  1,  —  =  - - — r- 

ai;  ay  ay  1  —  oay2v 


dhj  3aJ,2(1  —  3aJ'2")  ^  +  ^ayvTv  +  °mr)ay'3 

du2 


5  &C.,  &C. 


(1  —  Say2/;)2 

But  when  v  =  0,  [y]  =  —a,  =  —a4,  —  ~  6a7,  &c* 


«4y  Ga7y2 


or  by  replacing  v  by  — , 


•  •  y  =  -  «  — j- 


i 


1  9, 

1  • 


&C. 


a4  3«7 


y  =  —  a - - - —  &C. 

^  .rJ  2° 


The  use  of  this  method  is  much  restricted  by  the  great  labor 
usually  required  in  forming  the  successive  differential  coefficients. 


CHAPTER  VII. 


ESTIMATION  OF  TIIE  VALUES  OF  FUNCTIONS  HATING  THE 

INDETERMINATE  FORM. 


59.  It  frequently  occurs  that  the  substitution  of  a  particular  value 
for  a  variable  x  in  a  fractional  expression  will  cause  that  expression 

to  assume  the  indeterminate  form  Such  expressions  are  often 


called  Vanishing  Fractions,  and  they  may  be  regarded  as  limits  to 
the  values  of  the  ratios  expressed  by  these  fractions,  when  the 
variable  value  of  x  is  caused  to  approach  indefinitely  near  to  some 
particular  value. 


x4  —  1 

Thus  in  the  example  u  =  — - — ,  the  value  of  which  can  usually 

CC>  Jl 


be  determined  when  that  of  x  is  given,  by  a  simple  substitution,  we 

find  that  it  assumes  the  form  ^  when  x  —  1.  But  the  value  of  u 

is  even  then  determinate ;  for  if  we  divide  the  numerator  and  de¬ 
nominator  of  the  fraction  by  x  —  1,  before  making  x  —  1,  we  get 

x 3  4-  #2  +  x  4*  1 


u  — 


x2  4-  x  4-  1 


as  a  general  value  of  and  this  becomes 


1  +  14-1  +  1 

1  +  1  +  1 


4 

o 


when 


x  =  1. 


Here  we  see  plainly  that  it  is  the  presence  of  the  common  factor 
x  —  1  in  the  numerator  and  denominator  which  causes  the  fraction 
to  assume  the  indeterminate  form.  In  this,  and  in  all  similar  cases, 
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the  removal  of  the  common  factor  serves  to  determine  the  value 
of  v.  But  it  usually  occurs  that  the  discovery  of  this  factor  is 
attended  with  considerable  difficulty,  and  hence  the  necessity  of 
some  more  general  method  by  which  to  estimate  the  values  of  frac¬ 
tions  which  assume  the  indeterminate  form  when  the  variable  x 

0 

takes  a  particular  value.  Such  a  method  is  readily  supplied  by  the 
Differential  Calculus. 

It  should  be  observed,  however,  that  there  are  other  indeterminate 
forms  besides  — ,  such  as  the  following  : 

gp  GO  X  0,  GO  —  GO  ,  0°,  GO  °.  1±J0  , 

each  of  which  will  be  considered  in  succession. 


60.  Prop.  To  determine  the  value  of  a  function  which  takes  the 

form  jj  for  a  particular  value  of  the  variable. 

P  Fx  .  0 

Let  u  —  —  = -  be  a  function  which  takes  the  form  —  when 

Q  cpx  0 

x  =  a  ;  that  is,  let  Fa  =  0,  and  epa  =  0 :  let  it  be  proposed  to  find 

the  particular  value  [it]  assumed  by  u  when  x  —  a. 

Suppose  x  to  take  an  increment  h,  converting  P,  and  Q 

into  Px,  and  respectively,  and  let  Pj  =  F  (x  -f-  h)  and 

Q1  —  <p  (x  -f-  h)  be  expanded  by  Taylor’s  Theorem  :  then  denoting 

the  successive  differential  coefficients  Fx  by  F-pc,  F2x,  &c.,  and  those 

of  cpx  by  (prr,  cp2x ,  &c.,  we  have 

h  h 2  h 3 

Fx  +  Fxx  -  +  F2x  —  +  F3x  —  +  &c. 

J  X  •  X  •  •  o 


«i  = 


Pi F  (x  +  h) 
Qi~  <P  (»  +  h) 

or  when  x  =  a 


h 

I 


cpx  +  y  iXT  +  <p2a?  1  2 


h 2  A3 

+  <P3X  TTTo  +  &C. 


1.2.3 


h  h2  h3 

Fa  -f-  F^a-  +  F2a  — —  +  F3a  +  &c. 

X  X  •  /V  1  •  •  O 


ui  = 


h  li2 

epa  -f  cp2a  -  +  (p2a  — —  +  <?3a 

X  X  •  & 


h3 


1.2.3 


7>  4  &c. 
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But  by  hypothesis,  Fa  =  0,  and  cpa  =  0.  .  * .  Omitting  the  first 

term  in  the  numerator  and  denominator,  and  then  dividing  each  by 


h.  wo  get 


«i  = 


Fia  +  F2r, iA  +  +  &o. 

1  •  /w  J.  •  •  fD 

h  h2  T~ 

<Pi«  +  <p2«  T“b  +  W  i  .)— >  +  &c- 

i  •  <w  JL  •  •  O 


. . .  a) 


Now  making  h  =  0,  we  convert  tq  into  [w],  and  thus  obtain 

Fxa 


M  = 


(pja 


Hence  it  appears  that,  in  order  to  determine  the  value  of  a 
Fx  .  0 

function  — ■  which  takes  the  form  —  when  x  =  a,  we  must  replace 

cpx  0 

idr  and  (px  by  the  values  of  their  first  differential  coefficients,  and 
then  make  x  —  a  in  each. 

It  will  sometimes  occur  that  this  substitution  will  reduce  to  zero 
both  Fxa  and  qqGg  in  case 

\u\  —  ——  —  5  remains  still  undetermined. 

L  J  qqcs  0 

we  then  omit  Fxa  and  ppx  in  equation,  (1)  and  divide  the  numerator 

h 


and  denominator  by  — -,  thus  obtaining 

J  • 


h 


w, 


Fna  -f-  F3a  —  +  &c. 

O 


y2a  +  o  +  &c- 
o 


•  (2) 


which  becomes 
when 


r  -i  Fza 
[u]  = - 

cp2a 

h  =  0. 


.  * .  when  the  first  differential  coefficients  both  reduce  to  zero,  they 
must  be  replaced  by  the  second  differential  coefficients.  If  F2a  and 
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(p2a  both  become  zero  also,  we  omit  them  in  (2),  then  divide  by 
-  and  finally  make  h  —  0,  obtaining 

O 

F3a 

[«]  =  — 

cp3a 


lowing  rule  for  finding  the  value  of  [w]  ==—=-,  viz 


And  since  the  same  reasoning  may  be  extended,  we  have  the  fol- 

Fa  0 
epa  O’ 

Substitute  for  Fx  and  <px  their  first,  second ',  third,  dc.,  differentied 
coefficients,  and  make  x  =  a  in  each  result,  until  a  pair  of  coefficients 
is  obtained,  both  of  which  do  not  reduce  to  zero ;  the  fraction  thus 
found  will  be  the  true  value  of  [u]. 


61.  1. 


EXAMPLES. 

X?  —  1  0 

u  — - —  =  —  when  x  =  1. 

x  —  1  0 


Fx  —  x5  —  \,  and  cpx  =  x  —  1.  .  * .  Fpc  =.  5rr*,  and  epfi  =  1. 

r  i  l  r  1  5  r 

.  • .  lua  =  o,  cp^ci  z=.  \  and  \u  \  =  — —  —  -  =  5. 

<px«  1 

This  result  is  easily  verified  by  division,  before  making  x  =  1 ;  thus 
by  actual  division  , 


2. 


9  ix 


- -  =  X*  -j-  x3  -f  X2 

+  X+1-- 

ax  —  bx 

0 

u  =  -  = 

-  when 

X 

0 

log  a .  ax  —  log  b  .  bx 

F,a 
•  “■ 

1 

( p3a 

—  log  a  —  log  b  —  [«]. 


This  result  is  easily  verified  by  expanding  ax  and  bx. 


Thus 


a 3 


x 


CC  X “  X  X^ 

1  +  log  05  •  ~  f  log2#/ -  —  -j-  &c.  1  log  b'~  log26  •  -  —  +  &c. 

1  1  «  .V  I  I  . 


X 
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.  * .  u  =  log  a  —  log  6  + 


x 


JL  . 


(log2a  —  log26)  4*  &c. 


3. 


.  • .  [«]  =  log  (X  —  log  b  by  making  x  —  0. 

- 2  0 


a  —  -a/^-  —  a:4  . 

u  = - - =  -  when 


a;4 


0 


a; 


0. 


x  {a2  —  x 2)  .  0 

_  —  .  *  *  “ 


<Pi* 


:x 


qqa  0 


Here  the  first  differential  coefficients  prove  equal  to  zero,  and 
therefore  they  must  be  replaced  by  the  second  differential  coeffi¬ 
cients.  But 

,~f 


F2x  (a2  —  x2)  ^2(«2 


0 


<P2* 


o 


(a2)' 


4 


4. 


14  = 


(p2a 

ax 2  -f-  ac2  —  ° 


9 


=  £  =  M- 


acx 


0 


l\x 

<Pi* 


bx 2  —  26cx  -j-  6c2  0 

2  ax  —  2  ac  F,a  2a  c 

•  ^  _ 


when  x  =  c. 


Then 


F2x 


cp2x 


26x  — -  2 be 
2a 

2 V 


2  ac  0 

26c  —  26c  0 


F2a  2  a  a 
cp2a  26  6 


5. 


14  = 


a:3  —  ax2  —  a2x  +  a3  0 


x 


.2 


Fxx 

<Pi® 


3.x2 


2  ax 


a i 


2x 

ax 


=  —  when  x  =  a. 

0  o  r  i 

-  — =  or  =  °  =  [4 


X 


.2 


14  = 


0. 

F}x  _ 

(pjX  —  2c43  +  6ax2  —  4x3 


<Pi« 

0 


:a 


a4  —  2a3x  -ff  2ax3  —  x4  0 

a  —  2x  F->a 

_ •  _ _  — 


when  x  —  a. 

2a 


a 


or 


Fxa 
9i « 


a 

0 


<pxa  —  2a3  4*  6a3  —  4a3 

:  [«]. 


00 


6 
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7. 


lo<r  #  0 


u  = 


=  —  when  x  =  1. 


(1  -x) 


i“0 


1 

X 


Fxx _ 

2 v  ' 

F.a  2(1  -  l)1 


cp.a 


2(1  -  xy 

X 


=  0  =  [«]. 


8.  u  = 


gjiar  _  gno 


0 


(#  —  a) s  0 
Differentiating  s  times,  we  get 

Ftx  nsenx 


when  x  =  a,  (s  being  an  integer.) 


9. 


9*#  5  (6'  —  1 )  (s  —  2) . 3.2.1 


ifyz  n3ena  p 

cp„a  s(s  —  1 )  (5  —  2) . 3.2.1 


S/>na 


tan  x  —  sin  x 


u  — 


sinJ# 


0 

0 


when  x  =  0. 


Fxx  sec2#  —  cos  x  t  Fxa  _  sec20  —  cos  0  0 

cp^x  ~~  3  sin2#  .  cos  x ’  *  *  <pj«  3  sin20  .  cos  0  ~  0 

F2x  2  sec3#  .  tan  x  +  sin  x 
<p2#  6  sin  x .  cos2#  —  3  sin3# 

F2a  2  sec20  .  tan  0  +  sin  0  0 


<?2a 


6  sin  0 .  cos20  —  3  sin30  0 


F3x  4  sec2#  .  tan2#  4*  2  sec4#  -f*  cos  # 

<p3#  6  cos3#  —  12  sin2# .  cos  #  —  9  sin2# .  cos  # 

F3a  4  sec20  .  tan20  +  2  sec40  -f*  cos  0  3  1., 

cp3a  0cos30  —  12sin20.cos0  —  9sin20.cos0  6  2  ’"  ^ 

62.  The  method  just  explained  and  illustrated,  ceases  t>j  be 
applicable  when  we  obtain  a  differential  coefficient  whose  value 
becomes  infinite  by  making  #  =  a ;  for  such  a  result  shows  the 
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impossibility  of  developing  the  corresponding  function  F  {x  -f-  h)  by 
Taylor’s  Theorem,  for  that  particular  value  of  x ,  and  therefore  the 
process  founded  on  such  development  fails. 

The  expedient  adopted  in  such  cases,  is  that  of  substituting 
a  ■+■  h  for  x,  then  expanding  numerator  and  denominator  by  the 
common  algebraic  methods,  then  dividing  numerator  and  denomi¬ 
nator  by  the  lowest  power  of  h  found  in  either,  and  finally  making 

h  —  0.  A  few  examples  will  illustrate  this  method. 

s 


63.  1. 


(o2  -  X2Y  0  , 

u  —  - - -  =  —  when  x  —  a. 

i  o 


(a  —  x) 

Here  the  first  differential  coefficients  reduce  to  zero,  and  all  suc¬ 
ceeding  coefficients  become  infinite  when  x  =  a.  We  therefore  put 
a  h  for  x  and  expand. 


( 


a 4 


a4 


—  2  ah  -  h2y  (2a  +  h)\{  —  h) 


[a 


a 


h) 


(~  'Of 


=  (2«  +  hy=  (2a)  ®  +  I  (2 ay  h  +  &c. 


.  * .  [w]  =  (2a)  . 


2. 

Put 


u 


tJx  —  Wa  +  -yjx  —  a  0  . 

-  -  =  -  when  x  =  a. 


■y/x2  —  a2 

a  +  h  for  x 
li 

(a  T-  h)  —  a  -j-  (a  -f-  h  —  a)  lY  —  cl  ^ h  —  &c. 


Ti  ,  1  ~~k 


.  * .  a,  = 


(a2  +  2  ah  -J-  h2  —  a2) 

1  i  l 

1  4*  -gT12  h2  &c. 

(2a)^  -f  x  (2a)"~^  h  &c. 


.  • .  [«]  = 


i 


A*(2  a  +  A)* 


(2a) 
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Tj 


Remark.  This  method  mav  be  used  even  in  those  cases  to  -which 

*  ' 

the  method  of  differentiation  is  applicable.  We  will  now  consider 

t 

the  other  indeterminate  forms. 

P  Fx 

64.  Prop.  To  find  the  value  of  the  function  u  =  —  — ,  which 

Q  c?x. 

assumes  the  form  Th  when  x  =  a. 

.  ■  CO 


Put 


1  1 

P  —  ■ —  and  Q  =  —  Then  we  have 
P  <1 


u  — 


P_ 

J 

q 


q  0 

—  =  —  when  x  =  a. 


P 


0 


0  . 


Thus  the  function  being  reduced  to  the  ordinary  form  — ,  its  value 

°  J  0 


may  be  found  by  the  methods  already  explained. 


Now  since  p 


And  similarly 


1 


dp 

dx 


1  dP 


dq 

dx 


P‘l  dx 
eppr 


Fv r 

( P'x)2 


(cpx)‘ 


C pjCt 


•  •  lu  ]  — 


Fa  ((pa)2  (Fa)2  epp, 


X 


P\a  ~  (epa)2  FYa 


(Faf 


1 


Pa  cp,a  .  Fa  P\a  r  , 

-  X  whence - = - =  \  u\. 

c pa  P  xa  epa  cp-^a 


Hence  it  appears  that  the  ordinary  direct  process  of  substituting 
for  numerator  and  denominator,  their  first  differential  coefficients 
will  apply  when  the  function  takes  the  form  F-.  But  since  when 
P  —  ao  and  Q  =  go  ,  their  differential  coefficients  will  also  be  in¬ 
finite,  the  reduced  fraction  wall  still  take  the  form  SPL  and  therefore 
will  not  serve  to  determine  the  true  value  of  u,  unless  w’e  can  dis¬ 
cover  a  factor  common  to  the  numerator  and  denominator,  or  can 
trace  some  relation  between  the  numerator  and  denominator  of  the. 
new  fraction,  which  will  facilitate  the  determination  of  its  value. 
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65.  Prop.  To  find  the  value  of  the  function  u  —  P  x  Q  —Fx  X  <px 
which  takes  the  form  go  X  0  when  x  =  a. 


Put  P  =  -*  Then  u  =  —  =  ~  when  x  —  a  the  common  form. 

p  p  0 


Now  since  p  —  — ,  we  have  ~ 
P  dx 


1  dP 


F* 


X 


P2  dx 


(Fxy 


<p]tt 

F\a 


But  since  when  P  —  Fx  —  go,  its  different ial  coefficients  will  alsc 
be  infinite,  the  value  of  u  will  take  the  form  Tk  unless  the  infinite 
factor  should  disappear  by  division. 

66-  Prop.  To  find  the  value  of  the  function  u  —P  —  Q  —  Fx  —  (par, 
which  takes  the  form  go  -go  when  x  —  a. 


Put  P  =z  —  and  Q  —  — •  Then 

p  q 

1  1  q  —  p  0 

u  = - = - —  —  -  when  x  =  a  , 

p  q  pq  0 

and  the  value  is  to  be  found  by  the  ordinary  method.  • 


67-  Prop.  To  find  the  value  of  the  function  u  —  P%z  (Fx)<l>X  which 


+  oo 


takes  either  of  the  forms  0°,  co  or  1  ,  when  x  =  a. 

1st.  Let  the  form  be  u  =  0°.  Passing  to  logarithms  we  have 
log  u  —  Q.  log  P  —  cpx.  log  (Fx) 

* .  [log  u ]  =  (pa.  log  (Fa)  =  —  0  x  co . 
which  is  one  of  the  forms  already  provided  for. 

'  i -  f  .  |  •  i  f.  ■  4  {.  .  y 

Thus,  having  found  log  u,  we  have  u  =  e10^  M. 

2d.  Let  the  form  be  u=.cn  °.  Then  log  u=  Q.  log  P  —  cpx.  log  (Fx). 

.  ' .  [log  u]  =.  cpa.  log  (Fa)  =  0  X  go  , 

.■  ;  ..  :  J  ' 

a  form  already  considered. 
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3d.  Let  the  form  be  l--*  . 

Then  log  u  =  Q  log  P  =  (px .  log  (P’a;). 

.  * .  [log  ?/]  =  (pa  .  log  {Fa)  =  ±  oo  X  0, 
and  the  form  is  still  the  same. 


EXAMPLES. 


68.  1.  u  —  (1  —  x)  .  tan  r^—  0  X  oo  when  x  =  1. 
Fx  —  tan  [x  •  -  j  and  (px  =  1  —  x, 

FjX  =  ~  sec2(x  •  cpjX  =  —  1, 


Here 


.  • .  [w]  —  —  {Fa) 


.a?li 
Fxa 


tan2 


hi),— 7 


_  / 

<7T 

-  •  sec2  ( 

1  x  o 

2  \ 

) 


sec2  -  -r  —  1 


*  2  * 
-sec2 -if 


2/.  o 1  \  2 

- - =  -  ( 1  —  cos2  -  * )  =  - 

1  ir  \  2  f  tc 


2.  u  —  ex  .  sin  x  =  oo  X  0  when  a?  =  0. 

L  1  L 

Fx  =  ex  ,  (px  =  sin  x,  .  • .  Fxx  — - —  ex  ,  (p jX  =  cos  ar. 

.  [a]  =  -  (^)2“  =  j  =  e*  X  02. 

1  e 

Here  the  function  still  takes  the  form  oo  X  0;  but  the  true  value 

i_ 

is  easily  found  by  expanding  ex . 


For  e* .  a;2  =  (1  +  -  -f  — ^ — -  -f-  ^ — -  -f  &e.)  .r3 

x  l.2.x2  1 . 2 . 3 .  x3  ' 

=  X2  -f  X  +  + 


1.2'  1.2.3a; 


+  &c. 
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Xn  00 


3.  u  =  — •  =  — •  when  x  =  oo  . 


00 


Differentiating  n  times,  we  get 


n(n—  l)(n  —  2) - 3.2.1 

[w]  =  — - — - -  - - =  0. 


9  00 


.  log  £  oo  , 

4.  Mr:  — —  =  —  when  X  =  CO  . 


XK  00 


F,x  = 

1  X 


(pj*  =  w#”-1. 


.  • .  [w]  = - = - =  0. 

(pj«  n  .  <x” 


5.  u 


1  —  x  1  —  x2 


=  00—00  when  x  =  1. 


1  1  1  -  #2 

»  =  —  =  1  —  #,  <7  =  —  = - 

Fx  *  (px  2 


.  * .  «  = 


M  \  (!  -  *2)  (1  -  x) 


2  (i  +  0  ~  1  o 

— - - =  -  when  x  —  1. 


1 

2 


5.  «  = 


x 


=  00  —  go  when  a;  =  1. 


#  —  1  log# 

1  x  —  1 


P 


Fx  x 


q  =  log  x. 


.  • .  u  = 


g  —  #  log  #  —  #  +  1  _  0 

pq  (#  —  1 )  log  x  0 


when 


x  =  1 
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•  *  •  H 


log  1  -1-  1  —  1  0 


log  1  +  1  —  1  0 


Differentiating  numerator  and  denominator  of 
second  time,  and  making  x  =  1,  we  get 

r  i  1  1 

w  =  r+i  =  a 

7.  u  —  xx  —  0°  when  x  =  0. 


or. 


log  U  —  X  .  log  X  = 


log  u 


log  X 

1 

X 


Ox®,  when 


—  —  when  x 

GO 


Then 


Fx  —  log  x,  and  cpx 


.  Fj? 

(PlX 


1 

X 


n  -i  a 

—  x.  .  * .  [log  u\  = -  = 


9+ 


xA 


8.  u  r=  rrsin  x  —  0°,  when  x  =  0. 


Since 


sin  x 


1  when  x  =  0,  .  • .  ^s5n  z  =  x* 


And  similarly  sin  x*in  x  —  xx  ~  1  when  x  = 
Again,  since  sin  x .  log  x  =  sin  x  .  log  x  .  lo£ 
.  • ,  a+n  x  — ;  ^sin  x  •  log  x  —  j  when 

.  •  %  sin  x  .  log  x  =  0,  when  x  = 
And  similarly  sin  a;,  log  sin  x  =  0  when  x  — 
9.  u  —  cot  a:sin  x  —  co  0  when  x  =  0. 


COS  X 

log  u  —  sin  x .  log  — - =  sin  x  (log  cos  x 

b  &sm^  v  0 

—  0  —  0  —  0  when  x  =  0, 


*  the  value  of  u  a 

x  =  0. 

=  0. 

_  1 
x 

z  0,  and  [w]  =  1 

=  1  when  x  =  0. 

:  0. 

le- 

x  =  0. 

0. 

:  0. 

•  log  sin  .r) . 


[+]  =z  1. 
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10.  u  —  (1  -f  nx)x  =  l03  when  x  =  0. 

,  log  (1  +  nx)  0 

log  u  = - - - -  =  -  when  x 


=  0. 


x 


.  * .  By  differentiation,  [log  u)  =  —  —  n,  and  [«]  =  en. 

i_ 

This  result  is  easily  verified ;  for  by  expanding  (1  +  nx  Y 


the  binomial  theorem,  we  obtain 


u 


_  1  /  «  1/1  \(nx )2  ,  1/1  \/l  \  (nx)3 

-  1  +  x{llX)  +x\x~l)u2+x\x~  vt  “  ")  hlJi  +&C' 

aj2 

=  1  -f  »  +  Y~2  ^  +  2  2  3  (L  “  —  2x2)  &c- 


n3 


M  =  i  +  *+.o  +  T^8  +  &c- 

which  series  is  the  expansion  of  en. 

.(cosec  cx)a  „  7 

11.  m  =  (cos  ccr)  =  1  ,  when  x  =  0. 

log  cos  ax  0 

log  u  =  cosec-^rr .  log  cos  =  -  .  - - =  —  when  x 

D  °  sm2a  0 


=  0. 


Put  log  cos  ax  =  idr  and  sin2c^  =  <p.r. 

%  ; 

.  • .  Fxx  —  —  a.  tan  ax,  (ppr  =  2c .  sin  cx .  cos  cx  ~  c ,  sin  2  ex, 

I<\a  _  0  " 

(pja  ~  0 

Differentiating  again  we  get 

F2x  —  —  a2 .  sec 2ax,  cp2x  =  2c2 .  cos  2 cx. 

■•••  [»]  = 


F2a 


a* 


cp2a 


2  c2 


CHAPTER  VIII. 


MAXIMA  AND  MINIMA  FUNCTIONS  OF  A  SINGLE  VARIABLE. 

69.  If  u  be  a  function  whose  value  depends  on  that  of  a  variable 
x,  so  that  u  —  Fx,  and  if,  when  x  takes  a  certain  value  a ,  the  cor¬ 
responding  value  vx  of  u  be  greater  than  the  values  which  immedi¬ 
ately  precede  and  follow  it,  then  the  value  ux  is  called  a  maximum  ; 
but  if  the  intermediate  value  be  less  than  those  which  precede  and 
follow  it  immediately,  the  value  is  said  to  be  a  minimum. 

Suppose  for  example  that  when  x  —  a,  the  general  value  u  —  Fx 
becomes  ul  =  Fa,  that  when  x  =  a  ±  h  u  becomes  u2  —  F{a  -f-  h ), 
or  v3  =  F(a  —  h ),  and  suppose  that  for  some  small  but  finite  value 
of  h ,  and  for  all  values  between  that  and  zero,  the  corresponding 
values  of  both  v2  and  u3  shall  be  less  than  w1?  then  will  ux  be  a 
maximum ;  but  if  u2  and  u3  be  both  greater  than  uv  then  the  latter 
will  be  a  minimum. 

70.  In  order  to  discover  the  conditions  necessary  to  render  a 
function  ( u  =  Fx)  either  a  maximum  or  minimum,  the  following 
principle  will  be  established. 

Prop.  In  any  series  Aha  -}-  Bhb  +  Chc  +  &c.,  arranged  according 
to  the  positive  ascending  powers  of  h,  a  value  may  be  assigned  to  h 
so  small  as  to  render  the  first  term  Aha,  (which  contains  the  lowest 
power  of  h),  greater  than  the  sum  of  all  the  succeeding  terms. 

Proof.  Assume  A  >  Bhb~a  -f-  Chc~a  -f-  &c.,  a  condition  always 
possible,  since  by  diminishing  h  the  second  member  may  be  ren- 
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dered  less  than  any  assignable  quantity.  Multiply  each  member  by 
ha ;  and  there  will  result  Aha  >  Bhb  +  Chc  -f-  &c.,  as  stated  in  the 
enunciation  of  the  proposition. 

Cor.  The  value  of  h  may  be  taken  so  small  that  the  sign  of  the 
first  term  shall  control  that  of  the  entire  series. 

71.  Prop.  To  determine  the  conditions  necessary  to  render  a 
function  u  of  a  single  variable  x ,  either  a  maximum  or  minimum. 

Let  u  =  Fx,  and  suppose  x  to  receive  successively  an  increment 
and  a  decrement  li.  Then  developing  by  Taylor’s  Theorem,  we  get 


7N  _  dFx  h  ,  d2Fx  h2  ,  d3Fx  h 3 
u2=i(x+h)=Fx+  +  ixy+  &0- 


u3  —  F  [x — h)  =  Fx  — 


dFx  h  d2Fx  h 2  d3Fx  h3 

- 1 - - - L 

dx  1  dx2  1 . 2  dx3  1.2.o 


(1) 

(2) . 


Now  in  order  that  Fx  may  exceed  both  F(x  +  h)  and  F(x  —  A), 
it  is  obviously  necessary  that  the  algebraic  sum  of  the  terms  suc¬ 
ceeding  the  first  term  in  each  of  the  series  (1)  and  (2)  shall  be 
negative ;  that  is,  we  must  have  by  employing  the  usual  notation, 


h  h2  h3 

Flx-~  +  f*xy7z  +  -*3*172 TJ  +  &c-  <  0 - (3)> 


h  h 2  h 3 

and  -  Flx--  +  F2x  —  —  F3x  0  +  &c.  <  0  .  .  .  .  (4). 

1  L./w  1  .  v  .  o 


Now  the  sign  of  the  first  term  in  each  of  the  series  (3)  and  (4) 
will  control  that  of  the  entire  series  when  h  is  taken  sufficiently 
small,  and  since  the  first  terms  of  (3)  and  (4)  have  contrary  signs, 
it  is  impossible  that  both  of  these  series  shall  be  negative,  so  long  as 


h 


the  term  Fxx .  -  has  a  finite  value.  Hence  the  first  condition  neces¬ 
sary  to  render  Fx  a  maximum  is  that  Fpc .  j  —  0,  or  since  h  is  finite 


dFx 


dx 
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Now  omitting  the  first  terms  of  (3)  and  (4),  we  have 
h 2  h 3 

—  +  r3x t  2  +  &c.  <o  ... .  (o), 


and 


h2 


h3 


-f  &c.  <  0  .  ,  .  .  (7). 


The  signs  of  the  series  (G)  and  (7)  will  be  controlled  by  those  of 
their  first  terms,  which  terms  have  the  positive  sign  in  both  series  ; 

h2 

and  therefore  each  series  will  be  negative  when  F?x  - — -  is  an  essen- 

°  *  1  o 

4  . 

tially  negative  quantity,  or  when  F2x  is  essentially  negative,  (since 
h 2 

- — -  is  always  positive). 

1  •  /O' 

Thus  the  two  conditions  which  usually  characterize  a  maximum 

—  u 

value  of  Fx  are 


dFx 

dx 


0,  and 


d2Fx 

dx2 


<  0. 


On  the  contrarv,  when  Fx  is  a  minimum,  we  must  have  Fx  less 
than  F(x  +  and  F(x  —  A),  and  therefore  by  a  similar  couise 
of  reasoning,  the  necessary  conditions  are 


dFx 

dx 


and 


d2Fx 

dx2 


>0. 


The  conditions  here  obtained  are  those  usually  applicable  :  the 
exceptions  will  now  be  considered. 


72.  The  results  obtained  in  the  last  proposition  indicate  the 
following  as  the  ordinary  rule  by  which  to  discover  those  values  of 
the  independent  variable  x,  which  will  render  any  proposed  function  u 
a  maximum  or  minimum. 

dn 

1st.  Form  the  first  differential  coefficient —7—,  place  its  value  equal 

wiv 

to  zero,  and  then  solve  the  equation  thus  formed,  obtaining  the 
several  values  of  x. 
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d^"U, 

‘2d.  Form  the  second  differential  coefficient  — — ,  and  substitute  for 

dx 2 

x,  in  the  value  of  that  coefficient,  each  of  the  values  found  above. 


Then  all  those  values  of  x  which  render 


d2u 


negative,  will  corres- 


dx2 

pond  to  maximum  values  of  u  ;  but  those  values  of  x  which  render 
d2u 


-  positive,  will  correspond  to  minimum  values  of  u.  And  when 

( JLJb 

the  proper  values  of  x  have  been  ascertained,  the  maximum  or 
minimum  values  of  u  are  found  by  simple  substitution  in  the 
equation  u  =  Fx. 

73.  1.  In  the  application  of  the  preceding  method,  it  may  occur  that  a 

dn  d2u 

value  of  x ,  obtained  by  making  —-  =  0,  will,  when  substitued  in  — — . 

cause  that  coefficient  to  reduce  to  zero  also.  In  that  case,  the  signs 
of  the  series,  (0)  and  (7),  in  the  last  proposition,  will  depend  on  the 
terms-  which  contain  the  third  differential  coefficients ;  and  since 
these  terms  have  contrary  signs  in  the  two  series,  the  value  of  x 
dn  dfin 

which  renders  — - -  =  0,  and  — —  —  0,  cannot  render  u  either  a  maxi- 
dx  dx2 


mum  or  minimum,  unless  it  should  happen  to  render 


d2a 
dx 3 


0  also. 


When  this  occurs,  we  must  examine  the  sign  of  the  fourth  differential 
coefficient,  which  now  controls  the  sign  of  each  series,  and  if  this  be 


negative,  the  value  of  u  will  be  a  maximum  ;  but  if  positive,  a 
minimum. 

And  since  the  same  reasoning  could  be  extended  when  other  differ 
ential  coefficients  reduce  to  zero,  we  have  the  following  more  general 
rule  for  the  discovery  of  maximum  and  minimum  values  of  a  func¬ 
tion  of  a  single  variable. 

1st.  Form  the  first  differential  coefficient,  place  its  value  equal  to 
zero,  and  deduce  the  corresponding  values  of  x. 

2d.  Substitute  each  of  these  values  in  the  succeeding  differential 
coefficients,  stopping  at  the  first  coefficient  which  does  not  reduce  to 
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zero.  If  this  coefficient  be  of  an  odd  degree,  the  corresponding  value 
of  u  will  be  neitner  a  maximum  nor  a  minimum ;  but  if  it  be  of  an 
even  degree,  the  value  of  u  will  be  a  maximum  or  mininum,  accord¬ 
ing  as  the  sign  of  that  coefficient  is  negative  or  positive. 

The  annexed  diagram  will 
illustrate  the  fact  that  the 
same  function  may  have  sev¬ 
eral  maximum  and  several 
minimum  values ;  and  that 
one  minimum  may  exceed  another  maximum.  Thus,  if  the  curve 
CDEFGII  be  the  locus  of  the  equation  y  =  Fx ,  then  will  DQ  and 
FS  represent  maximum  values  of  the  ordinates  y,  while  CP,  Eli, 
and  GX  will  be  minimum  values  of  the  same.  Also  the  minimum 
GX  exceeds  the  maximum  DQ. 

74.  The  substitution  of  a  value  x  =  a,  derived  from  the  equation 

dU 

— -  =  0,  in  the  succeeding  differential  coefficients,  will  sometimes 
ax 

cause  the  first  of  these  coefficients  which  does  not  reduce  to  zero,  to 
become  infinite. 

This  happens  only  when  the  development  of  F  (x  -f-  A)  in  the 
ordinary  form  (by  Taylor’s  Theorem)  is  not  possible  for  that  parti¬ 
cular  value  of  x.  We  must  then  find  by  other  methods  (such  as 
algebraic  development)  the  true  value  of  the  term,  which  cannot  be 

obtained  by  Taylor’s  Theorem.  If  it  be  found  to  contain  a  power 

li  i 

of  A ,  which  will  change  sign  with  h ,  such  as  A  3  or  A  ,  the  value  of 
u  will  be  neither  a  maximum  nor  a  minimum  ;  but  if  the  power  o 

I  h1 

A  be  such  as  will  not  change  with  A,  as  A3  or  A  5 ,  the  value  of 
will  be  a  maximum  when  that  term  is  essentially  negative,  and  a 
minimum  when  the  term  is  essentially  positive. 

75.  Finally,  it  may  occur  that  when  x  has  a  particular  value  a, 

dn 

the  first  differential  coefficient  —  will  become  infinite,  and,  therefore. 

dx  ’ 
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in  order  t  j  complete  the  search  for  maximum  and  minimum  values 
of  m,  we  ought  to  solve  the  equation  ~  =  go  ,  and  if  a  be  a  root  of 


that  equation,  we  must  substitute  a  -f-  h,  and  a  —  h  for  x  in  u  =  Fx. 
Then  if  the  term  containing  the  lowest  power  of  h  be  found  to 
change  sign  with  /q  there  will  be  neither  maximum  nor  minimum  ; 
but  if  not,  there  will  be  a  maximum  when  that  term  is  negative,  and 
a  minimum  when  it  is  positive. 

76.  Prop.  To  determine  the  maximum  and  minimum  values  of 
an  implicit  function  of  a  single  variable  x. 

Let  F  (x,  y )  =  0  be  the  relation  connecting  x  and  y, 


Put 


du 

„  ,  ,  dy  dx 

u  =  F{x,y)  =  0;  then  S=-^ 

dy 


.  .  .  dy  du  ^  , 

But  when  y  is  a  maximum  or  minimum,  —  =  0 :  0  also, 

J  dx  dx 

and  we  have  the  two  following  conditions  by  which  to  determine  the 

values  of  x  and  y,  viz. : 

du  dF(x .  y) 


dx 


dx 


0  .  .  .  (1),  and  u ■  ~  F {x ,  y)  =  0  .  .  . .  (2). 


Having  found  the  values  of  x  and  y  which  correspond  to  either  a 
maximum  or  minimum,  we  distinguish  one  from  the  other  by  sub¬ 
stituting  the  same  values  in  the  successive  differential  coefficients, 
and  stopping  at  the  first  which  does  not  reduce  to  zero.  If  this  be 
negative,  y  will  be  a  maximum ;  if  positive,  a  minimum. 

The  successive  differential  coefficients  are  formed  without  difficulty 

«/ 

du 

from  the  value  of  ~  already  found,  and  their  particular  values,  when 


~  =  0,  become  much  simplified. 
ux 

du  du  d?u  d2u  .  ,  , 

Thus’  Put  dl =p'  &c-’ and  employ 

the  [  ]  to  represent  the  particular  values  of  the  quantities  enclosed, 


I 
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when  —  =  ])L  —  0.  Then  observing  that  <2i  &c->  are  usua^y  funo 

C4*v 

tions  of  both  x  and  y,  we  have 


And  in  a  similar  manner  the  higher  differential  coefficients  can  be 
formed,  although  the  operation  is  more  laborious. 

77.  The  following  considerations  will  facilitate  the  application  of 
the  preceding  principles  to  particular  examples  : 

1st.  If  a  quantity  which  is  a  maximum  or  minimum  contain  a 
constant  factor,  that  factor  may  be  omitted  and  the  result  will  still 
be  a  maximum  or  minimum. 

2d.  If  u  be  a  maximum  or  minimum,  then  u  ±  a  is  also  a  max¬ 
imum  or  minimum,  but  a  —  u  will  be  a  minimum  when  u  is  a 
maximum,  and  a  maximum  when  u  is  a  minimum. 

3d.  If  u  be  a  maximum,  -  will  be  a  minimum;  and  if  u  be  a 

u 

minimum,  —  will  be  a  maximum. 
u 

4th.  If  u  be  a  maximum  or  minimum  and  positive,  then  u2,  u 3, 
and  in  general  u11,  will  be  a  maximum  or  minimum  where  n  is  any 
positive  integer :  but  if  u  be  negative,  n2,  «4,  and  in  general  ^^27,, 
will  be  a  maximum  when  u  is  a  minimum ;  and  a  minimum  when  u 


is  a  maximum. 
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5th.  If  u  be  a  maximum  or  minimum  and  positive,  log  u  will  also 
be  a  maximum  or  minimum. 

6th.  If  the  power  u2n  be  a  maximum  or  minimum,  the  root  u  is 
not  necessarily  either  a  maximum  or  minimum ;  for  it  may  be 
imaginary ;  and  even  when  u2n  =  0  and  a  maximum,  the  cor¬ 
responding  root  u  =  0,  although  real,  is  not  admissible  as  a 
maximum,  because  the  adjacent  values  of  u  are  imaginary. 

7th.  The  value  x  =  go  cannot  correspond  to  a  maximum  or 
minimum  value  of  w,  because  x  cannot  have  a  preceding  and  a  suc¬ 
ceeding  value ;  but  u  —  go  may  be  a  maximum  provided  the  pre¬ 
ceding  and  succeeding  values  of  u  have  like  signs. 

8th.  In  determining  whether  u  is  a  maximum  or  minimum  by 
c(2  ££  du 

the  sign  of  ,  when  —  has  the  form  of  a  product  i\  .  v2 .  v3 . . . .  vn, 

(XJb  Cl/Js 

and  x  —  a  causes  one  factor  vn  to  become  equal  to  zero,  the  only 

d2it  dv 

term  in  necessary  to  be  examined  is  that  involving  — - since 
dx2  J  &  dx' 

the  other  terms  disappear  with  vn. 

78.  1.  To  determine  the  values  of  the  variable  x  which  render 
the  function  u  —  Qx  +  3*r2  —  4x3  a  maximum  or  minimum,  and 
the  corresponding  values  of  the  function  u. 

du 


Here  u  —  6r  -j-  ox2  —  4x3. 


dx 


=  6  +  Or  -  12x2  =  0S 


1 


or 


X“  —  —x 


1 

—  • 
2 


1  O 

1  o 


.  ’ .  X  =  -  —  -f  1 

4  4 


or 


1 

2 


Hence  if  u  have  maximum  or  minimum  values,  they  must  occur 
when  x  —\  or  when  x  =  — 

/w 

To  discover  whether  these  values  are  maxima  or  minima,  we 
form  the  second  differential  coefficient :  thus 
cl^zc 

—  6  —  24x  =  6  —  24  =  —  18  when  x  =  1 


dx 2 


=  6  +  12  =  4-  18  when  x  =  —  -L 

£ 


7 
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=  1,  m  =  6  -j-  3  —  4  =  5  a  maximum, 

7 


x  =  ~l’  «  =  -3  +  i+i  = 


a  minimum. 


du 

dx 


2.  u  =  x*  —  Sa:3  +  22a;2  —  24#  +  12,  a  maximum  or  minimum. 
—  4^3  —  24a:2  44a:  —  24  =  0  or  x3  —  bx2  +  11a;  —  G  =  0. 


The  value  x  =  1  is  obviously  a  root  of  this  equation,  and  by 
dividing  the  first  member  by  a;  —  1  we  have  for  the  depressed 
equation 

x2  —  5#  +  G  =  0.  .  * .  x  =  2,  or  x 


3. 


Hence  the  values  requiring  examination  are 

a?  =  1,  x  —  2,  and  x  =  3. 


But 


d2u 
dx 2 


=  12a;2  —  48a;  -}-  44  =  -f~  B  when  x  =  1, 

=  —  4  when  x  =  2, 

=  +  8  when  2  =  3. 


.  when 

*  =  1, 

u 

=  3 

a  minimum, 

when 

x  —  2, 

u 

=  4 

a  maximum, 

when 

x  =  3, 

u 

o 

=  O 

a  minimum. 

3.  u  —  x5  —  5a;4  -f-  5a:3  +1  a  maximum  or  minimum 


du 

—  =  5a:4  —  20a;3  +  15a;2  =  0  or  a;4  —  4a:3  +  3a:2  =  0  .  .  ,  (i ). 

.  • .  x2  =  0,  or  x2  —  4x  4-  3  =  0, 
and  the  four  roots  of  (1)  are  0,  0,  1,  and  3. 

d2u  /  dJ?/\ 

— — -  =  20a:3 — 60a;2 -f  30a;  =  0  when  a:  =  0  :  I .  * .  let  us  examine  — •}• 

dx 2  5  \  dx3) 

—  —  10“  X—  1 ;  then,  u  =  2,  a  max. 

=  -f-  90  “  a;  =  3 ;  then,  u  ■=.  —  26,  a  min. 


d?u 


dx 3 


-  =  60a;2  —  120a;  -f-  30  =  30  when  x  =  0. 


.  * .  u  =  1  is  neither  a  maximum  nor  a  minimum. 
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d.  V, 

79.  In  each  of  the  preceding  examples,  the  condition  —  =  go  , 

(IX 

renders  x  =  oo ,  and  therefore  not  applicable  to  a  maximum  or 

t 

minimum. 

Remark.  In  forming  the  second  differential  coefficient,  it  will  save 
labor  to  omit  any  positive  numerical  factor  common  to  every  term 
of  the  first  differential  coefficient,  and  the  sign  of  the  second  differ¬ 
ential  coefficient  will  not  be  affected  by  such  omission. 


80.  Ex.  1.  u 


 (*  +  3  Y 


du 

dx 


(x  +  2)2 
3  (*  +  3)2(.r  +  2)  -  2  (x  +  3)3 


a  maximum  or  minimum. 


(•»  +  2)3 


_  du 

0,  or,  — —  ~  go  . 
dx 


du 


But,  when  —  =  0  we  have  3(x  -f-  3)2(x  -f-  2)  —  2  (x  +  3) 3  =  0. 

(X  X 


• .  x  -f  3  =  0,  or,  3(x  -j-  2)  =  2(x  -f  3),  .  • .  x  =  —  3,  or,  x  =  0. 

d2u  _  6  (x  +  3)  (x  -f  2)2—  12  (x  -f  3)2(x  -f  2)  + 6  (x  +  3)3 
dx2  (x  -f-  2) 4 

9  27 

=  -  when  x  =  0,  and  .  • .  u  —  —  a  minimum. 

8  4 

—  0  “  x  =  —  3. 


Now,  without  actually  forming  the  3d  differential  coefficient,  it 
is  easily  seen  that  it  will  contain  one  term  (and  only  one)  which 
will  not  reduce  to  zero  when  x  =  —  3 ;  and,  therefore,  the  corres¬ 
ponding  value  of  it  is  neither  a  maximum  nor  minimum. 


27 

The  value  x  =  0,  gives  u  =  —  a  minimum. 


Now  taking  the  equation 


du  3{x  +  3)3(z  +  2)  -  2(z+ 3)3 


dx 


(*  +  2): 


00 


we  get  £4-2  =  0,  or,  x  =  —  2, 

and  by  putting  successively  x  —  —  2  -f-  h  and  x  —  —  2  —  h, 
in  the  value  of  the  original  function  u,  there  results 
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Ur 


w  .  n  (-2  +  A  +  3)3  (I  +  A)3 

=■  F  (a  +  h)  =  -_a+A  +  2-j5  =  —4 


z; 


3  =  F  (a  —  A)  = 


(_2-A  +  3)3_  (1  -7i)3 
(—  2  —  A  4  2) 2  A2 


and  since  both  of  these  are  positive  values,  and  less  than  that 
corresponding  to  x  =  —  2,  we  have  u  =  a)  a  maximum. 

_  1)2 

2.  z^  =  -7 - a  maximum  or  minimum. 

( x  4  l)3 

du  2(x  —  l)(x  4  l)3  —  o(x  4  l)2(z~  l)2  „  du 

- —  _ i - —X-l - L - - '—1 - L-  —  0,  or,  —  ~  00  , 


dx 


(«4  iy 


dx 


.  • .  x  —  1  =  0,  or,  2(x4  1)-o(2-1)  =  0,  or,  x  4  1  —  0. 
.  •.  x  =  1,  or,  x  —  5,  or,  x  —  —  1. 


dx2 


2i 

(a+  l)2  —  12i 

(S  4  1)1 

[*  —  1)  +  12(®  -  l)2 

1 

4  l)5 

=  —  when  x  —  1,  and  u  =  0,  a  minimum. 


dx 2  4 


1  '  2 
=  —  — —  when  x  —  5,  and  u  —  — -  a  maximum. 
324  27 


When  #  =  —  1,  u  =  oo ,  which  is  neither  a  maximum  nor  a 


minimum,  for 


but 


«2 = n* + »)= ( (^t)3)z>°’ 

«3  =  F  (a -h)  =  0. 


(-  *): 


S 


3  u  =  b  4  —  a)  ,  a  maximum  or  minimum. 

du  3  4  _  . 

—  =  =0,  .  • .  x  —  a,  and  u  —  o. 

dx  2 


„  <72w  3  -4 

nut  —  =  -(a;  —  a)  =  oo  ,  when  x  =  a. 

(IX  t: 
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Hence  we  cannot  develop  by  Taylor’s  Theorem.  Put  a  ±  A, 
for  x  in  the  value  of  u. 

3  3 

.  • .  u2  —  b  +  (ci  -f  A  —  a)^=  b  +  (  +  A)2  >  b, 

«  1  '  * 

3  3 

and  u3  =  b  -{-  (a  —  A  —  ay  =l  b  +  ( —  A)“. 

This  last  value  is  imaginary,  and  therefore,  u  —  b  is  neither  a 
maximum  nor  a  minimum. 


4.  u  —  b  +  (#  —  a)  ,  a  maximum  or  minimum. 
du  4  l 

—  =  -  (x  —  aY  —  0,  .  * .  x  =  a,  and  u  —  b. 

ax  o 

(jf2  ££  4  — 

— —  —  -(x  —  a)  =  go  ,  when  x  —  a.  Then  put  x  —  a  ±A. 
(Ac2  t) 

.  •  .  w2  —  b  {a  *p  A  —  —  b  -f-  (-f-  A)  A, 


and  u3  =  6  -J-  («  —  A  —  o)  =  6  +  ( —  A)  >  b ,  also. 

.  * .  x  =.  a  gives  w  =  b,  a  minimum. 

f 

5.  u  —  b  —  (a  —  x)  ,  a  maximum  or  minimum. 


d2u 

dx* 


—  z)b  =:  0.  x  —  a,  and  u  —  b. 

ax  5 

24  -£ 

=  —  —  (a  —  x)  —  — go,  when  x  —  a.  Then  put  x  =  a  ±  A, 

8  8 

.  w3  =  6  —  (—  A)J<  6,  and  w3  =  b  —  (+  A)T<  5,  also. 

.  • .  x  —  a  gives  u  =  b,  a  maximum. 


6.  u  b  (x  —  a)  +  c  (x  —  a)2,  a  maximum  or  minimum. 


102 


DIFFERENTIAL  CALCULUS. 


.  * .  x  —  a,  and  u  =  b,  or,  x  —  a 


125  ,  ,  3125 

and  u  —  b  — 


216c3’ 


40656c5 


But 


d-u  10  .  -A  _  . 

-  =  —  (x  —  a)  2c  ~  go  ,  when  x  —  a 


dx 


=  r>°  "he11 

125  3125 

Hence  when  x  —  a  —  . ,  .  „ >  wTe  have  u  —  b  —  - 7_— -  5 

216c3  46656c5 

a  minimum. 

In  order  to  examine  the  value  of  x  =  a,  put  a  ±  li  for  x  in 
the  original  value  of  u. 

•  ’  •  ll2  —  &  "T  (+  h)  °  +  c{  ~h  ^)2  u3  —  &  4*  ( —  h)*  +r( — h)2<^b. 

.  * .  u  =  b  is  neither  a  maximum  nor  a  minimum. 

7.  To  inscribe  the  greatest  rectangle  in  a 
given  circle. 

Put  the  diameter  A  G  —  a,  and  the  side 
AB  =z  x  ;  then 


AD—^Jd2 — x2  and  AB  X  AD —Xy/ a2 — a2. 

.  • ,  u  —  ( AB  X  AD)2  =  x2(a 2  —  x2)  =  a  max. 

.  * .  —  =  2a2o:  —  4a:3  =  0.  .  • .  x  =  0,  or  x 

dx 


a  \  /  - 


d2u 

dx2 


—  2  a2  —  12a:2  =  2a2  when  x  =  0 


=  —  4a2  “  x  =  a 


.-.AD-  \J  a2  —  I  a2  =  a  yT==  .4.5, 


and  the  rectangle  must  be  a  square.  Its  area  is  —  a2. 

& 

8.  To  inscribe  a  maximum  cylinder  in  a  given  right  cone  having 
a  circular  base. 
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Put  AO  the  radius  of  the  cone’s 
base  —  b,  C 0  the  altitude  of  the 
cone  =  a,  DF  the  altitude  of  the 
cylinder  =  x. 

Then  from  the  similar  triangles 
CO  A  and  CQD  we  have 

CQxOA 


CO  :CQ::  OA  :  QD 


CO 

{a  —  x')b 


a 


2,1  1 

x  —  —  a  ±  -  a  =  a  or  —  -  a. 


O 

O 


*> 

o 


*> 

o 


d2u 

dx2 


—  4a  =  2ct  when  x  —  a 

1 


-  2a  “ 


volume  of  cylinder  =«* 

.  * .  u  =  (a  —  x)2x  —  a2x  — -  2 ax2  -j-  x3  =  maximum. 

.  • .  ~  =  a2  —  4ax  -f-  ox2  —  0,  or  x2  —  ~  ax  =  —  i  a2. 
dx  o  3 


Hence  the  altitude  of  the  cylinder  is  one-third  of  the  cone,  and  con¬ 
sequently 

4  4 

volume  of  cylinder  =  —  rtab2  =  —  volume  of  cone. 

J  27  0 

9.  Find  the  greatest  and  least  ordinates  of  the  curve  whose 
equation  is  a2y  —  ax 2  -j-  x3  =  0. 

Put  u  =  a2y  —  ax2  -f-  x2  =  0  .  .  .  .  (1). 


du 


—~=  —  2  ax  +  3  a:2  =  0 
dx 


Then 

Combining  (1)  and  (2),  we  get 


(2). 


2 


4 
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But 


da, 

dy 


=  a 2, 


d2u 

dx2 


=  —  2a  Oar. 


Vdhn  Cd2ii~\  V  du~\  2 

L^-J  =  -  "  LS?J  =  5  when  *  =  0 


u 


X  —  -  a 


a 


2  4 

.  * .  When  x  —  0,  y  —  0,  a  min.,  and  when  x  =  -  a,  y  =  ~  a  =  a  max. 

t)  /*w  4 

10.  To  find  a  number  such  that  its  xth  root  shall  be  a  maximum, 
b  .  du  1 


u  —  xx  —  a  maximum. 


;£  =  **  *0  -  log*)  =«• 


c/x 


or 


1  —  log  x  =  0. 


The  first  of  these  equations  gives  x  =  0 ;  the  second  log  x  —  i  ; 

l 

whence  x  —  e  and  u  =  ec  —  maximum. 

In  this  and  in  many  similar  examples,  we  may  draw  the  final  in¬ 
ference  without  forming  the  second  differential  coefficient,  it  being 


obvious  from  the  nature  of  the 
question  that  there  is  one,  and 
only  one  maximum,  and  it  be¬ 
ing  easy  to  decide  which  of  the 
values  of  x  is  that  applicable 
to  the  maximum. 

11.  To  cut  the  greatest  para¬ 
bola  from  a  given  right  cone 
having  a  circular  base. 

Put  AB  the  diameter  of  the 
base  =z  a,  AC  the  slant  height 
=r.  b,  and  BG  —  x. 

Then  AG  —  a  —  x,  and  by  t 


c 


FE  =  2  FG  =  2v/^4~—  *). 
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Also  by  the  similar  triangles  BAC  and  B6D ,  we  have 

ACy.BG  bx 


BA  :  AC  :  :  BG  :  GD  = 
But  the  area  of  the  parabola 


BA 


a 


4 


FDE  =  ^  FE  X  GD  =  -•  —Aax  -  x2. 
o  3  a  v 

die  3 

.’.u=ax3 — max. ;  —  —  3ax2 — 4^3  =  0,  and  x  =  0  or  x—~a) 

dx  4 

the  second  value  being  obviously  that  required,  since  when  x  —  0 
the  area  of  the  parabola  =  0. 

.  *.  area  of  maximum  parabola  =  i  ab-y/3. 

12.  To  form  the  greatest  quadrilateral  with 
four  given  lines  taken  in  a  given  order. 


angle  BAD  =  #,  and  BCD  =  aq,  the  latter  an¬ 
gle  x1  being  obviously  a  function  of  rr,  since  the 
two  are  connected  by  the  relation 

[AD]2  =  a2  -f  e2  —  2aecosa:  =  b2  +  c2  —  26c. cos  aq  ....  (1). 

But  area  AB  CD  —  AABD  -{-  ABCD  —  —  ae  sin  x  -f-  -  be  sin  x-,. 

2  °  1 


o 


.  *.  iiz=:ae§mx-\-bc.  sin  j,r:amax.,  and  ~  =  ae cos.r-f-5ccos.'r1^-1=:0. 

dx  ldx 

Now  by  differentiating  (1),  we  have 


ae .  sin  x  =  be .  sin  aq 


dxY 

-  i 


rfoq  ae .  si 

•  _ *  -  - 


sin  x 


da  ae  sin  x  . 

.  * .  —  =  ae .  cos  x  -f-  be .  cos  aq  - — : - =  0. 


'  dx  ta.sinaq  ’  *  dx  ’  1  ~~  ^csinaq 

.  * .  sin  x  cos  x i  -j-  sin  aq  cos  x  —  0,  or  sin  ( x  +  x 2)  =  0. 

.  * .  x  +  aq  =  0,  or  x  A  xv  =  180°. 

The  latter  is  plainly  the  required  solution,  and  consequently  the 
quadrilateral  must  be  such  as  can  be  inscribed  in  a  circle. 
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13.  To  find  the  greatest  quadrilateral  that  can  be  contained  within 
a  given  perimeter. 

Suppose  ABCD  to  be  the  required 
figure,  and  suppose  two  of  the  sides  x  and  y 
to  vary,  while  the  other  two  sides  v  and  z 
and  the  diagonal  t  remain  unchanged. 

Then,  since  ABCD  is  supposed  to  be  the 
greatest  quadrilateral  which  can  be  formed 
with  the  given  perimeter,  the  triangle  ABC 
must  be  greater  than  any  other  triangle  having  the  same  base  t ,  and 
the  sum  of  the  sides  =  x  -j-  y  =  b  a  constant. 

But  if  x  +  y  +  t  —  s, 

the  area  of  the  A  ABC  =^/~s  —  xj  —  yj  f^s  — 

Therefore,  by  squaring  and  omitting  the  constant  factors 
i  s  and  is  —  /,  we  have 


u  =  s  —  x  ^  s  —  y  ^  s  —  gc'j  s  —  b  +  x'j  =  a  maximum, 

^is— xj  —  6+^=0,  or  b—2x—0,  and  .*.  Xz=^K 


du 

dx 


.  *.  y  =  b  —  x  —  x  —  -b. 


o 


that  is,  the  sides  AB  and  BC  must  be  equal.  Similarly  it  may  be 
shown  that  x  —  v,  v  =  z,  z  —  y. 

Hence  the  figure  must  be  equilateral,  and,  consequently,  either  a 
rhombus  or  square.  But,  since  the  lengths  of  the  sides  are  now 
given,  the  quadrilateral  must  admit  of  being  inscribed  in  a  circle. 

.  * .  The  figure  must  be  a  square. 

14.  To  find  the  greatest  figure  of  n  sides  contained  within  a  given 
perimeter. 
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D 


By  supposing  two  sides  AB  and  BC  to 
vary,  while  the  other  sides  remain  fixed  in 
magnitude  and  position,  we  prove,  as  in 
the  last  example,  that  AB  —  BC ;  and 
similarly  that  BC  —  CD ,  CD  —  DE,  &c. 

Therefore  the  required  figure  must  be 
equilateral. 

Then,  supposing  the  three  equal  sides  BA,  AB,  and  BC,  to  vary 
in  position,  while  the  other  sides  remain  fixed,  we  show,  as  in  a  pre¬ 
ceding  example,  that  the  circumference  of  a  circle  can  be  described 
through  H,  A,  B,  and  C ;  and,  similarly,  that  a  circumference  can 
be  drawn  through  A,  B,  C,  and  D.  But  only  one  circumference  can 
be  drawn  through  the  same  three  points  A,  B,  and  C.  Therefore 
the  same  circumference  passes  through  H,  A,  B,  C,  and  D.  And, 
similarly,  it  may  be  shown  that  this  circumference  passes  through 
E,  F,  G,  &c.  .  * .  The  polygon  must  be  equiangular,  and,  conse¬ 

quently,  regular. 

15.  To  divide  a  line  a  into  n  parts,  x,  aq,  x2,  &c.,  and  determine 
the  relations  between  those  parts  when  the  continued  product  of 
their  numerical  values  shall  be  a  maximum. 

Let  two  of  these  parts  x  and  aq  vary,  while  x2,  x3,  &c.,  remain 
constant. 

Put  x2  +  #3  +  &c.  =  b,  and  x2  X  x3  x  aq  &c.  =  c 

Then  x  +  xx  =  a  —b,  and  araq.ayaq  &c.  =  x  (a  —  b  —  x)  c. 

.  * .  u  =  x  (a  —  b  —  a:)  =  a  maximum,  ~  =  a  —  b  —  2x  =  0 

ax 

.  • .  x  =  i  (a  —  b) ,  and  aq  =  a  —  b  —  x  =  1  (a  —  b)  =  x. 

Similarly,  x2  —  x,  x3  =  x,  &c.,  and,  therefore,  the  parts  are  all 
equal. 

10.  To  determine  the  number  of  equal  parts  into  wThich  a  given 
number  a  must  be  divided,  so  that  their  continued  product  may  be  a 


maximum. 


108 


DIFFERENTIAL  CALCULUS. 


a 


Let  x  —  required  number  of  parts ;  then  -  =  value  of  one  part. 

x 


a  a  a 


an 


.  * .  -  X  -  X  —  &c.  to  x  factors  :=  (-)  =  a  maximum. 


xxx 


.  * .  w — log  =  x  (log  a— log  x)  =  a 


L  X  l 


du  , 

max.  — =loga — log  a; — 1  =0 
dx 


.  a  a  a 

.  * .  lose  —  =  1.  -  =  e,  and  x  =  — 

x  x  e 

This  is  a  solution  in  the  arithmetical  sense  only  when  a  is  a  mul¬ 

tiple  of  e ,  for  otherwise  x  would  not  be  an  integer. 

The  general  solution  belongs  to  the  following  problem.  To  find 


a  number  x  such  that  the  xth  power  of  —  shall  be  a  maximum. 

oc 

17.  To  determine  the  point  P,  in  the  line  joining  the  centres 
C  and  Cl  of  two  unequal  spheres,  from  which  the  greatest  amount 
of  spherical  surface  can  be  seen. 


and  similarly 


*•)(%  -  ri) 


Xy 


r  ( 

.  * .  Surface  of  zone  OEQ  —  2  *r  — 


x 
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tl 


r2x  —  r3  r12xl  —  ?q3 
.  q - 


,■2 


X 

du 

dx 


x 


+  ?Y 


i 


,.3 


X 


=  max. 


a 


x 


# 


a? 


(a  —  a;)5 


=  0 


r 

x 


r. 


f 


a  —  x 


# 


ar 


a;  = 


4* 


and  surface  seen  —  2  cr  r2  -{-  rl 


[■ 


a 


] 


r~‘+  r{- 

wmeh  is  always  less  than  the  entire  surface  of  the  two  spheres. 

18.  A  right  prism,  whose  base  is  a  regular  hexagon,  is  truncated 

\ 

by  three  planes  drawn  through  the  alternate  vertices  of  the  upper 
base,  and  intersecting  at  a  common  point  in  the  axis  prolonged. 
Required  the  inclinations  of  the  planes  to  the  axis,  when  the  truncate 
prism  shall  (with  a  given  volume)  be  contained  under  the  least  surface. 

Let  ABCDEF  be  the  lower  base  of  the  prism,  and  abcdf  the 
upper  base. 

Join  fb,  bd ,  and  df  and  through  these  lines  draw  planes  inter 
secting  the  axis  Rr  prolonged  at  some  point  v. 

The  plane  fob  intersects  the  edge  Aa  at  oq,  cutting  off  from  the 
prism,  the  triangular  pyramid  fbaav  From  r,  the  centre  of  the 
upper  base,  draw  rf  ra ,  and  rb.  Then  fabr  is  a  rhombus,  whose 
diagonals  bisect  each  other  at  o  perpendicularly.  Join  vax ;  it  will 
be  perpendicular  to  fb,  and  will  pass  through  o.  Then  ao  =  or. 
and  .  * .  aaq  =  rv. 

.  * .  Pyramid  fboa l5  is  equal  to  the  pyramid  fbrv. 

.  * .  The  volume  of  the  prism,  when  terminated  by  the  three  planes 
which  intersect  at  v ,  is  equal  to  the  volume  of  the  original  prism, 
for  all  inclinations  of  the  planes. 


Put 


Rb  =  a,  AB  —  b,  the  angle  rvo  =  x. 


Then  ro  =  oa  =  -b,  aal  =  -  b  cot  x ,  oax  =  ov  =  ^  b  cosec  x , 


of  —  oh 


1 


o 


b-f  3,  Aax  —  a  —  —  b  cot  x. 
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Surface  axbvf  —  fb  x  vo  =  ^  b2  -y/3  cosec  a;. 

Hence  by  the  nature  of  the  question,  we  shall  have 

1  3  - 

6 ABbax  -f  3 a^bvf  —  36 (2a  —  -  b  cot  x )  +  q  coseca;  =  a  min. 

At  At 


.  •  .  u 


2a  —  -  b  cot  x  +  ^  6 

At  At 


cosec  x  —  a  minimum. 


du  1  .  —  .  1 

-  6(cosecza; — y  3  cosec  a;  cot  x)  =  0.  .‘.cos  a;  : 


*v/3 


dx  2 

.  * .  x  —  54°  44'  OS". 

This  is  the  celebrated  problem  relating  to  the  form  of  the  cells 
of  the  bee. 


CHAPTER  IX. 


FTJNCTIONS  OP  TWO  INDEPENDENT  VARIABLES. 

81.  Hitherto  it  has  been  supposed  that  the  function  u  depended, 
either  directly  or  indirectly,  on  a  single  variable  x.  But  the  value 
of  u  may  depend  on  the  values  of  two  or  more  variables,  entirely 
independent  of  each  other.  Thus,  if  there  were  given 

u •  =  xy  +  y2,  .  .  .  .  (1). 

we  might  suppose  x  to  vary  and  y  to  be  constant;  or  y  to  be 
variable  and  x  constant;  or,  lastly,  x  and  y  may  vary  simulta¬ 
neously.  These  three  suppositions  lead  to  three  essentially  different 
changes  in  the  function  u. 

Thus  when  x  becomes  x  -f  h ,  and  y  is  constant,  u  becomes 

=  xy  +  hy  +  y\ 

When  y  becomes  y  +  and  x  is  constant,  u  becomes 
u2  —  xy  4-  xh  4-  y2  4-  4-  &2. 

And  finally,  when  x  and  y  become  respectively  x  4-  h  and  y  -f  &, 
u  becomes  u3  =  xy  4-  hy  4~  k.x  4~  y2  4~  2%  -\-  k2  hk. 

The  general  case  is  presented  in  the  following  proposition. 

82.  Prop.  Having  given  u  =  y)  ...  .  (1).,  to  develop 
u3  =  F(x  +  h  y  4-  k),  the  variables  x  and  y  being  independent 
of  each  other. 

Since  x  and  y  are  supposed  to  have  no  mutual  dependence,  they 
may  be  supposed  to  vary  successively. 

Let  x  take  an  increment  h ;  then  u  becomes  ux  —  F  (x  -f-  h ,  y) 
which,  developed  as  a  function  of  x  -  h  by  Taylor’s  Theorem,  gives 
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du  A  .  d2u  h 2  d3u 

n - 


'V'  =  u  +  dx'l  +  dx>  1.2 


A3 


eAr3  1.2.3 


-  +  (2). 


in  which  w, 


da  d2u 


&c.,  are  functions  of  both  x  and  y. 


dx'  dx 2’ 

Now,  if  in  every  term  of  (2),  we  replace  y  by  y  - f  A,  we  shall 
convert  ux  =  i^(.r  +  A,  y)  into  u3  =  F(x  h ,  ?/  +  A),  and,  since 
each  term  in  the  second  member  of  (2)  will  then  be  a  function 
of  y  4*  A,  we  must  replace 

Jc2 

f 

•  —  — i —  -  -■  m  .  •  — 

dy 


da  A  d2a 
u  by  w  +  —  •  -  -f- 
^  du  1 


dy2  1.2 


+  &c. 


d 


da 


da  da 
dx  '  dx  dy 


d?— 

dx  Jc  dx  A2  . 

T+  y^TT2+&0- 


d2u 

dF 

<Pu 
dx 3 


by 


bv 


d2u 

dx2 

d3u 

dx3 


d 


d2u 


+ 


dx2  Jc 
dy  I 


d2 


d2a 

dx2  Jc2 


,d3a 


a 


+ 


dx3  Jc 


d2 


dy  1 


+ 


dy2  1 . 2 
d3u 

dx3  Jc 2 


But  we  put  for  convenience 


da 

ddi 


dy2  1 . 2 
d2a 


4“  &c. 


4-  &c. 


,  indicating  thereby 


dy  dxdy 

that  two  differentiations  of  u  have  been  performed,  the  first  with 
respect  to  x ,  and  the  second  with  respect  to  y.  Similarly  we  put 


au 


d3u 


d 


d2u 

dx2 


d3u. 


— 7  7  0  ,  and  — - —  =  —  -  -  ;  the  first  expression  indi- 

dy2  dxdy ~  dy  dx2dy 

eating  one  differentiation  with  respect  to  x,  followed  by  two  with 

respect  to  y ;  and  the  second  implying  two  differentiations  with 

regard  to  x ,  followed  by  one  with  regard  to  y.  And  generally,  we 
denote  the  result  of  n  differentiations  with  respect  to  x.  followed  by 
rn  differentiations  with  respect  to  y,  by  the  symbol. 

dn+mu 


dxndym 
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Now  let  the  necessary  substitutions  be  made  in  (2),  and  we 
shall  get 


du  h  da  k  d2u  h 2  d2ii  hk  d2u 

Of  ■  Of.  —  i —  -  •  —  --I—  —  ■  —  •  —  — |  —  - -  •  -■  ■  - { -  •  — [—  -  — 

dx  1  '  dy  1  dx2  1 . 2  dxdy  1  dy 2 

dhi  h3  d3u  h2k  d3u  hk2  d3u  k 3 

dx3  1.2.3^  dx2dy  1.2  ^ dxdy2  1.2  dy3  1.2.3 


k2 

*172 


-h  &c. 


which  is  the  proposed  expansion. 

If  we  had  supposed  the  variable  y  to  receive  its  increment  first, 
we  should  have  obtained  the  following  series  for  u3. 


du  k  du  h  d2u  k2  d2u  kh  d2u 

U  U  dy  1  dx  1  dy2  1.2  dydx  1  ^  dx2 

d3u  k3  cPu  k2h  d3u  kh2  dhi  h3 

dy3  1.2.3  dy2dx  1 . 2  dydx2  1 . 2  dx 3  1.2.3 


h2 

1.2 

-f  &c. 


The  two  series  must  obviously  give  equal  results,  and  being  true 
fur  all  values  of  h  and  k ,  the  coefficients  of  the  like  powers  and  pro¬ 
ducts  of  h  and  k  must  be  equal. 

d2u  d2u  d3u  d3u  d3u  d3u  ^ 

dxdy  dydx  dx2dy  dydx2  dxdy2  dy2dx 


Hence  the  result  of  n  differentiations  with  respect  to  rr,  followed 
by  m  differentiations  with  respect  to  y,  will  be  the  same  as  that  pro¬ 
duced  by  performing  the  differentiations  in  a  contrary  order. 


EXAMPLES  OF  DIFFERENTIAL  COEFFICIENTS. 


83.  1. 

du 


u 


-  /y»3 


x3y  -j-  ay2. 


n  0  du  _  ,  _  d2u  n  d2u  n 
Tx  =  Zxy'  d~y  =  X  +  2ay’  17*  =  Gxy’  -dy 5  =  2a 


d2u  d2u 

—  3x'"  and 


dxdy 

d3u 


dydx 


ox2  also. 


dx3 
dhi 
dx 4 


„  d3u 

-j-z  =  0, 


=  o, 


dy3 

dAu 

dx3dy 

8 


=  6 


d3u 
dx2dy 

dAu 


=  6.r 


d3u 


d3u 


dydx?  dxdy 5 


cPu 

0  =dyHx 


dydx3  dx2dy2 


dhi  dAu 

~  0  =  —  -  &C.,  &C. 


dy2dx 2 
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2. 


y 


.  x  dii 

u  =  tan-1  -  —  — 

dx  x2  +  y2 


y 


da 

dy 


x 


d2u 


x 4 


r 


d2u 


dxdy  ( x 2  -{-  y2)2  dydx 


x 1  +  v2 
&c.,  &c. 


„  .  dll  da 

3.  u  —  sin  x .  cos  y.  —  =  cos  x .  cos  y  —  —  —  sin  .r .  sin  y , 

ClQ/  w?/ 


d2u 


7  ,  =  —  cos  rc .  sin  y  = 
drc/y  ' 

rf3//.  .  .  d3u 

=  sm  x  sin  y  = 


d2u  d2u 


dydx  dx2 
d3u 


—  sm  x  cos  y 
&c. 


dx2dy  ~  "  ^  dydx2  dxdydx 

In  general  the  order  of  the  differentiations  is  immaterial,  provided 
we  always  differentiate  the  same  number  of  times  with  respect  to 
the  same  variable. 

The  expressions  —  and  —  are  called  'partial  differential  co - 

(XJC  Clf  If 

efficients:  ~-dx  and  <-j-dy  are  called  partial  differentials,  and 

CLJ. /  Ct  If 

du  —  ^L  dx  4-  —  dy  is  the  total  differential  of  u. 
dx  dy  J 

84.  Similarly,  if  u  —  F(x ,  y,  z),  where  x ,  y,  and  z,  are  inde¬ 
pendent  variables,  then 

7  da  du  du 

du  —  ~  dx  -\ — t  dy  ~  dz. 

dx  dy  dz 

And  generally,  to  differentiate  a  function  of  several  independent 
variables,  we  must  differentiate  successively  with  respect  to  each, 
and  add  the  results. 

85.  If  it  were  proposed  to  develop  ul  =  F(x  +  A,  y  lc,  z  +  l ), 
where  u  =  F{x ,  y,  z),  we  should  obtain,  by  supposing  x ,  y,  and  z 
to  vary,  and  reasoning  as  in  the  expansion  of  F(x  -f-  A,  y  -j-  k), 


du  h  .  da  k 


“,=  “  +  '  T  +  '  I +  dz 


du  l  d2u  h2  dhi  hlc  dPu  k2 

1  dx2  1.2  dxdy  1  ^ 


+ 

+ 


d2u 

dxdz 

d3a 


dxdy 

hi  d2u  l 2  d2u  ■  Icl  d3u  h3 

1  dz 2  1 . 2  dydz  1 


dy 2  1.2 


dydi 

h2k  d3u  hk 2  d3u 
4-  - - h- 


c/23  1.2.3 
k 3  c/3u 


A2/ 


dx2dy  1 . 2  dxdy 2  1 . 2  </y3  1.2.3  efa2*/;?  1 . 2 


-f  &c. 
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Remark.  The  formula  du  =  —  dx  -f  -7-  dy  -f  — -  dz  -j-  &c.,  for 

dx  dy  dz 

differentiating  a  function  of  several  variables,  may  be  deduced  im¬ 
mediately  from  the  preceding  development. 

For  put  Jc  —  rh ,  l  =  r-Ji ,  &c.  where  r,  rx  &c.  are  arbitrary,  since 
x,  y,  z ,  &c.,  are  independent  of  each  other.  Then  by  substitution 
and  reduction, 


Wj  —  u 


h 


du  du  du  . 

—  - — \-  r  - — }-  l  —  &c.  +  terms  m  A,  A2,  &c. 
dx  dy  dz 


and  by  passing  to  the  limit,  making  h  —  0,  neglecting  terms  corv 
taming  A,  A2,  &c.,  and  finally  making 


uv  —  u  —  du ,  A  =  dx ,  rh  —  k  =  c/y,  r-Ji  —  l  —  dz,  &c.,  we  get 


_  du  7  (Za  <rfa  7  „ 

du  =  —  dx  — —  dy  -f-  — -  dz  -f-  &c. 
dx  dy  dz 


86.  Prop.  To  differentiate  successively  u  —  F{x,y). 

We  have  already  found  the  first  differential 

7  du  du 

du  =  —  dx  -f-  —  dy. 
dx  dy 

Differentiating  this  and  observing  that  and  —  are  usually 

dx  dy 

functions  of  both  x  and  y,  but  that  dx  and  dy  are  constant,  we  get 

7„  d2u  7  o  d2u  7  7  ,  d2u  T  d2u 

d2u  =  dx2  -J — - — —  •  dxdy  -j-  —— —  •  dydx  -f-  — —  •  ay3, 


dx 2 


or 


//2|i 

=  —  cfa2  +  2 


dxdy 
d2u 


dydx 

1  7  drU 

dxdy  +  —  •  ay2 


c/a:3  dxdy  dy2 

and  by  differentiating  again,  we  have 


dhi  —  ^  dx3  -f 
dx3 


_  <A3a  d3u 

3  —  'dx-dy  -j-  3  --  dxdy2 


7.  _  , 

c?4w  =  — —  •  cfa4  +  4 
(fa4 


dx2dy 

d^u 

dx3dy 


dx3dy  6 


cfachy 

dhi 

dx2dyr< 


d3u 

d? 


dx2dy2  -f-  4 


rfy3. 

<A% 
dxdy 3 


dxdy*. 


d*u 
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and  similarly  may  d5u,  dGu ,  &c.,  be  found,  the  numerical  coefficients  of 
the  several  terms  proving  the  same  as  in  the  powers  of  the  binomial. 


Implicit  Functions  of  two  Independent  Variables. 


87.  Prop.  Let  P(x,y,  z)  =  0,  so  that  z  shall  be  an  implicit  function 
of  the  two  independent  variables  x  and  y,  and  let  it  be  proposed  to 
form  expressions  dz ,  d2z ,  &c.,  without  solving  the  equation  with 
respect  to  z. 

Put  u  —  P(x,  y ,  z)  =  0  ;  then,  observing  that  u  is  directly  a  func- 
.ion  of  the  independent  variables  x  and  y,  and  also  indirectly  a  func* 
ion  of  x  and  y  through  z ,  we  shall  have  for  the  total  differential 


►  oefficient 


and 


du  dz  du 
dz  dx  dx 


=  0 . . ( 1 ) .  and 


du  dz  du 

~t  ’  7/ — h~7~  — 0  •  • 
dz  dy  dy 


du 

du 

dx 

dz 

_  dbL 

du  ’ 

dy  ~ 

du 

dz 

dz 

.  dz  _  dz  _ 

.  • .  dz  =  —  dx  +  t-  *  dy 
dx  dy 


Next  to  form  d2z ,  we  have 


du 
dx  ^ 
du 
dz 


du 

dV  y 
—  dy. 

du  J 
dz 


d2z  = 


d2z 
dx 2 


d2z 

•  dx 2  +  2  ■  .  •  dxdy  -f 

dxdy  J 


But  by  differentiating  (1)  with  respect  to  x,  (2)  with  respect  to  y, 

and  (1)  or  (2)  with  regard  to  y  or  x,  respectively,  and  observing  that 

du  du  du  .  .  0  , 

— ,  — ,  are  functions  of  x,  y,  and  2,  we  get 

dx  dy  dz 

d2u  dz  d2u  dz 2  du  d2z  ,  d2u 

2 - (-  - - • - -  -4 - - —  0 

dxdz  dx  dz2  dx2  dz  dx2  dx2 
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_  d2u  dz  d2u  dz 2  du  d2z  d2u 

2 - p  - - 1 - - - 1 - -  —  0 

dydz  dtj  dz2  dy 2  dz  dy2  dy2 

d2u  dz  ,  d2u  dz  dz  du  d2z  d2u  d2u  dz 

+  — -t-t-  H  i  b  — ;  r - -  0. 


dydz  dx  dz2  dy  dx  dz  dxdy  dxdy  dxdz  dy 

d2z 


y 2?  yz? 

whence  lx2’  dff'  and  dxdy 


may  be  found  in  terms  of  the  partial 


differential  coefficients  of  the  first  and  second  orders  of  w,  with 
respect  to  x,  y ,  and  z ,  all  of  which  are  easily  formed. 

88.  Prop.  Having  given  u  —  cpz,  and  z  —  F  (x,  y),  to  differentiate 
u  without  previously  eliminating  z. 

if  we  suppose  x  alone  to  increase,  it  will  impart  a  change  to  n 
through  2 ;  and  a  similar  change  will  be  transmitted  to  «,  when  31 
alone  varies  ;  thus  we  shall  have 

du  du  dz  ^  ^  du  du  dz 
dx  dz  dx  dy  dz  dy 

du  du  du  dz  du  dz 

.  • .  du  =  — -  •  dx  +  —  dy  = 

dx  dy  dz  dx  dz  dy 


Elimination  by  Differentiation. 


89.  When  a  constant  is  connected  with  a  function  by  the  sign 
-j-  or  — ,  it  disappears  by  differentiation  ;  but  when  it  is  a  coefficient 
of  the  function,  it  will  appear  in  the  differential  also. 

Thus,  if  u  =  F(x,  y)  —  0  .  .  .  (1)  be  a  relation  connecting  x  and  y, 
into  which  the  constant  a  enters  as  a  factor,  then  a  will  also  be  found 
n  the  equation. 


du 


Now  a  may  be  eliminated  between  (1)  and  (2),  and  the  resulting 


equation,  called  a  differential  equation ,  will  contain  x,  y,  and 
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If  it  were  required  to  eliminate  two  constants,  we  might  differen¬ 
tiate  twice,  thus  obtaining  three  equations,  including  the  primitive, 
(1),  with  which  the  elimination  could  be  effected,  and  the  resulting 

cly  d2i/ 

equation  would  contain  x,  y,  and  Surds  and  transcendental 

quantities  may  also  be  eliminated  by  a  similar  process. 

90.  1.  Given  y 2  =  2 ax,  or  u  —  y2  —  2 ax  =.  0,  to  eliminate  2 a. 


[”— 1  =  2y  ~ 
Ldz J  J  dx 


or 


2a  =  0.  2a  =  ?h  =  2/tl 

dx  x  dx 

~  dy 

2/-2^  =  0’ 


an  equation  in  which  2 a  does  not  appear,  but  which  implies  the 
same  relation  between  x  and  y. 


f 


2.  Eliminate  the  surd  from  the  equation  y  —  (a2  -j-  x2)  ....  (1). 


~  o  Sx  (a2  +  x2)*  Sxy 

—  =  -  (a2  +  «-)  •  —  - >— — - —  — - 

dx  2  n2  -1-  *2 


dy  3 


a 2  +  x2 


a 2  -b  x* 

.  * .  (a2  +  x2)  ~  =  3xy. 


3.  Eliminate  a  and  b  from  the  equation  y  =  ax2  +  bx . . . .  (1). 


dy 


: ax 


+  b  .  .  .  (2) 


<>\  ddiL 


dx  '  v  '  dx2 

.  By  combining  (1),  (2),  and  (3). 

1  d2y 


—  za 


(3). 


y  =  x2-zH?  +  x 


/  dy  d2y\ 

\dx  X  dx2} 


or 


d2y  2  dy  2 y  _ 
dx2  x’dx^x2~ 


4.  Eliminate  the  exponential  from  the  equation  y  =  2 aecr. 


dy 

dx 


2acecx  =  cy. 
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5.  Eliminate  a  and  b  from  the  equation  y  —  a  cos  2 x  b  sin  2.?. 

du  d2  if 

~z=—2 a  sin  2# +2 b  cos  2x,  =  —  4a  cos 2x  —  4 b  sin  2x  —  —  4y. 

ck  <fc2  y 


<Y2// 


+  =  0. 


*  *  dx2 

91.  Proj?.  Let  w  —  ids,  and  0  =  9  (ar,  ?/) ,  where  x  and  y  are  in¬ 
dependent  variables,  and  let  it  be  proposed  to  eliminate  the  func¬ 
tion  F. 

Differentiate  u  first  with  respect  to  x,  and  then  with  respect  to  y. 
du  da  dz  dFz  dp(x,  y) 


and 


dx  dz  dx  dz  dx 

du  da  dz  dFz  dp(x,  y) 


dy  dz  dy 


dy 


.  .  .  (1). 


/o\ 

•  •  •  •  \  I  • 


Now  divide  (1)  by  (2),  observing  that  the  common  factor 
will  disappear; 

du  dp  (x,  ?/) 


dFz 

dz 


dx 


dx 


du  dp  (.r,  ?/) 
dy  dy 


or. 


du  dp(x,  ?/)  da  dp(x,  y) 


dx 


dy  dy 


dx 


in  which  equation  F  does  not  appear. 

1.  Eliminate  the  function  F  from  the  equation  u  =  F(ax3  -f-  by2)* 

dz 


Put  ax3  -f  by2  =.  z. 


- ,  and  C~—  2  by. 

dx  ’  dy  J 


—  3  ax2* 


•  • 


du  du  n  „ 

—  •  2  by  —  —  •  oax2. 
dx  dy 

2.  Eliminate  the  function  F  from  the  equation  u 


du 

dx 


=  D(A 

*  \!/f 

/.r\  1  r,(x\  1  _  da  1  r./x\x 

-M-J  + -F i(-)  — >  and  —= - 

\yf  x  \yj  y  dy  x  l\yJ  y2 

f"  da  u~\  [  1  1  1  (x\  du  1 

L<i.r  xj  *  L —  y2\  ~  x y3  '[y/ ~  dy  X  xy 


du  du 

.  • .  u  +  x  - — b  y-z-  =  0. 
dx  dy 
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3.  Prove  that  if  y  =  a  sin  x  4*  6  sin  2z,  then 


dh)  d2y  A  _ 
d?  +  5  **  +  4y  =  °- 


5/  =  a  sin  x  -f-  6  sin  2x.  .  .  .  (i). 


dy 

dx 


=  a  eos  a?  4-  26  cos  2ar. 


d2y  dAy 

~2~—asmx — 46 sin 2x. . . .  (2).  and  — - = a  sin  3 44(56 sin 2x. .  (3) 

(iX  uX 

Multiply  (I)  by  4,  and  (2)  by  5,  and  add  the  results  to  (3); 
thus 

dy  _l  r.  dhd  .  a  n 
d?+o~d?  +  4,J  =  0- 

'  »  V 

92.  Prop.  To  determine  'whether  any  proposed  combination  of 
x  and  y,  as  F(x,  y),  is  a  function  of  some  other  combination,  as 
<p(x,  y). 

Put  u  —  F(x,  y),  and  2  =  <p(ar,  y);  then  if  u  be  a  function 
of  z,  we  must  have 

du  du  dz  _  du  du  dz 

T^Tz'Tx  a',d  dy~dz'~dij' 


And 


du  dz  du  dz 
dx  dy  dy  dx 

which  is  the  required  test. 

1.  Is  u  =  x3—  6x2y-\-12xy2 —  8 y3,  a  function  of  z 


ly  4-  a  —  a?  ? 


/A/  dll/ 

—  =  3a:2  —  12a:y  -}-  12y2.  —  =  —  Ga;2  4"  24a?y  —  24y2. 

uX  (I  y 


<62  dz 

—zr  —  —  1 .  and  '~iT~  — 
dx  dy 

du  dz  „  „  _ .  ^ „  du  dz 

—  •  —  =  G22  —  24a*y  24 y2  =  —  •  — « 
aa:  ay  ay  dx 


Hence  w  a  function  of  2. 


2.  Is  «  =  log  (a?2)  —  2  log  y,  a  function  of  z  —  sin^a  4*  -^  ? 

/  ,  y\  V  dz  /  ,  y\  1 

=  —  cosl  a  +  - )— v  -7-=  cos!  a  4"  I— 
\  x)  x2  dy  \  x)  x 


du  2  du 


2  dz 


dx  x  dy 


y  dx 
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Hence  u  is  a  function  of  z. 

3.  Is  u  --  x2  +  y 2,  a  function  of  2  =  tan  (x  +  y)% 


du  du  dz  ^  dz  .  * 

—  =  2.r,  -=2y,  -=  sec-(*  +  y),  ^  =  sec ?(*  +  y) 


du  dz 
dx  dtj 


—  2.rsec 2{x  4-  y),  and 


—  2y  sec2(;r  +  y). 


Hence  u  is  not  a  function  of  z. 


Development  of  Functions  of  Two  Independent  Variables. 


93.  Prop.  To  extend  Maclaurin’s  Theorem  to  functions  of  two 
independent  variables. 

If,  in  the  general  development  of  F(x  +  h,  y  +  &),  we  make 
x  —  0,  and  y  —  0,.  and  denote  the  particular  resulting  values  by  the 
use  of  the  [  ],  changing  h  and  Ic  into  x  and  y  respectively,  we  shall 
obtain 


4-  &c. 


Example.  Expand  u  ■=  exsiny. 


du  .  du  d2u  .  d2u 

—  exsm  y,  —  z=excos  y,  =  exsin  y,  - — —  =  excosy, 
dy  J’  dx2  J  dxdy 


dx 


d2u 

d?  = 

d?u 

dxdy: 


—  exsin  y, 


dhi 


=:  —  exsm  y, 


dx 3 
d3u 


=  exsin  y, 


d3u 


=  excos  y, 


dx2dy 

=  —  excos  y,  &c.,  &c. 
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h=»,  E 


]-»•  [£]=>.  £?]=”■  LSI =■• 


[$]=«■  [£]=»•  Ed-'-  KkH 


f— l--i 


&c.,  the  law  being  quite  apparent. 


.  * .  u  =  e~sin  y  —y-\-xy  -\- 


x2y 


1-2  1-2- 


y3  x3y  xy3 

A  4- 


1-2-3  1-2-3 


.r4?/ 

+  1.2'.B"4  + 


94.  In  a  similar  manner  we  might  apply  the  general  formula 
deduced  in  the  last  proposition  to  the  expansion  of  any  function 
of  two  variables,  x  and  y ,  but  among  these  functions  there  is  cue 
of  peculiar  interest,  in  consequence  of  its  frequent  occurrence  in  the 
application  of  the  Calculus  to  Physical  Astronomy.  The  formula 
for  the  expansion  referred  to,  is  known  as  Lagrange’s  Theorem. 
It  will  be  deduced  in  the  next  proposition. 

Prop.  Having  given  u  ■=  Fz ,  and  z  —  y  xpz,  where  F  and 
9  denote  any  function,  and  y  is  independent  of  x ,  to  expand  u  in 
terms  of  the  ascending  powers  of  the  variable  x. 

We  observe  first  that  u  is  a  function  of  x,  and  therefore  if  we 


denote,  as  usual,  by  [m],  &c.,  the  particular  values 


as- 


_  .  da  d2u 
sumed  by  u ,  — ,  — — 
J  dx  dxz 


,  &c.,  when  x  =  0  wre  shall  have,  by  Maclaurin’s 


Theorem, 


-f*  &c.  •  •  •  •  (A- 


Now  since  z  =  y  +  £££,  ♦  •  •  •  (1 ). 

.  * .  when  .  x  =  0,  [z]  =  t/,  and  .  * .  [«]  =  Fy. 

t . 


Lagrange’s  theorem. 


123 


Also 


du  dit.  dz  du  da  d.z 

dx  dz  dx  aR  dy  dz  dy 


But  by  differentiating  (1)  with  respect  to  x  we  get 

pz 


dz  dpz  dz  .  dz 

— -  =  pz  +  x  —r  •  ~r  whence  — 
dx  dz  dx  dx 


x 


dpz 

dz 


And  by  differentiating  (1)  with  respect  to  y  we  have 

1 


dz  ,  dpz  dz  _  dz 

—  =  1  -j-  x  — —  •  —  whence  — 
dy  dz  dy  dy 


1  —  x 


dpz 

dz 


.Dividing  (2)  by  (3)  and  reducing,  we  obtain 


dz  dz 

Tx  =  r~-- 


d,/ 


du  du  dz  du 


dz 


da 


•  • - • 


’  dx  dz  dx  dz  dy  dy 


P  du 


Hence  when  x  =  0,  and  z  =  y,  I  —  |  = 


i~\  d  Fy 

d = w  it 


XT  ,  .  da  du, 

Mow  assume  u,  such  that  pz  •  ~  == 

dy  dy 


(2). 


(0. 


du  du,  d2a  d2u, 

*  —  and  — 


d(t A 

dhh  \dx) 


dx  dy 


dx 2  dydx  dxdy 


dy 


But 


du,  du,  dz  du,  dz  du,  du 


dx 

d2u 


dz  dx 
d 


d: 


[w-|] 


and 


dx2  dy 

And  similarly  it  may  be  shown  that 


r  d2u~\ 

L dx2  J 


d 


[(?y)2. 


dFy~\ 

~dy  J 


dy 
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But  to  show  that  this  law  of  formation  of  the  differential  coeffi¬ 


cients  is  genera],  suppose  that  it  has  been  proved  that 


Thus  the  form  (4),  if  true  for  any  value  of  n,  is  also  true  for  the 
next  higher  value.  Now  it  has  been  shown  true  for  n  =  1  and 
n  =  2 ;  and  hence  it  is  true  when  n  =  3,  n  —  4,  &c.,  or  it  is  uni¬ 
versally  true. 

Now  making  x  =  0  and  z  —  y  and  the  expression  (5)  becomes 


r  dn~l  1” 

r dnvT\  Lv  '  dy  J 

Ldxn  J  ~ 


dyn~l 


Making  the  substitutions  for  [w],  ^^-J,&c.,  in  the  expan¬ 


sion  (a!),  we  get 

„  ,  dF y  x 

u  =  F!,  +  n.~  j  + 


d 


dy  J  x2 


+ 


dy 

[(w)3-?] 


d2 


1.2 


x 


dy2 


- (^)* 

X  •  •  O 


This  formula  is  called  Lagrange’s  Theorem. 


LAGRANGE  S  THEOREM. 
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Cor.  Let  u  ■=  Fz  =  z ;  then  Fy  =  y,  and 


dFy 

dy 


=  1. 


.  2_ v  +  ov*  ,  AL  +  _£l_  +  &0  (M) 

..z  —  j  +  <py  1+  ^  12+  x.2.3+ 

a  formula  for  the  expansion  of  z  when  we  have  given  z  =  y  -f- 


EXAMPLES. 


95.  1.  Given  z 3  —  az  -f-  b  =  0  to  express  2  in  terms  of  a  and  b. 
Here  z  —  —  -j-  —  z3,  which  corresponds  to  the  form  s  =  y  -j-  xcpz, 

CL  CL 


when  we  make 


—  =  y,  -  =  .r,  and  23  =  <p2. 
a  J  a  Y 


Hence  by  substitution  <py  =  y3  =  — ? 


a1- 


rf[M3 =f)=cs=c  = w =8.  o  *!.  &<, 

dy  dy  a 5  dy 2  </</"  a7 

Introducing  these  values  into  the  formula  (d/),  it  becomes 


s , 53  1  ,  1  ,  '  1 
s= — I — ; — f-C— •  .  ..  „  +  S.O  — • 


a  a 3  a  a5  1.2a2 


a7  1.2.3. a3 


10.11.12- 


1 


a9  1.2.3.4a4 


■&c. 


b  b 2  64  i6  68 

[1  +  ^+?V  +  l^  +  55-&c.] 


a 


a- 


a- 


aJ 


If  b  be  very  small  in  comparison  with  a  this  series  will  converge 
very  rapidly. 

2.  Given  y  =  £  +  z2  +  z3  +  24  +  &c., 

to  revert  the  series,  that  is  to  express  z  in  terms  of  y. 

By  transposition,  z  —  y  —  (z2  +  z3  +  24  +  &c.) 

—  1.  cpz  =:  Z2  ~t~  Z3  -f-  Z4  &c. 


Put 


X  — 
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Then  <py  =  y2  4  y3  +  y4  4  &c. 

dj^yf]  _  ^[(y2+y3+y4+&c.)2] 

~  dy 

=2  (y2 + y3 + y 4 + &c.)  (2y  +  3y2 + 4y3  4-  &c. ) 
=2(2y345y4+9y5+14y8+  &c.) 

(9y)3  =  (y2  +  y3  +  y4  +  &c.)3  =  y6  +  3y7  +  Gy8  +  &c. 

•  ‘  ’  =  5 .  Gy4  +  3 . 6 . 7>/5  +  G .  7 . 8y6  +  &c. 

(<py)4  —  (y2  +  y3  +  y4  +  &c.)4  =  y8  +  4y9  + 

.  • .  =  G  •  7  •  8y5  4  4 . 7 . 8 . 9y6  +  &c. 

dy3 

(?y)5  =  (y2  +  y3  +  y4  +  &c.)5  =  y10  +  &c. 

.  <?4[(<py)5]  _ 


dy 4 


7.8.9. 10y6  +  &c.  &c.,  <fcc. 


.  * .  By  substitution  in  formula  (M). 

z  —  y  —  y  [y2  4  y3  4  y4  4  y5  4  y6  4  &c.] 

4  ^[2. 2y3  +  2. 5y4  +  2. 9y«  +  2. 14y6  +  Ac.] 

1 


—  [5 . 6y4  +3.6. 7y5  +6.7.  Sy6  +  &c.J 
+  ,  [6.7. 8y5  +  4.7.8. 9y6  +  &c.] 

[7.8.9. 10y6  +  Ac.] 


1.2.3 
1 

1.273.4 

1 


1.2. 3. 4. 5 

4  &c.  =  y  —  y2  +  y3  —  y4  +  y5  —  y6  +  &c. 

3.  Given  1  —  z  4  ez  =  0  to  expand  zn. 

Here  2  =  1  +  c*.  Put  x  =  1,  y  =  1,92  =  e*,  Fz  =  2a, 


.  • .  cpy  =  c».  ity  =  yn,  py 


ev 


(?/") 

c?y 


fiyn—i  ey  —  ne. 
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d_ 

dj 


y  L^JJ  dt /  J  dy 


2ne2'J .  yn~ 1  -f-  n  (n —  1)  e2y  .  y‘‘ 

d2  T,  dFy~ 1  d2  {e2v .  vyn~l) 

rh)  I  </y2 


,n_2  =  n  (»  +  1) 


e2. 


'  dy 

9ne2v  .  y71-1  +  G/i  (ra  —  1)  e3^ .  y,l_2  +  »  {p  —  1)  (»  —  2) e3^ .  yn~l 
:  n  (n2  +  on  -j-  5)  e3.  &c.  &c. 

Hence,  by  substitution  in  formula  (Z),  we  have 

w  (»  +  1 )  n  (n2  +  3»  +  5) 
sn  =  1  -f  H - — — —  e 2  H - - — - — — — — - -  e3  +  &c. 

JL  •  (V  JL  •  •  o 

4.  Given  0  =  y  +  e  •  sin  to  expand  z  and  sin  z. 

Put  x  —  e,  cpz  =  sin  2?,  Fz  —  sin  z. 

.  * .  <py  =  sin  y ,  (py)2  =  sin  2y,  (py)3  =  sin  3y  &e. 

[(9Z/)2]  o  •  •  o 

.  * .  "  sin  y .  cos  y.  =  sin  2y. 


d2  [(py)3]  d  (3  sin  2y .  cos  y) 


dy 2 


dy 


—  6  sin  y .  cos  2y  —  3  sin  3y. 


=  3  sin  y  (1  -j-  cos  2y  —  i  -j-  ^cos  2y) 
3  .  .  9  /I  .  1  .  \ 

=  o sin  y  +  5  l» sin  %  -  o sin  y) 


o 

O 


9 

-  sin  3 y  — -7  sin  y.  &c. 

4  4 


Hence  by  substitution  in  (M). 

e  e2  19  3  \  e3 

*=y + sin  y  - + sin  2y  j-^+  sin  3y  -  -  sin  y  1  — +  &0 


.  .  „  .  dFu  .  1  .  _ 

Again  Jpy  —  sin  y.  .  * .  py .  —  —  sin  y  .  cos  y  —  -  sm  2y. 

V  ^ 
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d  r 

dyV 


d  (cos  ?/.  sin  2y) 
dy 


d  cos  y  —  i  cos  3 y^j 


d(^  sin  sin  2^ 


eh 


7 


O 

O 


dy 


dy 


I2  r .  G?Zfy~l  d2  (cos  y  .  sin  3y) 


a72 


dy' 2 

sin  2y  -  g  sin  4y^ 


==  —  sin  6y  — -  sin  y. 

4  J  4  J 

d2  Q  sin  2y^  -  g  cos  2yjJ 
dy2 


dr 


=  2  sin  4y  —  sin  2y.  &c.  &c. 


Hence  by  substitution  in  formula  (Z). 

•  ,  1  •  O  e  ,  (»  •  o  1  •  \  e2 

sm  ^  =  sm  y  +  -  sm  2y  .  -  +  ( -sin  3 y  —  -  sm  y  1  — 


p3 


+  (2  sbi  4y  —  sin  2 y)  --  -^  V)-  +  &c. 

1  •  /w  •  O 

f 

_  ,  dn  h  ,  d2u  h 3  A3 

5.  Given  ££  4-  - - — — - f-  - - 

dx  1  dx 2  1 . 2  Zc3  1.2.3 

h  in  terms  of  u  and  its  differential  coefficients. 

du  d2u 


—  -f  &c.  =  0,  to  find 


Put 


dx  ^  15  dx2 


d3u 

p»dic *=*• 


_  u  1  /  n9  h2  h3  „  \ 

*  = - +  + 

p,  \  l .  2  1.2.3  / 


1 


y  = - -  x  = - ,  z—li  xz—xh  — 

Pi  Pi 


h  =  -  ( 


«  .  ;>2  «2  ,  -W 

+  — ;  +  - 


p2  h2  p3  h3 

1 . 2  ^  1 . 2 . 3 

.3 


•f  &C. 


PiVz 


U'- 


1.2. 


-  -f-  &c 


) 


>Pi  Pi3  !.2  Zi‘ 

Now  if  a  be  a  root  of  the  equation  w  m  0,  and  x  an  approximate 
value  of  a,  so  that  x  +  h  =  a,  we  may  use  this  series  in  finding  a 


O 

O 


more  exact  value  of  x>  Thus,  if  x  =  -  =  1 . 5  be  an  approximate 

2 
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-.root  of  the  equation  u  =  x4  —  2.r2  +  4z  —  8  =  0, 


then 


1.54 -  h  —  a  and 


Here  u  =  —  —  .  * .  h  =  .  11  and  a  =  1 .5  +  .  11  =  1 .61 

10 

nearly.  And  if  we  repeat  the  operation  by  putting  x  —  1 . 01,  a 
nearer  approximation  will  be  obtained. 


CHAPTER  X. 


MAXIMA  AND  MINIMA  FUNCTIONS  OF  TWO  INDEPENDENT  VARIABLES. 

96.  A  function  u  of  two  independent  variables  x  and  y,  is  said  to 
be  a  maximum  when  its  value  exceeds  all  those  other  values 
obtained  by  replacing  x  by  x  zth  and  y  by  y  zt  k,  when  h  and  k 
may  take  any  values  between  zero  and  certain  small  but  finite 
quantities  ;  and  u  is  said  to  be  a  minimum  when  its  value  is  less 
than  all  other  values  determined  by  the  conditions  above  described. 

97.  Prop.  Having  given  u  —  F{x ,  y),  when  x  and  y  are  inde¬ 
pendent  variables,  to  determine  the  values  of  x  and  y  which  shall 
render  u  a  maximum  or  minimum. 

Suppose  x  to  receive  an  increment  ±  h ,  and  y  an  increment  ±  1c , 
the  value  h  and  Jc  being  small  but  finite  and  entirely  independent  of 
each  other  ;  and  denote  by  u2  the  value  assumed  by  w,  so  that 


9 


u2  —  F(cc  zt  A,  y  zt  k). 
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Then,  by  Taylor’s  Theorem,  as  applied  to  functions  of  two  inde¬ 
pendent  variables,  we  have 


u2  =  u  - f-  — 


du  (dr  h)  t  du  (dr/k)  j  d2u  (dr  h) 


dx  1  ^  dtj  1  ‘  dx2  1 . 2 

d2u,  ( dr  li)  (  rb  /■)  d2u  (  rfc  1e)2 


+ 


+ 


-f  &c. 


dxdtj  1  1  1  dy 2  1.2 

Now  in  order  that  u  may  exceed  u2  for  all  small  values  of 
\  and  kt  whether  positive  or  negative,  it  is  obviously  necessary 
to  have 

du  (dr/i)  du  (dr  7r)  d2u  (dr  li)2  d2u  (dr7i)  (dr£) 

dx  1  ^  dy  1  dx2  1.2  dxdy  1  1 

d2U  (dr  k)2 

+  if '  i.2  +  &0- < 0  •  •  •  •  0) ; 

i 

in  which  series  we  must  be  at  liberty  to  make  h  and  h  both  positive, 
or  both  negative,  or  one  positive  and  the  other  negative  :  or,  finally, 
either  may  be  taken  equal  to  zero,  the  other  remaining  finite. 

Now  when  l’  =  0  the  series  (1)  reduces  to 

du  (±  h)  +  +  (Ad!+  &c.  <  o. . .  (2); 


dx 


1 


dx2  1 . 2 


dx 3  1.2.3 


in  which  h  may  be  taken  so  small  that  the  sign  of  the  first  term 
du  (dr  h) 

—  — —  •  -  r* '■  ■ 

dx 


-,  which  contains  the  lowest  power  of  h ,  shall  control  the 


sign  of  the  series.  But  this  term  obviously  changes  sign  with  k, 

since  ^  does  not  contain  h ;  and  as  we  are  at  liberty  to  make  h 

alternately  positive  and  negative,  it  is  impossible  that  the  series  (2) 

should  remain  negative  so  long  as  ^  •  ------  has  any  value  other 

than  zero. 

We  have  then,  as  a  first  condition  necessary  to  render  u  a 
maximum, 


du  (dr  h)  ,  du 

.  2 — . —  —  0  or  simply  — - 
dx  1  1  J  dx 


0  .  .  .  .  (A). 
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Omitting  the  first  term  in  (2)  we  have 
d2a  (dr  h)2  ,  d3u  (±h)3 

rf?’  lTiT  +  +  &c-  <  0  •  • 


•  •  (3)- 


Here  again  the  sign  of  the  series  will  depend  on  that  of  the  first 
term  when  h  is  small,  and  since  that  term  does  not  change  sign 
when  we  substitute  —  h  for  -f-  h ,  the  series  (3)  will  remain  negative 
for  small  values  of  h ,  when 

d2a  ( d=  h)2  .  d2u 

d7*  TTa  <  °’  or  s,mp,y  ,vhcn  ^<0- 

Hence  —  <  0  .  .  .  .  ( B ) 

is  a  second  condition  necessary  for  a  maximum. 

98.  Returning  to  the  series  (1)  and  supposing  h  =  0  while  k  re¬ 
mains  finite,  we  prove,  by  a  course  of  reasoning  entirely  simi-lar, 
that  the  following  conditions  are  also  necessary,  viz. : 

P  =  0  ...  .  ( C )  and  —  <  0  .  .  .  .  (D). 
dy  dy~ 

Now  omitting  the  terms  in  (1)  which  contain  the  first  powers  o? 
k  and  Je,  and  which  it  has  been  seen  must  reduce  to  zero,  we  obtain 


d2u  (dzh)2  d2U  (dr  h)  (dr  k)  d2u  (dr  k)2  d3U  (dr 

+ -r~r' — ; - — - b-r^r*— r~ - - 


dx2  1 . 2 


dxdy 
d?u 


1 


1 


dr 


1.2 


dx 3  1.2.3 


(  ww  (  dr  li)  2.  (  dr  k)  d3U  (  dr  It)  (  dr  &)  2 

dx2dy  1.2  dxdy2  1 . 2 

dhi  (dr 

+  ~  r  *  t — +  &c.  <  o, 


dy 3  1.2.3 

k 

or,  by  making  —  =  r,  where  r  is  entirely  arbitrary,  since  h  and  k 

l  (/ 

have  no  necessary  dependence  upon  each  other. 

d2n 


h2  r d2u 

1 . 2  L  dx2 


4-  2? 


dxdy 


d2u~ | 

T  dy2  J 


h3  fd3u 

TTO'W 


_Sr  — +&>  J-1 L±rddl 

dx3  dx2dy  dxdy 2  dy3 


] 


+  &c.<0  ....  (4), 
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% 


in  which,  when  h  is  small,  the  sign  of  the  series  will  depend 
on  that  of 


d2u  d2u  d2u 

d. ¥  111  ~rdxdy  +  T  df' 

and  this  must  he  negative  for  all  values  of  r,  whether  positive  or 
negative,  when  u  is  a  maximum. 

•  We  must  now  search  for  the  condition  necessary  to  render 


d2u  _  d2u  „  d2u  ^  ,  v  „ 

±  "lr- — - — f-  r2  — —  <  0  .  .  .  .  (5)  for  all  values  of  r. 
dxdy  dy 2 


dx2 


Put  for  brevity 


d2u  d2u  d2u 

dtf  =  ’  djdx  =  D%  “n  'Stf  =  " 


Then  A,  B ,  and  (7,  must,  if  possible,  be  so  related  to  each  other 
that  A  ±  2 Br  +  Cr 2  shall  be  negative  for  every  real  value  of  r. 

Now  it  is  known,  from  the  theory  of  equations,  that  if  we  solve 
the? equation  A  dt  2 Br  -f-  Cr2  =  0  with  respect  to  r,  and  obtain  the 
values 


r. 


zpB  4-  \/B2  -  A  0 


C 


?  and  r2  = 


FF  B --x/B2  -  AC 

a  ’ 


and  then  substitute  in  the  polynomial  A  ±  2 Br  -f-  CV2,  for  r  values 
alternately  a  little  greater  and  somewhat  less  than  or  r2,  the  sign 
of  the  polynomial  will  undergo  a  change.  If  therefore  the  proposed 
substitution  be  possible,  the  condition  A  ±  2 Br  -}-  Cr 2  <  0  for  all 
values  of  r  will  be  impossible. 

And  so  long  as  the  values  of  rT  and  r2  are  real  and  unequal,  this 
substitution  can  be  made ;  but  if  those  values  of  r  prove  imaginary, 
it  will  no  longer  be  possible  to  substitute  for  r,  real  quantities  alter¬ 
nately  greater  and  less  than  such  values,  and  therefore  the  polyno- 

r  ' 

niial  Cannot  change  its  sign. 

Nou  by  examining  the  values  of  i\  and  r2  it  will  be  seen  that  the 
condition  necessary  to  render  r1  and  r2  imaginary  is  B2  <  AC. 
Hence  we  have  a  fifth  condition  necessary  for  a  maximum,  viz.  • 


d2u  d2u 


dx2  dy2 
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when  this  condition  is  satisfied,  the  condition  (5)  will  also  be  satis¬ 
fied,  since  (5)  is  true  when  r  =  0. 

It  ought  to  be  remarked,  however,  that  when  B 2  =  AC,  the  two 
roots  ri\  and  r2  become  real  and  .  equal,  and  therefore  in  passing 
over  one  of  these  roots,  we  necessarily  pass  over  both.  Thus  the 

f  •!  * 

sign  of  polynomial  will  not  change,  so  that  the  fifth  condition  would 
be  more  correctly  stated  as  follows  : 

dhi  d2u  /  d2u  \2—  ,  . 

dJ'  df  ~  \dxdy)  >  0  *  •  •  •  (  )* 

By  a  course  of  reasoning  entirely  similar,  we  can  prove  that  the 
five  conditions  necessary  to  render  u  a  minimum  are  the  following: 

d2u  x2 


du  du  d2u  d2u  d2u  d2u 

dx  5  dy  5  dx2  ^  ’  dy2  ^  ’  dx2  dy 2 


/  d2u  V 
\dxdy  ) 


> 


0. 


d2  u  du 

99.  If  — -  =  0,  when  —  =  0,  there  can  be  /neither  maximum  nor 
dx2  dx 

(jpu  d2u 

minimum,  unless  =  0  also  ;  and  similarly,  if  =  0,  when 

dx3  ’  dy2 

du  .  .  .  d3u 

—  —  0,  there  can  be  neither  maximum  nor  minimum  unless  — —  =  9. 
dy  dy 3 

There  are  other  conditions  likewise  necessary  to  render  u  &• 

maximum  or  minimum  in  such  cases,  but  thev  are  usually  of  so 

complicated  a  character  as  to  be  unfit  for  use. 

% 

r  .  , ,  .  .  EXAMPLES. 


100.  3.  To  determine  the  values  of  x  and  y  which  render 
u  —  x3  +  y3  —  3 axy  a  maximum  or  minimum. 


du 

dx 


=  ox2  —  3 ay  =  0,  .  .  .  .  (1). 


du 

dy 


3 y2  —  3 ax  =  0,  .  .  .  .  (2). 


x* 


From  (1),  y  —  — ,  and  this  substituted  in  (2),  gives 

cl 


ar1  —  a3x  =  0  ;  .  * .  x  =  0, 

the  two  other  roots  being  imaginary. 


or. 


x  —a. 
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X - 


But  when  x  =  0,  y  —  — =  0. 


a 


and  when,  x  —  a,  y  =  a. 

■  Now  forming  the  second  differential  coefficients,  we  get 


d2u 


'  cix‘ 

d2  u 
dxdy 


~  Gx  —  0  when  x  —  0, 


d2u 


dy 


-  =  6y  =  0  when  y  =  0, 


dx2'  dy2 


=  Ga  when  x  =  a,  =  6a  when  y  =  a, 

d2u  d2ti  /  (Z2w  \2 

I  -7 — —  I  =  —9a2  when  a;  =  0  and  ?/  =  0. 
\dxdyf 

—  27a2  when  x  —  a  and  y  —  a. 

.  • .  The  five  conditions  necessary  for  a  minimum  are  fulfilled 
when  x  —  a  and  y  —  a ,  viz. 


du  du  d2u  cPu  cPu  d2u  ( d.2u  \2 

=  dj  =  0,  dJ2  >  °’  (^2'>  ’  an '  dx2'df~  [dxdy)  >  °’ 


• .  u  =  a3  -)-  a3  —  3a3  =  —  a3. 


But  when-  a?  =  0  and  y  —  0 


d2u  ,  d2a 


,  7  „  and  — -  reduce  to  zero,  while 
dy 2 


cLt’2 


d**  M  d3U 

-r-  and  do  not  reduce  to  zero.  Hence  the  value  u  =  0,  is 
ita3  ay3 

neither  a  maximum  nor  a  minimum. 

2.  To  find  the  lengths  of  the  three  edges  of  a  rectangular  par- 
allelopipedon  which  shall  contain  a  given  volume,  a3,  under  the 
least  surface. 

Let  x ,  y,  and  z,  he  the  required  edges,  .  *.  xyz  —  a3. 

And  u  =  2  {xy  +  xz  -T  yz)  =  surface  =  a  minimum. 

q 3 

But  from  (1),  #z  =  — ,  and  yz  —  — > 

2/  # 


(i). 


.  • .  u  —  2^ 


a- 


xy  +  J  + 


.  • .  ^  =  2y  -  ~  =  0, . . .  (3).  Bnd^  =  2*-qL  =  0 . (4) 

dx  '  //o# 


a1" 


dy 


r 


• .  xhj  =  a3  =  #y2,  .  • .  x  =  y,  and  consequently  x3  =  a3, 
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x  =  a,  y  —  a,  and  z  —  a. 


d2n 

d. 7- 


4  o3 

--  =  4  >  0, 

xi 


4  a3 

y3 


4  >o, 


d2u  d2u  /  d2u  \2 

dx2  dy2  \dxdy)  "  ^  5 

.  • .  it  =z  2  (a2  -f-  «2  +  a2)  =  6a2  =  a  minimum,  and  the  parallels 
pipedon  must  be  a  cube. 

3.  Given  x  y  z  —  to  find  the  values  of  x,  y,  and  z,  when 
cos  x  cos  y  cos  z  ~  u  —  a  maximum. 

Regarding  x  and  y  as  independent  variables,  and  z  a  function 
of  x  and  y ,  we  obtain  by  differentiating 

x  -J-  y  -f-  z  —  rf,  with  respect  to  x  and  y  successively. 

1+sH’  and  1+|=° . 

But  since  u  —  maximum, 


log  u  —  log  cos  x  -f-  log  cos  y  +  log  cos  z  —  maximum, 


and 


(d log  u\ 

(d log  u\ 

~dy~) 


dz  . 

—  tan  x  —  tan  z-=-  —  0. 

dx 

dz 

—  —  tan  ?/  —  tan  z  —  =  0. 
y  dy 


dz  dz 

or,  by  replacing  --  and  —  by  their  values  derived  from  equa- 

CLX  (X'lf 

tions  (1). 

—  tan  x  +  tan  z  —  0,  —  tan  y  -j-  tan  z  —  0, 


* .  tan  x  —  tan  2  =  tan  y,  and 


U  —  cos3 


1 

—  • 

8 


4.  To  find  the  greatest  rectangular  parallelopipedon  which  can  be 
inscribed  in  a  given  ellipsoid. 

Let  a,  b ,  and  c ,  be  the  semi-axes  of  the  ellipsoid,  x ,  y,  and  2, 
tim  co-ordinates  of  one  of  the  vertices  of  the  parallelopipedon. 
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Then  2x ,  2 y,  and  2 z,  are  the  three  edges  of  the  parallelopipedon, 
and,  therefore,  2x  .  2 y  .  2 z  —  maximum,  or 

u  —  xyz  —  maximum . (1). 

But,  since  each  vertex  is  in  the  surface  of  the  ellipsoid,  the  co¬ 
ordinates  x ,  y ,  z,  must  satisfy  the  equation  of  the  surface. 

/v*2  o/2  ~2 

+  i  +  =  i . (A 

Differentiating  (2)  with  respect  to  x  and  y  successively,  regarding 
z  as  a  function  of  the  independent  variables  x  and  y ,  we  get 

O7*  02  rj  y  9l/  9^  /7^ 

a2  ^  c2  dx~  ’  c2  dy~ . ^ 

But,  from  (1)  we  have 

^  A  (mX  .  dz 

Uj=sjw+*y-s=°> 


or,  by  introducing  the  values  of  —  and  from  equations  (3). 

uJ/  W?/ 


yz  —  ary 


a2z 


C2lf 

—  0,  and  xz  —  .ry  — y  =  0. 

J  b2z 


.  • .  a2z2  =  c2a'2  and  &2s2  —  c2y2 


/>*«  />**/ 

Hence  from  (2),  fl  4.  :L  4-  _  =  1 

a2  a 2  a2 


manner  it  may  be  shown  that,  y  = 


ft 


and  x  — 


in  like 


Thus  the  edges  of  the  parallelopipedon  must  be  proportional  to 
the  axes  to  which  they  are  parallel.  In  each  of  the  last  two 
examples,  the  formation  of  the  second  differential  coefficient  has 
been  omitted  as  unnecessary,  it  being  easily  seen  that  the  proposed 
question  admitted  of  the  maximum  or  minimum  sought,  and  also 
that  the  values  found  were  the  only  suitable  values. 
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CHANGE  OF  THE  INDEPENDENT  VARIABLE. 


101.  Hitherto  we  have  employed  the  differential  coefficients 

dy  d2y  .  du  d2u  .  .  _  .  . 

™ &c.  or  — ,  — — ,  &c.  exclusively  upon  the  hypothesis  that  % 

(JvJL/  Ct  4/  (Jb'JU  \X/Jb 

was  the  independent  variable.  Rut  there  are  many  cases  in  wdiich  it 
is  more  convenient  to  adopt  some  other  quantity  t  upon  which  both 
x  and  y ,  or  x  and  u  depend  as  the  independent  variable,  and  perhaps 
to  pass  from  one  supposition  to  the  other  within  the  limits  of  the 
same  investigation. 

Qj'lJ  cPy  clll 

It  then  becomes  necessary  to  express  — ,  ,  &c.  or  — ,  — — ,&c. 

J  1  dx  dx21  dx  dx2 

in  terms  of  the  differential  coefficients  of  x  and  y,  or  those  of  x  and  n 

taken  with  respect  to  the  new  variable  t. 

dy  d^y 

102.  Proj:.  Given  y  =z  cpx,  and  x  =  Ft ,  to  express  -A  and  —A  in 

( LJb  (XJb 

dx  i  l2x  dy  d2y  . 

terras  ot  sr>  vp  He  hp  &c- 


Since  y  is  a  function  of  x ,  and  x  a  function  of  t,  w'e  have 

dy 

dy  dt 
dx  dx 
dt 


dy  dy  dx 
dt  dx  dt 


(1)  and 


eo 


dy 

Now  differentiating  (i),  and  observing  that  —  is  a  function  of  i 

btXf 

through  .r,  we  get 

d2y  d2y  dx 2  (  dy  d2x 
IW^dF'dP+dx'  ~dtP 


i 
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d2y  dy  d2x  d2y  dx  d2x  dy 

d2y  di.2  dx  dt2  dt2  dt  dt2  dt 

dx 2 


dx2 


dx 3 


(B) 


dt2  dt' 

The  two  formulae  ( A )  and  (B)  resolve  the  problem. 


d2 ij  d^y 

Cor.  In  a  similar  manner  we  might  form  expressions  for 

( X/JU  vt»V 

ppon  the  same  hypothesis,  but  they  are  seldom  required. 

Cor.  If  y  be  taken  as  the  independent  variable,  then 


t=y,  %  = 

J  dt  dy 


dx  dx  dx 


and 


d2 


d 


JL 

dt2 


(d_l \ 

\ dy) 


dt 


=  0. 


and 


d2y 

dx2 


dt  dy 

Cor.  If  x  be  the  independent  variable,  then 

d2x 


d2x 

df 

d? 

dy3 


dx  dx 

t  —  x,  —  =r  1  and 

’  dt  dx 


to 


=  0,  and  ( A )  and  (Z>)  reduce 

(XL 

d>/  dy  ,  d2y  d2y  . 

and  — ■  =  — — ,  the  ordinary  forms. 

rlr  fir1  d  HrV  J 


EXAMPLES. 


103.  1.  Transform  the  differential  equation 
d2y  x  dy  y 

— r~  —  - -  •  —  -f  - -  =  0,  so  as  to  render  8  the 

dx2  l  —  X2  dx  1  —  x2 

independent  variable,  having  given  8  —  cos- 1x. 

dx  cPx 

Here  x  =  cos  6.  —  sin  6.  — —  =  —  cos  6  =  —  x. 

dd  da2 


dy 

dy  dd 
dx  dx 


1  dy 


sin  6  dd 
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d2y  dx  d2x  dy 
d2y  do2  dJ  dd2  d) 
dx2  = 


1  d2y  cos  d  dy 


dx 3 
dS3 


sin  2J  do 2  sin  3J  dJ 


Hence  by  substitution  in  the  given  equation, 

1  d2y  cos  d  d\)  cos  d  dy  y 

4 - : — 77  •  -77  4“ 


sin  ‘2J  do2 


or 


sin  3J  d) 

dhj 
dd2 


sill  3d  (Id 

+  y  =  0. 


sin  2d 


=  0 


This  example  illustrates  the  important  fact,  that  a  change  of  the 
independent  variable  will  sometimes  simplify  the  form  of  the  differ 
ential  equation. 

d.^ii.  rib'll. 

0,  so  as  to  render  r  the  independent 


2.  Transform  ~  + 

dx2  dy~ 

variable,  where  r2  =  a;2  -j-  y2. 


Here 


xc 


_  .  dx  r  d2x  d  /  r  \ 

—  —  y2  .  * .  —  =  — ,  .  ‘ .  — — -  —  —  (  —  ) 

dr  x  dr2  dr\  x  f 


x 


x 


r  dx 
—  ■  —  •  -  ■  -  - 

2  dr 


1 

x 


XJ 


r 

X2 


And  similarly  ~  =.  — , 
J  dr  y 

d2u  dx 


d2y 
~d>  2  : 

d2x  da 


xi 


yC 


d2u  dr2  dr  dr2  dr  x2  d2u  k  y2  dn 


dx2 


dx 3 

J?2 


+ 

r2  dr2  r3  dr 


And 


d2u  y2  d2u  x2  du 
dy2  r2  dr 2  r3  dr 


.  * .  By  substitution  in  the  mven  relation  — —  -] — — -  =  0,  and 

J  &  dx2  dy2  ’ 

..  .  d2u  1  du 

reduction,  — —  -\ - —  =  0. 

dr 2  r  dr 

104.  Prop.  Having  given  u  =  F  (x,  y)  when  x  =  (p  (r,  d)  and 

, ,  .x  du  .  du  .  .  _  . 

y  —  j  (r,  d),  to  express  —  and  —  m  terms  of  r  and  d. 

cix  ct  if 
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Since  u  is  a  function  of  x  and  y ,  each  of  which  is  a  function  of  r, 
we  have 


du  du  dx  du  dy 
dr  dx  dr  dy  dr 


And  similarly,  x  and  y  being  functions  of  d, 
du 

~di 


du  dx  du  dy 
dx  dd  dy  d& 


(i) 


(2) 


dx  dx 

Multiply  (1)  by  — ,  and  (2)  by  —  and  subtract;  then  multiply  (1) 

do  dr 

by  ^  and  (2)  by  ~  and  subtract.  W e  shall  then  obtain 
do  ci  r 


du 

dx 

du 

dx 

du 

/dx 

dy 

dy 

d,x\ 

dr 

(id 

cid 

dr 

dy 

(cir 

dd 

dr 

(id  ) 

and 


du  dy  du  dy  du  /dx  dy  dy  dx 

dr  cid  (id  dr  dx\dr 


du  dy  du  dy 

du  dr  cid  cid  dr 

dx  dx  dy  dy  dx 

dr  d3  dr  cid 


and 


cid 

du 
cly  ' 


)■ 


dr  (id 

du  dx  du  dx 

dr  (id  (/d  dr 

-  -  —  -  —  «.■■■»—  ■  9 

dx  dy  d  y  dx 

dr  cid  dr  cid 


105.  These  formulas  become  much  simplified  when  we  have 
x  —  r  cos  d,  y  —  r  sin  d,  the  common  formula  for  passing  from  rec¬ 
tangular  to  polar  co-ordinates.  For  we  then  have 


dx  . 

—  =  cos  d 
dr 


dy_ 

dr 


'  \  dx  dy  . 

=  sin  d,  —  —  —  r  .  sm  d,  ~~  =  r  cos  d. 
ad  du 


dx  dy  dy  dx  . 

■'■^■dd-^-df  =  r^os6  +  sm^  =  r- 


du  du 

.  —  COS  d  — 

dx  dr 


sin  d  du  du 

—  S  a,ld  Ty 


.  .  du  cos  d  du 

sin  d  —  d - — • 

dr  r  do 


>  n  tt  ■  •  du  du  .  . 

Ex.  Having  given  x— - y  — -  —  a,  to  transform  the  equation  to 

u  ?/  (J.  JC 

the  variables  r  and  d,  where  x  —  r  cos  d,  y  =  r  sin  d. 


x 


du 

dy 


du 


v  —=r  cos  d  ( sin  d 
“  dx 


'^sii 


=  (cOS2d  -f  sill2d) 


du  cos  d  du 

dr  r  cid 

du  du 


).  .(  .du  sm  d  du\ 

—  V  Sill  di  cosd- - —  I 

\  dr  r  dd) 


d d  (id 
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FAILURE  OF  TAYLOR’S  THEOREM. 

106.  It  has  been  shown  that  the  general  development  of  F{%  -f-  A), 
so  long  as  the  value  of  A  remains  unassigned,  is  of  the  form 

F(x  4-  A)  =  Fx  +  Ah  -j-  Bh2  4-  Ch3  4-  &c.  ....  (1), 

containing  none  but  the  positive  integral  powers  of  A. 

But  although  this  be  true  for  the  general  value  of  x,  it  is  possible 
in  some  cases,  to  assign  certain  particular  values  to  x,  which  shall 
cause  fractional  powers  of  A  to  appear  in  the  development ;  and  to 
such  cases  Taylor’s  Theorem  does  not  apply,  because  its  proof  de¬ 
pends  upon  the  assumption  that  the  series  (1)  holds  true.  If,  for 
example,  we  assign  to  x  such  a  value  as  shall  cause  fractional  powers 
of  A  to  appear  in  the  undeveloped  function,  we  may  expect  to  find 
similar  powers  in  the  development,  and  we  therefore  cannot  expect 
Taylor’s  Theorem  to  give  the  correct  expansion.  Now  when  the 
particular  value  x  ■=.  a  introduced  into  the  undeveloped  function 

m 

the  fractional  power  A71,  there  must  have  been  in  the  general  ex¬ 
pression  for  Fx  (before  a  was  substituted  for  x)  a  term  of  the  form 

m  w 

(.z  —  a)n  which  becomes  [x  —  a  h)n  in  F(x  +  A),  and  reduces  to 

171 

hn  when  x  —  a. 

When  this  occurs  some  of  the  differential  -coefficients  will  cer¬ 
tainly  become  infinite,  if  we  make  x  =  a. 
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To  illustrate  this  fact,  take  the  example 

m 

u  —  Fx  =  b  +  (#  —  «)3  4~  {x  —  «)", 
and  suppose  x  to  receive  the  increment  li ,  converting  u  into 

m 

u x  =  F{x  -J-  7i)  =  b  -j-  {x  —  &  4~  A)3  +  {x  —  cc  -f-  Ii)nm 

n 

Now,  for  the  particular  value  x  =  a,  ux  becomes  b  +  h3  -f-  A”. 

But  by  forming  the  successive  differential  coefficients  of  u  with  ie« 
spect  to  x,  we  get 


da 

=  S(x  — 

m 

(x- 

m  _ 

i 

dx 

a)2 

4~ 

n 

a)n 

(Pa 

=  2 . 3(.r 

m  Im 

\,  “a 

dx2 

-a) 

4-- 

n  \  n 

—  1 

J(x  -  ay  , 

d3a 

=  1.2.3 

4~ 

m 

(in 

\(m 

>  m 

dx 3 

n 

\-n 

-  —  1 

)t 

—  2\{x  —  a)n  ’ 

dhi 

m  /in 

\( 

m 

\/ 

'm 

\  m-  - 

dx 4 

-1 

i 

-2 

-  3 1  (a?  —  a)n  &c.,  &c.. 

n\n 

\ 

n 

/\ 

1  \  '  7 

and  since  the  exponent  of  a*  —  a  is  diminished  by  unity  at  each  dif¬ 
ferentiation,  it  must  eventually  become  negative,  rendering  the  co¬ 
efficient  infinite  when  x  =  a.  Moreover,  all  the  succeeding  differen¬ 
tial  coefficients  will  likewise  become  infinite. 

It  may  be  observed  also  that  if  the  lowest  (and  therefore  the  first) 
fractional  exponent  which  appears  in  the  development,  be  interme¬ 
diate  in  value  between  the  integers  r  and  r  -f-  1 ;  then  the  first  dif¬ 
ferential  coefficient  which  becomes  infinite  will  be  the  (r  -f-  1  )th. 

It  appears  then  that  this  peculiarity  will  arise  whenever  the  value 

m 

assigned  to  x  causes  a  surd  (such  as  (.r  —  o)n )  to  disappear  in  Fx , 

m 

while  the  corresponding  surd  [(.r  —  a  -\-h)n  ]  continues  to  appear 
in  F{x  -{-  h)  in  the  form  of  a  fractional  power  of  h.  This  inappli¬ 
cability  of  Taylor’s  Theorem,  improperly  called  a  failure  of  the 
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theorem,  occurs  precisely  when  the  development  is  impossible  in  the 
general  form,  and  therefore  does  not  result  from  any  defect  in  the 
theorem  itself. 

Again,  it  has  been  shown  that  the  general  development  does  not 
contain  negative  powers  of  h,  because  we  would  have,  (if  there  wrere 
such  a  term  Ch~c)  F(x  -f-  h)  =  Fx  —  go  when  h  —  0,  an  obvious 
absurdity.  But  when  we  assign  to  x  such  a  value  a  as  shall  render 
Fx  —  cc  ,  the  above  argument  ceases  to  be  conclusive.  In  this  case 
Fx  —  go  ,  and  the  differential  coefficients  will  be  infinite  also.  Thus 
Taylor’s  Theorem  will  be  inapplicable. 

Here  also  vre  see  that  the  presence  of  a  negative  power  of  h  in 


the  development  must  result  from  a  term  of  the  form 
which  becomes 


B 


B  B 

in  F(x  -f-  h)  and  reduces  to  —  =  Bh~r 


(a*  —  a  -f-  h) 


(, x  —  a)n 

B 

Tv 


in  Fx. 


when  x  —  a. 


We  conclude,  therefore,  that  there  are  two  cases  in  which 
Taylor’s  Theorem  is  not  applicable,  viz. : 

1st.  When  x  =  a  causes  a  surd  to  disappear  in  Fx:  thereby  in¬ 
troducing  a  fractional  power  of  h  into  F  (x  -f-  h). 

2d.  When  x  —  a  renders  Fx  —  go  . 


EXAMPLES. 


107.  IsL  Case.  Given  u  —  b  -f-  (x  -f-  o)2  +  (x  —  ay  —  Fx ,  to 

4 

expand  ul  =  F  (x  -f-  h)  =.  b  -f  (x  a-  c  +  A)2-j-  (x  —  a  -f-  h) . 


du  ^ ,  .  o  ,  .  4 

—  =  2(*  +  c)+-(»-a)“, 


d3u 

dx3 


1  1 


=  -  t>- rX*  - a) 


3 

"S 


d2u  ^  ,  1  3. 

—  =  1.2+-. -(,_«) 


&c.,  &c. 


•••  By  substitution  in  Taylor’s  Theorem, 
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w. 


=  b  +  (*  +  c)2  +(x  —  a)^+  [2(a  +  c )  +  ~(x  —  a)(jy 


+  [i-s+5-|(*-«)'i]r 


1  1  3 


- .  _  .  -(#  —  a) 

9  k)  i)\  J 


‘t 


/i3 


1  ‘) 

1  .  v  .  O 


—  4~  &c . (1)* 


Now  this  development  is  entirely  true  for  all  values  of  x,  except 

[I  3  _ j_~"j  j  2 

1 . 2  +  —  •  -  (x  —  ct)  2  — and  all 

£  /W  J  1  . 

succeeding  terms,  infinite  ;  the  true  development  in  this  case  being 


.# 


% 

*2 


Wj  =  6  -f  (a  4  c  -f  h)2  +  Ii  :~  b  {a  c)2  2 {a  -f-  c)h  +  h"  h 2, 

which  agrees  with  the  series  (1),  only  so  far  as  to  include  the  term 

[2(*-f  f)+|(*-02]y- 


2 d.  Case.  Given  u  —  b  chi  x  dr 


(x  —  a)2 


-  =  idr,  to  expand 


u 


j  —  F  (x  +  h)  —  b  +  'V?xi(;r  4-  A)  + 


(*  —  a  +  A)3 


dx 

d3u 


d-u 


cos  X  — 


1  .2c 

(2;  —  a)'6  < 

1 . 2 . 3 . 4c 


=  —  cos  X 


1 . 2 . 3c 

--  -  -  •  Pin  x  -4  - - ro 

^  *  -  ay 

&o ,  N  <\ 


dx3  .  (x  —  a)5 

.  • .  By  substitution  in  Taylor’s  Theorem, 

7  ,  •  ,  c  ,  r  1.2c  1A 

ux—b  4  sm  x  4-  jz - — 2  +  I  « 

1 . 2 . 3c“l  h2 


(*-«)*+  LC0S"-(;vU:^Ji 


f  .  ,  1.2.3c-]  /i2  ,  r  1.2.3.4c! 

L  (x  —  a)4J  1.2  L  (x  —  ctj5  _ 


rr 


1.2.3 


&c 


This  development  is  correct  except  when  x  =  a,  the  true  devel 

opment  then  being  (Art.  48) 

c  h 2 

u.  —  b  4-  sin(a  4-  k)-j-  —  =  6-4 sin  a 4- ch~2 4- cos  a. h  —  sin  a — -  &a 

hz  1.2 
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Here  the  very  first  term  given  by  Taylor’s  formula,  viz. : 


Fx  =  b  -j-  sin  a  -f- 


is  incorrect. 


(a  —  a)2 

108.  Prop.  If  the  true  development  of  F{x  +  A)  contain  posi¬ 
tive  integral  powers  of  h  to  the  ( n  —  l)th  power  inclusive,  followed 
by  a  term  containing  As  where  s  is  a  fraction  intermediate  in  value 
between  n  —  1  and  n,  the  first  n  terms  of  the  expansion  will  be 
given  correctly  by  Taylor’s  Theorem,  but  the  (n  -f-  1  )th  term  will 
not  be  given  correctly. 

Proof.  Let  the  true  development  of  F(x  -|-  A),  when  x  =  a,  be 
F(x  +  h)=  A  +  Bh  +  Cli 2  +  Ph3 . +  JSThn-1  +  Phs  +  &c., 

where  s  denotes  a  fraction  greater  than  n  —  1  and  less  than  n. 

Then,  since  the  differential  coefficients  of  F (x  +  A),  taken  first 
with  respect  to  z,  and  afterwards  with  respect  to  A,  are  equal,  we 
have 

C lF(x  +  A)  _  clF(x  4-  A) 


dx  dh 

d2F(x  -f  A)  cPF(z  +  h) 


ax 


.2 


dh2 


=  IB  +  2  (7A  4-  oJDh2  . . . . 

-T (n  —  \)Nlin~2-\-  sPhs~l 4-  &c. 

=  1 .2(7+  2.3  Bh . 


4 -  0 — 2)  (n  —  1 )  Nhn~2-\-  (s  —  1  )sjPAs-2+&c. 


d3F(x  4-  A) 
dx 3 


=  1.2.3 D . +  (n  —  3)0  -  2)0  —  l)iVA 

4-  (•?  —  2) (5  —  l)sPAs_3  4-  &c. 


n — 4 


dn~'lF(x  4-  A) 


dx11  1 


=  1 . 2 . 3  . . .  O  “  3)0  “  2)0  “  1)^ 


dnF(x  4-  A) 
dxn 


-\-(s — «4-2)(s  —  ^4-3) ....  ( s — 2)(s — l)sPAs-?l+14-&c. 

=  (.s  —  ?i  4-  l)(s  —  11  4"  2)(s  —  n  4~  3) .... 

( s  —  2 )(s  —  l)sPAs“ra4-  &c. 


Now  when  A  =  0,  the  preceding  expressions  reduce  to 

1.2.3  D . 


Fx  =  A,  ~  =  1 B 


dx 


d2Fx  d3Fx 

■ — 1  JL  •  /v  0 1 


dx2 


dx 3 


10 
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=  1.2.3 . (/.  -  S)(»  -  2 )(»  -  \)N. 

=(*— »+l)(»-»+2)(*-n+3) . (s-2)(s-l)s^ 


=  GO  . 


dFx 

.  * .  A  =  i'ic,  B  =  — — > 

ax 


1 

C  =  T72H*’  &c' 


Thus  each  of  the  terms  ^4,  i?A,  C%2,  &c.,  of  the  true  development 
will  be  given  correctly  by  Taylor’s  Theorem  as  far  as  the  term 
Nhn~l  inclusive  (that  is  to  n  terms),  but  the  ( n  -f-  l)th  term  of  the 
true  expansion  is  Ph* ,  while  by  Taylor’s  series  it  would  appear  to 
be  infinite. 

The  results  established  in  this  proposition  are  important,  because 
it  frequently  occurs  that  the  first  or  leading  terms  of  an  expansion, 
are  those  only  which  we  have  occasion  to  consider. 


PART  II. 


APPLICATION  OF  THE  DIFFERENTIAL  CALCULUS  TO 
THE  THEORY  OF  PLANE  CURVES. 


CHAPTER  I. 

TANGENTS  TO  PLANE  CURVES. - NORMALS. - ASYMPTOTES. 


109.  In  the  application  of  the  Differential  Calculus  to  the  investi* 
gation  of  the  properties  of  plane  curves,  avc  regard  the  two  variable 
co-ordinates  x  and  y  or  $  and  r ,  which  serve  to  fix  the  position  of  a 
point  on  the  curve,  as  the  independent  variable  and  the  dependent 
function  respectively. 

These  two  quantities  are  connected  by  a  general  relation  called 
the  equation  of  the  curve. 


Such  as  y  =  Fx  or  r  =  <pd,  F{x ,  y )  —  0,  or  <p(y,  $)  =  0. 
When  the  form  of  this  equation  is  given,  we  can  readily  deter-' 

(jjlj  (jpi/  ' 

mine  the  values  of  the  differential  coefficients  -—•>  &c.,  or 

ax  ax i 

dv  (F  r 

—■5  — — ,  &c.,  in  terms  of  the  co-ordinates,  and  these  values  will  be 
dd  dF  ’  ’  ’ 

found  extremely  serviceable  in  the  discussion  of  the  properties  of 
the  curves. 


110.  The  first  application  of  the  Calculus  to  Geometry  which  it 
is  proposed  to  make,  is  the  determination  of  the  tangents  to  plane 


curves. 
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Prop .  To  find  the  general  differential  equation  of  a  line  which  is 
tangent  to  a  plane  curve  at  a  given  point  xx  yv 


The  equation  of  the  secant  line  PS,  passing  through  the  points 
xx  yx  and  z2  y2,  is 

(x  —  aq)  .  .  .  .  (1). 


y  —  Vi  = 


?/2  -  Vi , 


X n 


X ! 


But  if  the  secant  PS  be  caused  to  revolve  about  the  point  Px,  ap¬ 
proaching  to  coincidence  with  the  tangent  TV,  the-  point  P2  will 
approach  Px,  and  the  differences  y2  —  yx  and  x2  —  aq  will  also  di- 

I  -1  or  -  or 

minish,  so  that  at  the  limit,  when  PS  and  TV  coincide,  — - — 

*2-*l 

(]>f 

will  reduce  to  and  the  equation  (1)  will  take  the  form 

(JL’tC 

t  '  *•  • 

;  y  -y\  =  j^(x~  xi)  ■  ■  ■  ■  (~)> 

which  is  the  required  equation  of  the  tangent  line  at  the  point  aq  yv 
111.  To  apply  (2)  to  any  particular  curve  we  substitute  for 


dyl 


dxY 


its  value  deduced  from  the  equation  of  the  curve  and  expressed 


in  terms  of  the  co-ordinates  of  the  point  of  tangency. 

Cor.  The  differential  coefficient  represents  the  trigonometrical 

CLJC  ^ 

tangent  of  the  angle  PxTX  formed  by  the  tangent  line  with  the 
axis  of  x. 

Cor.  To  find  the  value  of  the  subtangent  PXT,  we  make  y  =  0 
in  (2).  The  corresponding  value  of  x  will  be  the  distance  OT,  and 
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therefore  x  —  xl  will  represent  the  subtangent  DXT,  this  latter  being 
reckoned  from  JDl  the  foot  of  the  ordinate.  Thus 


subtan  D1 T  —  x  —  x2  =  — 


v_ 

djh 

dxx 


(3). 


In  the  formula  (3),  x  represents  the  independent  variable,  but  if 
we  take  y  as  the  independent  variable,  this  formula  may  be  simpli¬ 
fied.  For  it  has  been  shown  that  ~  =z  ^ 


dx 


1  dx  TT 

— —  or  —  =  — •  Hence 

u<x  dy  ay 


(3)  may  be  written 


dy 


dx 


subtan  D1T  =  —  y1 


dxY 

dVv 


(4). 


112.  Prop.  To  determine  the  general  differential  equation  of  a 
line  which  is  normal  to  a  plane  curve  at  a  given  point  xl  yv 
The  equation  of  the  normal 
PN,  which  passes  through  the 
point  xx  yl5  will  be  of  the  form 

V  ~  V i  =  *i  (*  —  *i)  •  •  •  (5)> 

where  t1  denotes  the  unknown 
tangent  of  the  angle  PNX  formed  by  PN  with  the  axis  of  x. 

But  since  the  normal  PN  is  perpendicular  to  the  tangent  PT,  we 
must  have,  by  the  condition  of  perpendicularity  of  lines  in  a  plane, 


1  +  ttx  =  0  or  t,  =  —  -  where  t  ~  -^P  —  tan.  angle  PTB. 

1  1  t  dxl  ° 

Replacing  tx  by  its  value  in  (5)  there  results 

1  d  v 

V  —  Vi  =  —  —  {x  —  aq)  =  —  -jP  {x  —  xx)  .  .  .  .  (0). 


dyx 

dxx 


To  apply  (G)  we  substitute  for 
equation  of  the  given  curve. 


dy  i 

•» 

dx 

"  — T  its  value  derived  from  the 

dy  i 
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C;  '  '  1  . 

Cor.  To  find  the  value  of  the  subnormal  DN,  we  make  y  —  0 
•in  ((5)  and  thus  obtain  (LVas  the  corresponding  value  of  x. 

•  • .  DN  =  *  -  x1  =  y,  •  •  •  •  (7), 

when  either  the  subtangent  or  subnormal  has  been  determined,  the 
tangent  and  normal  can  be  readily  constructed. 


APPLICATIONS. 


113.  1.  Let  the  curve  be  the  common  parabola,  whose  equation  is 

y2  —  2px. 

dy p  dyl  p 

'  c/x  y  dxl  ~~  yx 

Hence  the  equation  of  the 


and 


dxl  ?/1 
&J\  “  V 


tangent  is 


V 


V  -  V\  =  —  (x  -  *1) 

U  i 

or  yy1  -  y?  =  p(x  -  aq), 

whence 


W i  =  2>(x  ~  xi)  +  =  p(x  -f  xx). 

And  that  of  the  normal  is 

V  -  V\  =  -  ~r  (*  ~  *0- 

Jr 

Also,  subtan  DT  =  —  —  •  y,  =  —  — -1-  =  —  2a’,, 

p  -71  p  11 

V 

and  subnorm  DN  =  y,  —  =  p. 

lVi 

Thus  it  appears  that  the  subtangent  of  the  parabola  is  negative  and 
equal  to  twice  the  abscissa;  and  the  subnormal  is  positive  and  con¬ 
stant,  being  equal  to  the  semi-parameter. 
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2.  The  Ellipse, 
b2x 


dy 

dx 


a2y2  -f-  b2x 2  =z  a2b2 

.  dV\  _ 


o2y 


dxl 


b2x,  ,  dx, 
— ,  and  — 1 
ayi  dyx 


a2jh 

b2x  j 


.  * .  The  equation  of  the  tangent  is 


b2xx 

y-y'  =  -^yx-x^ 


or,  a2yy l  +  b2xxx  ~  a2b2. 


dx  j  a2//]2 


Also  sub  tangent  =  —  yx  = 


dyY  b2xx 


a* 

~  x ,  1 


And  subnormal  —  y,  — —  = - 

J1  dx,  n 2  1 


ai- 


.  • .  subtan  =  — 


V\ 


log  a .  axi 


log  a 


■m. 


where  m  is  the  modulus  of  the  system  of  logarithms  whose 
base  is  a. 


Also  subnorm.  =  log  a .  ax^y1 


y2  a2xx 

m  m 


In  this  curve,  the  values  of  the  abscissas  are  the  logarithms  of  the 
values  of  the  corresponding  ordinates  in  the  system  whose  base  is  a. 

114.  Prop.  To  determine  expressions  for  the  tangent,  the  normal, 
and  the  perpendicular  from  the 
origin  to  the  tangent  of  a  plane 
curve. 

For  the  tangent  PT,  we  have 


PT  =  s/PD2  -f-  DT 2 

=  !h  yf\ 


1  + 


dx j2 
*0? 
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For  the  normal  PiYJ  we  have 


PN  =  -y/Ufi  +  1)N 2  =  V\\jl  + 

For  the  perpendicular  OQ ,  we  have 

OQ=zOT.smOTQ=OT—^—  =  OT\/-—- 

*  *  cosec  6  V  1  +  c 


*i  ~  V\ 


dx{ 

d;/ 1 


or, 


OQ  = 


+  cot2J 
X\d]f\  —  V\dx  j 

- - -  ■  i .  • 

{dx2  +  dy2)  2 


D+g]1 


Ex.  The  general  equation  of  ail  parabolas. 

The  general  name  of  parabola  is  applied  to  all  curves  included  in 
the  equation  ym  —  am~lx,  in  which  m  may  represent  any  positive 
number  either  whole  or  fractional.  When  m  =  2,  the  curve  be¬ 
comes  the  common  parabola. 

“  1  mx l 

•  ^  ■  —  » 

im  1 


Here  ym=.am~1x, 


dy  a™-1  1  dx  myT~x 


dx  my™—1 


■>  and  —  = 

an  a" 


V\ 


dx,  my,m 

subtan  =  —  y,  —  = - 1 — -  — 

J 1  dyx  am~l 


mx. 


subnorm  =  yY  ^  = 


a 


771 — 1 


dxx  myl 


m— 2 


Vi 

mx. 


tan 


norm 


=  Vi\/ 


(£-£  < _ 

1  +  dy}  =  f  mH'’ 


and 


perp  = 


- 2/1  =\A2+J42 


aq  —  mxl 


[J  +~4]*  ti1!2  + 


115.  Prop.  To  obtain  expressions  for  the  polar  subtangent,  sub- 

v? 

normal,  tangent,  normal,  and  perpendicular  to  the  tangent  of  a 
plane  curve,  when  it  is  referred  to  polar  co-ordinates. 
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Let  AB  be  the  curve,  Q  the  pole,  P  the 
point  to  he  referred,  QX  the  fixed  axis 
from  which  the  variable  angle  PQX  is 
reckoned,  QP  the  radius  vector,  TQN  a 
line  drawn  through  the  pole  Q:  perpen¬ 
dicular  to  the  radius  vector  PQ,  and  limit¬ 
ed  by  the  tangent  PT.  and  the  normal  PX, 

QS  a  perpendicular  on  the  tangent  from 
the  pole.  Then  QT  is  called  the  polar 
subtangent,  and  QX  the  polar  subnormal. 

Put  QP=  r,  angle  PQX  —  angle  QPT  =  u , 
angle  PT^X  =  i,  QD  —  x,  PP  =  y. 

Then  QT  =  QP .  tan  QPT  —  r  tan  u  —  r  .  tan(i  —  8) 

tan  i  —  tan  8 


=  r . 


1  +  tan  i  tan  8 


But 


dy  a  y 

tan  i  —  — ,  tan  8  = 
ax  x 


tan  u 


dy 

dx 


y 

x 


V  dy 

1  +"*/ 

x  dx 


Now  if  we  change  the  independent  variable  from  x  to  8,  we 

,  dy 

must  employ  the  formula  ~ 


dP 

d8 


X 


tan  u 


dy_ 

d8 


dx 

yn 


dx  dy ’ 

x^-+V-Xa 


(A 


dA  ‘  J  c® 

And  from  the  formula  for  passing  from  rectangular  to  polar  co-or¬ 
dinates,  we  have  x  —  r  cos  0,  y  =  r  sin  8,  which  being  differentiated 
with  respect  to  8,  observing  that  r  is  a  function  of  6,  we  get 


dx  dr 

sr=s-C0S' 


.  .  dy  dr  ,  . 

r.sm8,  -j-  =  —  sir.  d  +  r  cos  8. 

dJ  dd 
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and  these  substituted  in  (i)  give 

r  cos  sin  d  r  cos  ^  —  r  sin  cos  d  —  r  sin  ^ 

\dd  /  \dd  ) 


tan  u 


r  cos  cos  A  —  v  sin  dj  -f-  r  sin  sin  d  +  r  cos  &j 


^dd 

r  d J 

dr  dr 


dd 

r 2  dd 

.  * .  subtan^ent  QT—r tan  u  =  —  =  r2  — • 
*  ^  <A  dr 


dd 


Also  subnormal  QY  = 


(^P2  <A* 


dd 

Tangent  P7  =  y/  QP2  +  QT2  —  r 


Normal  PN  =  2  +  $A2  =  -y/r2 


dr 


.2 


i- 


dd2 


Perpendicular  QS  =  ■ 


x/! 


r2  + 


dr2 

dd2 


EXAMPLES. 


116.  1.  The  spiral 
of  Archimedes  whose 
equation  is  r  =  ad. 


dr_ 

dd 


—  a , 


dd 

dr 


a 


.  * .  subtan  QT  =  r2  — =  — ,  subnorm  OAr  =  ~  =  a. 

dr  a  d) 


tan  PT 


—  r*J  1  -f  norm  PN—  yV2+a2,  perp  §5  = 


,.2 


yV2-[-a2 
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2.  The  logarithmic  spiral  r  —  a0. 

In  this  curve,  the  numerical  value  3  of  the  arc  which  measures 
the  variable  angle  is  the  logarithm  of  the  value  of  the  radius  vector  r, 
in  the  system  whose  base  is  a. 

dr  o  r  , 

--  =  log  aa  =  r .  log  a.  .  * .  bubtan  =  - - —  mr,  where 

dd  °  log  a 

V 

m  =  modulus.  Subnormal  =  r .  log  a  =  — • 

m 

This  curve  cuts  every 
radius  vector  under  the 
same  angle  ;  that  is,  the 
tangent  at  any  point  is 
inclined  to  the  radius  vec¬ 
tor  at  that  point  in  a 
constant  angle. 

d& 

Tor  tan  u  —  r—r 

dr 

r  1 

=  — j - —  i - =  ?W. 

r  log  a  log  a 

o  O 

If  a  =  e  the  Naperian  base,  then  log  a  =  1,  tan  u  =  1  and  u  —  45°, 
and  QT=QJST=r. 

3.  The  lemniscata  of  Bernouilli,  r2  =  a2  cos  23. 


dj  2  *  oi 

r  —  =  — a 2  sin  23. 

dd 


.  subtan  = 


a2  sin  23’ 


o 

—  Q." 

subnorm  =  • - •  sin  23. 

r 


1.3 


,.3 


perp  = 


yV4  -f-  a4  sin2  23  y^a4  cos22J  -T  a4  sin223  a 

This  curve  has  the  form  of  the  figure 
8.  is  perpendicular  to  the  axis  AB  at 
A  and  Z>,  and  forms  angles  of  45°  with 
AB  at  the  pole  Q.  Tor  when  3  =  0, 

dr 

or  3  =  sr,  r  =  a,  and  —  =  0.  And  when  3  =  45°,  or  135°,  or  225°, 
or  315°,  then  r  =  0. 


I 
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Rectilinear  Asymptotes. 


117.  A  rectilinear  asymptote  to  a  curve  is  a  line  which  touches 
the  curve  at  a  point  infinitely  distant  from  the  origin,  and  yet  passes 
within  a  finite  distance  of  the  origin. 


118.  If  in  the  differential  equation  of  a  tangent  line 

y  —  y\  —  (r  —  aq),  we  make  successively  #=0,  and  y=0 

CL  Jb  j 

we  shall  obtain  for  the  distances  intercepted  on  the  axes, 

dx1 


,  dV\  i  / 

y  =z  y ,  —  x ,  — p-i,  and  x  —  x , 

J  1  1  dx i  1 


Vi 


j i  *  dy  i 

Now  if  when  either  x1  or  y1  becomes  infinite,  one  or  both  of  these 
values  should  prove  finite,  the  curve  will  have  an  asymptote  whose 
position  will  be  determined  by  the  values  of  x'  and  y'. 

If  x'  —  «,  and  yr  =  b  when  a  and  b  are  both  finite,  the  asymptote 
will  cut  both  axes  :  if  xr  =  a  and  yf  —  go  ,  the  asymptote  will  be 
parallel  to  the  axis  of  y\  and,  finally,  if  xr  —  oo  and  y'  =  b ,  the 
asymptote  will  be  parallel  to  the  axis  of  x. 


119.  When  the  curve  is  referred  to  polar  co-ordinates,  there  will 
be  an  asymptote  whenever  the  subtangent  (which  is  then  equal  to 
the  perpendicular  from  the  pole  upon  the  tangent)  becomes  finite 
for  an  infinite  value  of  the  radius  vector.  Its  position  will  be  fixed 
also,  since  it  will  be  parallel  to  the  radius  vector ;  that  is,  it  will  form 
with  the  radius  vector  an  indefinitely  small  angle.  The  existence  of 
an  asymptote  may  be  ascertained  from  the  equation  of  the  curve  by 
finding  what  value  of  b  will  render  r  infinite.  If  the  same  value  of 

d& 

6  makes  r2  —  either  finite  or  zero,  there  will  be  an  asymptote  parallel 

to  the  radius  vector,  and  passing  through  the  extremity  of  the  sub¬ 
tangent. 

120.  1.  The  hyperbola  a?y2  —  L2x2  —  —  a2b2. 

dyx  b2xl  h2  a  jb2-\-y2  b 
dx  j  a2yx  cl2  b  V  y2  a 


\/] 


/  2 

ft  J 

— —  when  yx 


oo . 


V\ 


a 
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b  , - -  hx,  /  a2  bxx 

Also  yx——Jx2-a2— — -  \  1 - 7  = — 1  when  t 

s  1  a  v  1  a  \  xxA  a 

dy-L  bxl  bx-^ 


xx  or  =  go. 


=  y,  —  a%  — j—  — 

cfaq  a  a 


=  0 


and 


,  tf.7%  5.7%  a 

x  =  -ri  —  Vi  —  x\ - r 

1  ^  ifyj  a  6 


==  2q  —  Xx  —  0. 


.  * .  The  hyperbola  has  an  asymptote  passing  through  the  origin, 

and  forming  with  the  axis  of  x  an  angle  whose  tangent  =  =b  — • 

2.  The  logarithmic  curve  y  =  ax. 

. .... i •  :  V*  •  "r  *  *  ^  •  ;  ,  • 1 

dy  dx, 

~  =  log  a  .  ax ,  x  =  x,  —  y, 
dx  °  ’  1  dyl 


ax  i 

a%  —  - - =  a’,  —  m. 

loga.u1: 


,  dy.  x,ax  i 

y  =  y  i  —  —  aX^ - 

cifaq  m 


Now  when  aqnr  -f-  cc  ,  ?/i  =  -f~  ,  .  * .  xr  =  oo  and  y'  —  go  and 

the  corresponding  tangent  is  not  an  asymptote. 

But  when  aq  —  —  go  ,  yq  =  0.  .  * .  x'  =  —  go  and  y'  —  0,  and 

therefore  the  axis  of  x  is  an  asymptote. 

«Z/3 

3.  The  cissoid  whose  equation  is  y2  =  - or  2 ry2—y2x — =  0 

]  1  *Xs 


djlJ\  V\'J^oX\ 


dx  i  4?^  —  2x1y1 


,  4?*?/, — 2.7%?/,  2.7%  —  4r 

xf=xx—yx  JP-  =  — ^--hx. 


Also 


1 


3*%  2 


3V 


x'  =  2r,  when  aq  =  2r  and  yj  =  go  . 

yi2  +  3x12  y/Gr — 2a:  A 

y=Vi-*i-A. 


dnq— 2aqyx 


4  r — 2aq 


2ryi 


=  —  - - —  —  go  whenaq=:2r. 

4r — 2.r.  1 


.  * .  The  cissoid  has  an  asymptote  parallel  to  y,  at  a  distance  2 r 


from  the  origin. 
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4.  The  parabola  y2=2px. 

Ji/t  V  V\  i 

-7-=  =  — ■  .  * .  x  —  x,  —  7/,  —  =1^—  2x,  =  —  x,  =  co  when  x,  —  X). 
dxx  yx  1  p  1  1  1  1 

Also  yf  =zyl-x1—z=yl—~y1z=-y1=zco  when  y1  =  aoor  ar1  =  oo, 

yi  ~  ^ 

.  * .  The  parabola  has  no  asymptote. 

5.  To  find  the  equation  of  the  asymptote  to  the  curve  y3=ax2-\- x3. 

yx  —  go  ,  when  xx  =  go  . 

2a 

dyx  _  2axx  -}-  3oq2  rr1 

dxx 


+  3 


S(ax12  +  3 


=  1  when  xx  =  co , 


Also 


2axl+^x2  A  2ax2  +  3x* 

y=Vi-x  i- - 1 - L-S  =  («V+V) - 


3(a^12  +  ^’13) 
2 


3(aar12+arJ3) 


a 


a 


3  (az^  +  aq3)*  S 


€+■)'  3 


—  —  when  aq  =  ao 


.  • .  y  —  x  +  -  a  the  equation  of  the  asymptote. 


Polar  Carves.  1.  The  hyperbolic  spiral  r&  =  a. 
d& 


df 


■■  = - %'  .  *.  subtan  =r2 


r2 


,2 


a,  for  all  values  of  r. 


.  * .  There  is  an  asymptote  which  passes  at  a  distance  a  from  the 
origin.  Also,  since  r  ==  go  when  S  —  0,  the  asymptote  is  parallel 
to  the  fixed  axis  from  which  6  is  reckoned. 

2.  The  spiral  of  Archimedes  r  =  ab. 


d& 


1 


,.2 


,  =  -j  subtan  =  —  =z  co  when  r  =  q d  . 
dr  a  a 


.  • .  The  curve  has  no  asymptote. 
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3.  The  logarithmic  spiral  r  =  a. 


cl 3  m  mr 2 

=  — »  sub  tan  = - =  mr  =  <x>  when  r  =  go  . 

«/•  ?•  ?• 


.  • .  There  is  no  asymptote. 
4.  The  Lituus 


r$  —  a. 


dA 


2a2 


.  * .  subtan  = 


2a3/-2 


2  a2 


0  when  r  =  oo 


r v 

Also  r  =  oo  when  D  =  0.  .  * .  The  fixed  axis  is  an  asymptote. 


Circular  Asymptotes. 

121.  When  the  equation  of  the  curve  has  such  a  form  as  will  ren¬ 
der  r  —  a  finite  value  when  6  —  co  ,  the  curve  will  make  an  infinite 
number  of  revolutions  about  the  pole  before  becoming  tangent  to  a 
circle  whose  radius  =  a.  This  circle  is  therefore  called  a  circular 
asymptote.  If  r  >  a  for  every  finite  value  of  d,  the  curve  will  lie 
wholly  exterior  to  the  circle;  but  if  r  <  a  for  all  finite  values  of 
the  curve  will  lie  entirely  within  the  circle. 

1.  Let  the  equation  be  (r2  —  ar)& 2  =1  or  &  =  — - — 

yr2  —  ar 

Then  6  =  oo  when  r  =  a.  And  6  is  real  when  r  >  a,  but  imagi¬ 
nary  when  r  <  a. 

.  * .  The  circle  with  radius  =  a  is  an  asymptote,  and  lies  within 
the  spiral. 

2.  The  curve  (ar  —  r2)Q2  =  1. 

t)  =  — - —  =  cd  when  r  =  a. 

' \Jar  —  r2 

Also  6  is  real  when  r  <  a ,  and  imaginary  when  r  >  a. 

.  • .  The  circle  with  radius  =  a  is  an  asymptote  and  encloses  the 
curve  within  it. 


CHAPTER  II. 

CURVATURE  AND  OSCULATION  OF  PLANE  CURVES. 

122.  As  introductory  to  the  discussion  of  the  subject  of  the  cur¬ 
vature  of  plane  curves,  the  following  proposition  will  be  found 
useful : 

Prop.  To  show  that  the  limit  to  the  ratio  of  the  chord  and  arc  of 
any  plane  curve,  when  that  arc  is 
diminished  indefinitely,  is  unity,  and 
to  deduce  an  expression  for  the 
differential  of  the  arc  of  a  plane 
curve,  in  terms  of  the  differentials 
of  the  co-ordinates. 

Let  PPi  bo  an  arc  of  a  plane 
curve  AFP,  whose  equation  is  y  — 

Put  OD—x ,  DP—y ,  DD^—h,  DxPY—y^  AP—s ,  AP^s^ 

Then  y1  =  F(x  +  h). 

The  arc  PPX  is  intermediate  in  length  between  the  chord  PPY—C. 
and  the  broken  line  PTP1  —  B.  If,  therefore,  we  can  prove  that 

p> 

the  limit  to  the  ratio  -  is  unity,  it  will  follow  that  the  limit  to  the 

\J 

ratio  of  the  chord  and  arc  is  unity,  and  therefore  at  that  limit  the 
expression  for  the  chord  PPX  will  be  a  suitable  expression  for  the 
arc  PPX  which  will  then  become  the  differential  of  s. 
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B  £  _  P T+  Pt T  _ ^  PE2 +  E7'2+ PXT 
d 


PPX 


JPE1  +  EP{< 


h2+h2d6+ht-^-rt 


h‘ 


y/W  +  (l/i  -  yY 

-( 


■+TT+‘r 

dx2  ax 


dy  h2  d2y  h3  d3y 
1  dx  1.2  dx2  1.2.3  dx2 


&e.J 


h2  + 


(}  dV  ,  h2 

\  dx  +1.S 


h2  **  +  &,)2 


2  dx2 


and  by  dividing  numerator  and  denominator  by  h 


D 

C 


1  + 


dy 2 
dr2 


A 


[n 


d2y 


li  d3y 


2  ^-2  1.2.3  dx3 


-  +  &c 


■] 


i  \dy2  \  h  dy  d2y 


h *  $.^+&C. 


1,  when  7i=0, 


c7x2  1  afe  c£r2  1.3  dx  dx3 


at  the  limit, 


arc 


chord 


^  =  1>  or 


ds 

dx 


chord  tan  P  T 


^\/l  + 


dy 2 

dx 2 


c£zr 


c/.c 


A 


or 


*  x  +  djL 

dx  V  ^  c£c2 


.  • .  cfo  =  cfe  \/ 1  +  +  ^y2* 


Also 


ds  —  dy  \/ 1  + 


oh2 


123.  In  the  first  of  these  expressions  x  is  the  independent  variable ; 
in  the  second,  y. 

Cor.  If  we  wish  to  employ  some  other  quantity  t  upon  which 
s,  x  and  y  depend,  as  the  independent  variable,  we  must  use  the 
formulas  for  changing  the  independent  variable,  viz.  : 

ds  dy 

ds  dt  dy  dt 

dx  dx  an  dx  dx 


dt 


dt 


11 
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ds 

which,  substituted  in  the  value  of  — ,  give 

C XjJj 


ds 

dl 


j  dx2 

lit2 


dx 2  dy 2 

— U  - « 

^  dl2 


124.  We  proceed  now  to  consider  the  osculation  of  plane  curves. 

Let  Y  —  Fx  (1),  and  y  =  cpx  (2)  be  the  equations  of  two  plane 
curves,  the  first  of  which  is  given  in  species,  magnitude,  and  position, 
but  the  latter  in  species  only. 

Then  the  constants  or  parameters  which  enter  into  equation  (1)  are 
fixed  and  determinate,  but  those  which  appear  in  (2)  entirely  arbi¬ 
trary,  and  may  therefore  be  so  assumed  as  to  fulfil  as  many  inde¬ 
pendent  conditions  as  there  are  constants  to  be  determined. 

If,  when  the  abscissa  x  is  sup¬ 
posed  the  same  in  both  curves,  the 
(Condition  y  —  Y  is  satisfied,  the 
-curves  will  have  a  common  point 
P,  but  will  usually  intersect  at 
that  point. 

dy 


If  the  condition 


dY 


be  true  also,  the  curves  will  have  a 


dx  dx 

common  tangent  such  as  SPT\  and  the  contact  is  then  said  to  be  of 
the  first  order  :  if  the  second  differential  coefficients  be  also  equal, 
d^ij  d 2  f 

viz., the  contact  is  said  to  be  of  the  second  order;  if 
dx1  dx2 


<Py  d3  Y 
dx3  dx3  ‘ 


the  contact  is  of  the  third  order,  &c.  &c. 


125.  In  order  to  show  that  the  contact  will  be  more  intimate  as 

the  number  of  corresponding  equal  differential  coefficients  becomes 

« 

greater,  let  x  take  the  arbitrary  increment  h,  converting  y  and  Y 
into  yx  and  Yx  respectively. 


__  dY  Ji  ,  d2Y  h2 

Then  Y-,  Y  -} - •  — L - • - 

1  1  dx  1  r  dx2  1 . 2 


d3Y 
+  ~dF 


h3 


1  O  Q 

A  •  /V  •  O 


*4~  &c. 
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and 


dy  h  d2y  h2  d3y 

v'=y  +  T/i  +  d*T7*  +  d? 


h3 


O 

O 


-f  &c. 


N. 


yi~!/i= 


<i,n  h  r<p  r  <£f\jy_ 
dx  J  I  L  dx2  dx2  J  1 . 2 

d3  Y  dhf  |  h3 

c/x3  dx?  J  1.2.o 


Now  the  value  of  this  difference,  which  expresses  the  distance  by 
which  the  one  curve  departs  from  the  other,  measured  on  the  line 
parallel  to  y,  will  depend,  when  h  is  small,  chiefly  upon  the  terms 
containing  the  lowest  powers  of  h. 

If,  then,  the  first  differential  coefficients  derived  from  the  equations 
of  three  curves  (Ft),  (/>)  and  (C)  be  equal,  at  a  common  point,  and 
if  the  second  differential  coefficients  derived  from  the  equations  o.f 
(A)  and  (Z>)  be  also  equal,  but  those  derived  from  (El)  and  ((7) 
unequal,  the  curves  (e!)  and  (£)  will  separate  more  slowly  than 
(e1)  and  (Cr),  because  the  expression  for  the  difference  of  the  ordi 
nates  of  (/l)  and  ( C )  corresponding  to  the  abscissa  x  +  h,  will  con¬ 
tain  a  term  including  the  second  power  of  A,  but  the  difference  of 
the  ordinates  of  (yl)  and  (/>)  will  contain  no  power  of  h  lower  than 
the  third. 

126.  The  order  of  closest  possible  contact  between  one  curve 
entirely  given,  and  another  given  only  in  species,  will  depend  on  the 
number  of  arbitrary  parameters  contained  in  the  equation  of  the 
second  curve. 

Thus  a  contact  of  the  first  order  requires  two  conditions,  viz.  : 


y  =  Y  and 


dy  d  Y 
dx  dx 


the  first  of  these  conditions  being  employed  in  giving  the  curves  a 
common  point,  and  the  second  in  giving  their  tangents  at  that  point 
a  common  direction.  Hence  there  must  be  at  least  two  arbitrary 
parameters. 


164 


DIFFERENTIAL  CALCULUS. 


A  contact  of  the  second  order  requires  three  parameters ;  one  of 
the  third  order,  four  parameters,  &c.  Hence  the  straight  line,  whose 
equation  y  =  ax  -f*  b  has  two  parameters,  a  and  b ,  can  have  contact 
of  the  first  order  only. 


The  circle  (x  —  a)2  +  (y  —  b)2  —  r 2  having  in  its  equation  three 


parameters,  can  have  contact  of  the  second  order. 

The  parabola  can  have  contact  of  the  third  order ;  the  ellipse  or 
hyperbola  a  contact  of  the  fourth  order,  &c. 

The  curve  of  a  given  species,  which  has  the  most  intimate  contact 

v- 

possible  with  a  given  curve  at  a  given  point,  is  called  the  osculatory 
curve  of  that  species. 

The  osculatory  circle  is  employed  to  measure  the  curvature  of 
plane  curves,  and  its  radius  is  called  the  radius  of  curvature  of  the 
given  curve. 

127.  Prop.  To  determine  the  radius  of  curvature  of  a  given  curve 
at  a  given  point,  and  also  the  co-ordinates  of  the  centre  of  the  oscu¬ 
latory  circle. 

Let  the  equation  of  the  given  curve  be  y—Fx  (1),  and  that  of  the 
required  circle  {x  —  a)2-j-  (y  —  b)2  =  r2  (2),  the  quantities  a ,  b  and  r 
being  those  which  it  is  proposed  to  determine. 

There  being  three  disposable  parameters,  a,  b ,  and  r,  in  equation 
(2),  we  can  impose  the  three  conditions 


d2y  d2  Y 


dx2  dx2 


with  which  determine  a ,  6,  and  r,  and  the  contact  will  be  of  the 
second  order. 


Denote  the  first  and  second  differential  coefficients  derived  from 
thr  equation  of  the  given  curve  by  p'  and  p",  that  is,  put 


Then,  since  the  corresponding  differential  coefficients  derived  from 
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1G5 


the  equation  of  the  oscillatory  circle  must  have  the  same  values,  we 
shall  have 

dJ-n'  and  „ 

dx~P  dx*  -  P  • 

Now  let  (2)  be  differentiated  twice  successively,  replacing 

dy  ,  d‘ly 

-f1  and  — —  by  p  and  p  . 

dx  dx2 

:  * 

(x— a)-\-{y  —  6)p'  =  0  . . .  (3),  and  1  +p,2“f  (y  —  b)  p"  =  0  . . .  (4). 

The  equations  (2),  (3),  and  (4),  will  just  suffice  to  determine 
a,  b ,  and  r. 


1  -j-r/2  14-u'2 

Thus,  from  (4)  y  —  b= - — — ••  (5)  or  b=yJ 


p" 


Xr 


and  from  (3)  and  (4)  x  —  a  —  —  (y  —  b) p'  = 


P 

Pr(  1+  p'2) 


p" 


(«)  ■ 


(7) 


.  • .  a  —  x  — 


p'(l  +  p'2) 


P" 


(8). 


Now  combining  (2),  (5),  and  (7),  we  get 

2  _  (1  -f  p'2)2  ,  p'2(  1  +  p'2)2  __  (1  +  p'2)3 


P 


"2 


"T 


P 


"2 


r  —  zh 


(1  -f  p'2) 


P 


P 

(9). 


"2 


The  equations  (G),  (8),  and  (9),  resolve  the  problem.  To  apply 
them  to  a  particular  case,  we  form  the  differential  coefficients  p’  and 
p"  from  the  equation  of  the  given  curve,  and  substitute  their  values 
in  (G),  (8),  and  (9). 

dip  dp 

Cor.  Since  1  +  p'2  or  1  -f  (Art.  122)  the  value  of 

r  may  be  written  thus 


r  —  dz 


dP 

dx3 

d2y 

dx2 


(10). 
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Remark.  We  may  omit  the  double  sign  ±  in  (9)  and  (10)  and 
regard  the  radius  of  curvature  as  an  essentially  positive  quantity  in 
all  cases.  This  double  sign  is  sometimes  employed  to  indicate  the 
direction  of  the  curvature,  being  positive  when  the  curve  presents 
its  convexity  to  the  axis  of  x,  and  negative  in  the  contrary  case. 
But  it  seems  more  simple  to  consider  r  essentially  positive,  and  to 

dh, 

fix  the  direction  of  the  curvature  by  the  sign  of 


dx2 


It  will  now 


be  shown  that  the  sign  of  this  second  differential  will  always  be  de¬ 
termined  by  the  direction  of  the  curvature. 

If  the  curve  be  convex 

\J  N  / 

towards  the  axis  of  x,  as 
in  Fig.  1,  and  if  an  incre¬ 
ment  h  be  given  to  the 
abscissa  OD  —  x,  the  or¬ 
dinate  y  will  take  an  in¬ 
crement 


El\ 


dy  h  d2y  h2  „ 

—  1 - -  •  -  -4-  -  •  -  — L  &C 

dx  1  ^  dx2  1.2'  dx 2  1.2.3^  ’ 


d3y 


and  the  ordinate  of  the  tangent  will  take  a  corresponding  increment 

ET  —  ~  and  the  former  of  these  two  increments  will  be  the 
dx  1 

greater  since  the  tangent  lies  between  the  curve  and  the  axis  of  x. 

d2y  It2  d2y  h 3 

1  dx2  1.2'  dx2  1.2.3  ^  ^ 

or  since  the  sign  of  this  series  depends,  when  h  is  small,  on  that  of 

lho  first  term,  we  must  have  >  0. 

dx 2 

But  when  the  curve  is  concave  towards  tnc  axis  of  x ,  as  in  Fi".  2, 

EPX  —  ET  <  0,  and  .  * .  ^  <  0. 

dx2 

Again,  since  the  arc  s  and  the  abscissa  x  may  always  be  supposed 
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C/.S-3 

to  increase  together,  may  be  considered  as  essentially  positive, 

and  therefore  the  sign  of  r  in  (10)  would  be  controlled  by  that  of 
d?j  i 

---y*  It  is  in  this  way  that  the  sign  of  r  may  be  regarded  as  indi- 
eating  the  direction  of  the  curvature. 


EXAMPLES. 


AJ  £\  ill  1  1j  XU  U  • 

128.  1.  To  find  the  radius  of  curvature  of  the  common  parabola 
=  2 px,  at  a  given  point. 


Here 


dV  P 
*  =  Tx  =  " 


y 


md  »"  ** 


v  dy 

dx 2  y2  dx 


y>2 

y3 


a 

dL 


.  .  _  0  +  p'2)  _  (y2  +  p2Y 

•  *  f  —  tt  —  •? 

p  pi 

(normal)5 

.  y  — - - - - - . 

(semi-parameter)2 

At  the  vertex,  y  —  0,  and  .  • .  r  =  p  the  semi-parameter ;  and 
—  go  ,  r  =  oo  also. 

2.  The  ellipse  A?y2  -f-  B2x 2  ==  A2B 2. 

.  B2x  ..  B2Ahf  —  A2B2xpf 
A2y  1  AUf 

_  _  B2(A2y2  -f  B2x2)  __  BA 
A^y2  A2y 3 

L  A*f  J  [AY  +  BWf 

•'•r-  JJi  —  At  J]i 

A2y2 

d  the  extremity  of  the  transverse  axis  x=A  and  y=0.  .\r— 


P 


and  “ 


u 


“  conjugate  “  x=0  and  y=B.  .  * .  r= 


^1  ^  M  ^ 

•  %• 
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3.  The  logarithmic  curve  y  —  ax. 

,  y  ..  1  dy  y 

'y  =  log  a .  a x  =  — 5  v  — - —  = — - »  where  m  =  modulus. 

in  m  dx  nv 


When  y  —  0,  r  =  oo  ;  and  when  y  =  go  ,  r  =  go  also. 

y3  =  a2x. 


4.  The  cubical  parabola  ,5/3  —  "2' 


11 

eg5  a 

CO  N 

•*>» 

II 

u 

•  •  /  - 

9/ 

oa2 . 2y  a 2 


3y2 


2  a4 


9?/£ 


Up 


(%4  -f  a4) 
Gaby 


When  y  —  0,  r  =  ao ,  and  when  y  =  ±  oo  ,  r  =  oo  . 

5.  The  cycloid,  or  curve  generated  by  the  motion  of  a  point  on 
the  circumference  of  a  circle,  while  the  circle  rolls  on  a  straight  line. 

Let  the  radius  of  the  generat¬ 
ing  circle  a.  Place  the  origin 
at  V,  the  vertex  of  the  cycloid. 

Put  VD  =  x ,  DP  =  y,  the 
point  P  being  that  which  de¬ 
scribes  the  curve  AP  VB,  while 
the  circle  rolls  on  the  line  ACB. 

Then  PD  =  DF  +  FP  =  DF  +  EC  since  EP  and  CF  are 
parallel.  Also,  since  each  point  of  the  semi-circumference  CFV  has 
been  in  contact  with  the  semi-base  CA  we  must  have  arc  CFV—  CA 
and  similarly  arc  EP  =  EA  =  arc  CF. 

.  • .  By  subtraction 

CA  —  EA  =  CFV  —  CF  or  CE  =  FV ;  and  r.PD=DF+FV. 


v 
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But  DF  —  -\/2ax  —  x2,  and  FV  =  a  versm.-1 — 

v  a 

Hence  the  equation  of  the  cycloid  is 


x 


y  =  -\/2ax — x2  -j-  a .  yersin- 1  - 

a 


1 


,  a  —  x 
P  =  —7=  + 


ya 


ax 


x2  •  /  #  F 

\I  ^  2 

X  a 


a -  _ 

_ CL_ _  /2a  —  x 

xx2  V  x 


p"  =.  — 


a 


y  2  ax  —  x2 


x 


[ 


r  — 


1  + - 

X 

J 

a 

3 


(2a)  z  -\/2ax  —  x2 


x-y/2ax  —  x2 


a 


-yfx 


=  2  ■y/2a(2a  —  x ), 


or. 


r  —  2  chord  PE. 


129.  Prop.  At  the  points  of  greatest  and  least  curvature  of  any 
curve,  the  oscillatory  circle  has  contact  of  the  third  order. 

The  condition  which  characterises  these  points,  is  that  the  differen. 
dv 

tial  coefficient  —  shall  reduce  to  zero,  since  r  is  a  minimum  when 
dx 

the  curvature  is  greatest,  and  a  maximum  when  it  is  least. 

But  by  the  general  formula  for  the  radius  of  curvature, 

(i + p’4 


V 


n 


d3y 

r  =  - - f-.— — ,  we  have,  by  putting  — -  =  p"\ 

(XJU 


\ 


dr 

dx 


-(1  +  p,2y.2p,pn2  -  p"’ (1  +  p'2) 
£ 


p'"  = 


p 

3 p'p,t2 
1 +P 


"2 


=  0. 


>2' 


This  is  the  value  of  the  third  differential 


(1). 

<Py 
dx 3’ 


at  the  points  of 


greatest  and  least  curvature,  of  any  curve;  and  if  it  can  be  shown 
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that  the  third  differential  coefficient  in  the  oscillatory  circle  has  the 
same  value,  it  will  follow  that  the  contact  must  be  of  the  third 
order. 


But  in  the  circle  we  have  already  found  y  —  b  = 


1  +  p'2 


2p'p "2  — 1  4-  p'2) 

y 72  ’ 


3  p'p"2 

T+y* 


which  being  identical  with  (1),  the  contact  must  be  of  the  third 
order. 


130.  Prop .  If  two  curves  have  contact  of  an  even  order,  they 
will  intersect  at  the  point  of  contact ;  but  if  the  order  of  their  con¬ 
tact  be  odd,  they  will  not  intersect  at  that  point. 

If  Y  —  Fx,  and  y  =  <px,  be  the  equations  of  the  two  curves,  the 
difference  of  their  ordinates  corresponding  to  the  abscissa  x  + 
will  be  expressed  by 


=  (S"-S)pr) 


(d2Y  d2y\  (  ±  A)2 

\  dx2  o lx2)  1 


o 

(Sj 


+ 


(,py  <pr\(±&)» 

fa’*3  dx3) l.!i.3+  ' 


Now  when  the  order  of  contact  is  even,  the  first  term  of  this  dif¬ 
ference  which  does  not  reduce  to  zero,  must  contain  an  odd  power 
of  zb  h,  and  must  therefore  change  sign  with  h,  thus  imparting  a 
change  of  sign  to  Yl  —  yl5  in  passing  through  the  point  x.y. 

Hence  the  first  curve  will  lie  alternately  above  and  below  the 
second,  intersecting  it  at  the  point  xpj. 

But  if  the  order  of  contact  be  odd,  the  first  term  in  the  difference 
will  contain  an  even  power  of  zb  h,  which  will  not  change  sign  with 
A,  and  therefore  there  will  be  no  intersection ;  the  first  curve  lying 
entirely  above  or  entirely  below  the  second. 

Cor.  The  oscillatory  circle  intersects  the  curve,  except  at  the 
points  of  greatest  and  least  curvature. 

For  usuallv,  the  circle  has  contact  of  the  second  order — but  at  the 
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points  of  greatest  and  least  curvature,  the  contact  is  of  the  third 
order. 

Cor.  At  those  points  of 
a  curve  where  pn  =  0,  a 
straight  line  may  have  con¬ 
tact  of  the  second  order, 
and  it  will  intersect  the  curve.  If  p'"  =  0,  also  there  will  he  no 
intersection  unless  p”"  —  0,  also. 

131.  Prop.  To  find  a  formula  for  the  radius  of  curvature,  when 
any  quantity  t ,  other  than  the  abscissa  x ,  is  taken  as  the  independent 
variable. 

To  effect  this  object,  we  must  substitute  in  the  value  of  r,  already 

dif 

found,  the  values  of  p'  =  -- 

dx 

for  changing  the  independent  variable,  viz.  : 

dy  d2y  dx  d2x  dy 

dy  dt  d2y  dt 2  dt  dt 2  dt 

dx  did  dx2  dx 3 

dt  di 3 

We  thus  obtain 


(jPy 

and  p”  —  — ,  given  by  the  formula 


/  dy2\ f  (dx2  dy2\ §  d2y  dx  d2x  dy 

\  +  dx2)  _  \dT2  +  Tt2 )  .  dt2  "di  ~  dt2  ’  dt 
d2y  /dx2\  f  '  dx3 

dx2  \di2)  dt 3 


—  -  —  ■■■  '  ■  — - — —  ■  ■■  ~  -  ■  - - - — — 

d2y  dx  d2x  dy  d2y  dx  d2x  dy 

di2  dt  dt2  dt  di 2  dt  dt2  dt 


dx  dx 

Cor.  If  x  be  the  independent  variable,  =  1, 

Cl  L  CIX 


ds 3 


d2x  dx'3 

uid  rr  =  0,  .  • .  r  =  — ,  the  common  formula. 

dt 2  ’  dly 
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el'll  cl 1 j 

If  y  be  the  independendent  variable,  1,  and  —  =  0. 

CLC  (XI/  Liu 


V  — 


ds 3 
dy3 


d2x 

dy 2 


ds  ds 

If  s  be  the  independent  variable,  1, 

(XL  Cvo 


1 


r  ~ 


d2y  dx  d2x  dy  ’ 
cis2  (is2  (is 


(2). 


d x2  dv2  ds2 

But  T-x  -f-  to  —  ~n>  —  1?  which,  being  differentiated  with  respect 

.  O  J. 


ds2 
to  s,  gives 


ds2  ds 2 

ci#  ci2x  (i y  d2y 


ds  ds2 


v  + 


ds  ds2 

1 


0,  .  .  .  .  (3). 

dy 

ds 


r  — 


d2x  dx2 


d2P 


(4)- 


ds2  ds2  d2x  dy 

dy  ds2  ds 

ds 


ds2 


and  similarly 


r  =z 


dx 

ds 

d*y 

ds2 


(5). 


And,  finally,  by  squaring  the  equation  (2),  and  adding  to  the 
denominator  of  the  second  member,  the  square  of  (3),  which  is  equal 
to  zero,  there  results,  by  reduction, 

1  ,  1 


,.2  _ 


/  d2yV2  /  d2x\ 
\(is2  )  \ds2) 


d2x\2 


and 


r  —  — - -  - . 

/  /  d2y\2  (d?x\2 

■V  \(/v)  +  (&v 


132.  Prop.  To  obtain  a  formula  for  the  radius  of  curvature  of 
curves  when  referred  to  polar  co-ordinates. 
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Adopting  the  variable  angle  A  as  the  independent  variable,  denoting 

the  radius  vector  by  r,  and  the  radius  of  curvature  by  R,  we  have, 

from  the  formulas  for  the  transformation  of  co-ordinates, 

^  .  .  dx  .  .  ,  .dr 

x  =  r  cos  A,  v  —  r  sin  A,  .  • .  — — -  =  —  r  sin  A  -f-  cos  A  — , 

5  J  5  dA  dA 

dy  a  ,  .  *  dr 

=  r  cos  A  4-  sm  A  — — • 
dA  dA 

d2x  .  _  .  .  dr.  d2r 

_=_rcos()_2sma_  +  cos^__) 

d2y  ,  .  .  .  ,  d2r 

—  =  —  r  sm  d  +  2  cos  6  — -  +  sin  d  — —  • 

_  dA  dA 2 

c?/*  d2r 

Put  —  =  »,  and  — —  =  and  substitute  in  the  general  value 

dA  11  dA2  12  b 

of  the  radius  of  curvature. 


.  R 


r  dx 

lIa 


dx 2  dy2 If 

dA2  +  dA2\ 


[: r 2  -f-  p j2  (sin2d  4-  cos2d)] 


d2y  dx  d2x  dy  (r2  -f-  2yq2  —  rp2)  (sin2d  -j-  cos2d) 


dA2  dA  dA2  dA 


(r2  -f  px2) 


iV3 


r2  -f-  2pl2 — rp2  r2  -\-2p-^  —  rp2 

where  JST  is  the  polar  normal. 


EXAMPLES. 


133.  1.  The  logarithmic  Spiral  r  =  a. 

Pi  =  log a.ae=  p%  =  log2a •  ae  =  A 

£ _  dV3  N3m2  N  (r2  -f-  m2r2) _ 

r2  r2  r2(m2  -f-  1)  r2(l  -+-  m2) 

— ■  —  ■ —  \  /  \  / 

m2  m2 


.  * .  The  radius  of  curvature  of  the  logarithmic  spiral  is  always 
equal  to  the  polar  normal. 
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2.  The  spiral  of  Archimedes  r  —  a 0. 

.  r.  ( r 2  +  «2) 
Pl  =  a,  p3  =  0  A  =  — — 


When  r  =  0,  R  =  -  a,  and  when  r  =  go  ,  R  =  ?*  =  oo 


3.  The  hyperbolic  spiral  =  «. 


a 


,2 


2(2 


2 1 


.3 


*  =  —?=“  T* 


o:i 


a6 


4\  3 
2 


It  = 


(’ ' 2  +  v) 


r(a 2  +  y2) 


r4  2/-4 


r2  +  2  — -  - 


cr 


a" 


o 


\?hen  r  =  0,  It  =  0,  and  when  r  —  co ,  It  =  co . 

4.  The  lituus  r2d  =  a2. 


Ih  = 


O 

O 


or5 

4a4 


4 

r(4a4  4-  ?’4) 
2a2  (4a4  —  r4) 


When  (3  =  0,  r  =  oo  and 
It=:aj  ;  when  d  =  ],  r=a, 


and  i£— a  ;  when 
G  5 

r=ay^or  r4=4a45i?=GO 


and  when  d  =  oo  r  =  0  and  It  ~  0. 

134.  A  curve  may  be  characterized  by  an  equation  expressing  a 
relation  between  the  radius  vector  r  and  the  perpendicular  p  from 
the  pole  upon  the  tangent. 

Thus  the  equation  of  the  circle  referred  to  the  co-ordinates  r  and  p 
is  r  — p,  the  pole  being  at  the  centre.  That  of  the  logarithmic 
spiral  is  r  =  cp ,  &c. 
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135.  Prop.  To  obtain  a  formula  for  the  radius  of  curvature  of 
curves  referred  to  the  radius  vector  and  the  perpendicular  upon  the 
tangent. 

From  the  general  value  of  the  perpendicular  when  the  curve  is 
referred  to  the  ordinary  polar  co-ordinates  r  and  d,  viz. :  (Art.  115.) 


we  obtain 


T  O  A 

arz  r4 

dX2  p2 


which,  differentiated  with  respect  to  Q,  gives 


o 


dr  d2r  4?-3  dr 


d)  d)2  p~ 
dp 


dd 

dp  dr 


2r4  dp 


p 3 


dd 


o- 

f*r 


dr 

~df 


dr 


Substituting  for  —  its  value  —  •  ~  and  divide  by  2  — - 
&  d'd  dr  c/J  J  dd 


d2r  2  r3 


*•4 


dp 


dd 2 


pt 


p3  dr 


:-r.  =  p2. 


dr 

Nov/  substituting  the  values  of  —  and 
°  d) 


d2r 

— —  in  that  of  i?,  we  get 

CIO* 


*.4 


P=z 


(r2  -f-  Pi2)' 


(r2  -1 - 2  —  r2) 

p 2 


r2  -f-  2 p2  —  rp2 


r  dr 

dp  dp 

dr 


Ex.  The  involute  of  the  circle  whose  equation  referred  to  p  and  r 
is  p2  ~  t2  —  a2. 


dr  p 
dp  ~  r  5 


CHAPTER  III. 


EVOLUTES  AND  INVOLUTES. 


136.  The  curve  which  is  the  locus  of  the  centres  of  all  the  oscil¬ 
latory  circles  applied  to  every  point  of  a  given  curve,  is  called  the 
evolute  of  that  curve,  the  latter  being  termed  the  involute  of  the 
former. 

137.  Prop.  To  determine  the  evolute  of  a  given  curve  y~  Fx. 

If  in  the  formulas  for  the  co-ordinates  of  the  centre  of  the  oscu- 
latory  circle,  viz. :  (Art.  127.) 


we  substitute  the  values  of  p'  and  p ",  derived  from  the  equation  of 


the  curve  y  —  Fx  (3),  we  shall  have  the  three  equations  (1),  (2), 


and  (3),  involving  the  four  variable  quantities  x ,  y ,  a,  and  b ;  and  by 
eliminating  x  and  y  the  result  will  be  a  general  relation  between 
a  and  b,  the  co-ordinates  of  the  required  evolute.  This  equation 
being  independent  of  x  and  y  will  apply  to  every  point  in  the 
desired  curve. 

g 

1 38.  In  most  cases  the  necessary  elimina¬ 
tion  is  quite  difficult;  the  following  are  com 
paratively  simple  examples. 

1.  The  evolute  of  the  common  parabola.  a 

Here  we  have  y2  =  2px  ....  (1). 


c 
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.  • .  a  =  x  + 


P  y 2  +  p  2  2/ 


2/' 


—  —  x  + 

pi 


2px  -f-  p 2 
P 


=  3#  -b  p  ...  .  (2). 


y2  -f  p2  2/3 

o  =  y - 5 - o  =  y  — v 


r 


y  =  ‘  •  (3)- 


Froili  (2)  and  (3)  we  get  # 
and  these  values  substituted  in  (1)  give 


L_£,  and  y2=4^; 
o 


3/1  O  fl—  ^  79  8  /  \, 

^  i  =  2p - - —  .-.b2=  — p(a~P^’ 

the  equation  of  the  semi-cubical  parabola,  whose  axis  coincides  with 
that  of  the  given  curve ;  the  distance  Aa  between  the  vertices 
being  =  p  the  semi-parameter. 

2.  The  ellipse 


xA2(A2B2  —  A2y2)  —  B4x3  x3f 2 

or  a  — - — ™ - =  — —  where  /2  =  yl2  — B 2 


A±B2 


A 4 


d  y(^b/2  +  ^2)  _A*y3  —  B2y{A2B2-B2x2)  y3f 2 

^  t/ 


At2i?± 


i?1 


2  8 
3  ^  3 

a  A 


•  /v»  - . 

•  f  tv  -  - 


4 


2/ 


2  — 


/"  / 
which  values  substituted  in  (1)  give 


I 


.42 


A  8 

6®  5* 


/ 


£ 


+  B2 


2  & 
a?  A3 


f 


I 


=  At2£2, 


12 
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2  2 


or 


2  _2  2  2  2 
A 8  a3  +  £353  =  (.42  _  J52)» 

the  equation  of  the  required  evolute. 

f  2  f  2 

When  a  =  0,  b  =  ±  •  and  when  5  =  0,  a  =  ± 

B  A 

The  curve  consists  of  four  branches  presenting  their  convexities 
towards  the  axis,  and  tangent  to  each  other  as  shown  in  the  diagram. 
The  equilateral  hyperbola  referred  to  its  asymptotes. 

xy  =  c2  .  .  .  .  (1). 

c2  2c2  A  +  x*  p'  x 

p  = - T  >  P  —  =T>  1  +  P2  =  - ’  —  - - 

X 2  X 3 


.  * .  a  =  x  + 


ar 


2x3 


5  =  y  + 


x *  p 

c4  +  a:4 
2c2x 


rr 


.-.a  +  b  =  C-\-+-Y  and  a-b  =  C-\--- 1 
2  L#  c  J  2  Lx  c  J 

*  *  •  y a  +  ^  +  y«— ^~= — \/g* 


and 


»^r+4-v^=TVl 


2 


Hence  by  multiplication  (a  +  £)°  —  (a  —b) 3  =  (4c)3. 

139.  Prop.  Normals  to  the  involute  are  tangents  to  the  evolute. 
From  the  equation  of  the  osculatory  circle  (x  —  a)2-\-  (y  —  b)2  =  r2, 
we  get  by  differentiation 

x  —  a  +  pr(y  —  b)  =  0  ...  .  (1), 

a  relation  alike  applicable  to  the 
circle  and  the  given  curve,  since 
x,  y  and  pr  are  the  same  in  both. 

Now  when  we  pass  from  a  point 
xjy  to  another  point  on  the  circle, 
the  quantities  x,  y  and  p '  must  be 
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considered  variable,  but  a  and  b  constant ;  but  when  we  pass  to  a 
point  on  the  curve,  x,  y,  p' ,  a ,  and  b  will  all  vary,  and  in  both  cases 
p"  will  be  the  same. 

The  first  supposition  gives,  by  differentiating  (1)  with  respect  to  a*, 
1  -f  p'2  +  p"(y  —  b)  =  0  ...  .  (2), 


and  the  second  gives 

i  da  1 


P'lic  +p"(y  =  °  •  •  •  •  (3> 


Whence  by  combining  (2)  and  (3) 


da  db 

Tx  +  1?d^  =  °- 


db 

dx 

da 

dx 


db_ 

da 


P 


db 


Now  —  represents  the  tangent  of  the  angle  formed  by  the  axis 
da 

of  x ,  with  the  tangent  to  the  evolute  AB  at  the  point  Pl5  and 

—  ~T  =  tangent  of  the  angle  formed  by  the  same  axis  with  the  normal 

PPj  to  the  involute  LM  at  the  point  #,y;  which  normal  passes 
through  the  point  Pv  Hence  this  normal  not  only  passes  through 
the  point  a,b,  but  it  also  coincides  in  direction  with  the  tangent  to 
the  evolute  at  that  point. 

140.  Prop.  The  difference  of  any 
two  radii  of  curvature  is  equal  to  the 
arc  of  the  evolute  intercepted  between 
those  radii. 

Resuming  the  equation 

(x  —  a)2  -f  (y  —  b)2  =  r2, 

and  differentiating  with  respect  to  a, 
as  an  independent  variable,  we  obtain 
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But 


.  .  Idx  \  .  7.  Idy  db\  dr 

(*  ~ a)  U  _  ) +  {y  ~  ]  U  “  *  r  rTa 

.  .  db  dr 

...*_a+(y_6)  =_r 


=-  0. 


da  ’ 


or  since 


db  1  y  —  &  ,  ,  db2\  dr  . 

da  ~  ~~p'~x^a  ~  a\  +  dd)~~  rTa  ^ 


Also 


or. 


(dbz\ 

1  -j-  ---  )  =  r2. 

_  0)(x  +  * r-  •  •  • 


Dividing  (1)  by  (2),  there  results, 

/l  <  —  dr. 

\  da2/  da 


But  (\  -f-  -p-„\  =  -p,  where  s  is  the  arc  of  the  evolute  which 
\  da uJ  da 

terminates  at  the  point  a ,  b. 

ds  dr 

.  * .  — —  =  qp  — ,  and  as  —  a?*, 

aa  da 

V 

'  Thus  it  appears  that  the  increment  of  s  is  always  numerically 
equal  to  the  increment  of  r. 

Hence  s  must  always  differ  from  r  by  a  constant  quantity,  or  we 
must  have  s  =  c  +  r;  and  similarly  for  the  arc  sv  which  terminates 
at  the  point  avbv  s1  —  c  qp  rl5  .  * .  s1  —  s  —  r  —  ?q,  which  result 
agrees  with  the  enunciation. 

141.  In  finding  the  evolutes  of  polar  curves,  it  is  usually  most 
convenient  to  employ  the  relation  between  r  and  p,  the  radius  vector 
and  the  perpendicular  on  the  tangent;  thus,  let  r  —  radius  vector  of 
the  given  curve,  p  =  the  perpendicular  on  the  tangent,  i\  =  radius 
vefctor  of  the  evolute,  yq  =  the  perpendicular  on  its  tangent. 
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Then  since  the  radius  of  curvature 
PPY  —  P,  at  the  point  P,  is  tangent 
to  the  e volute  at  Px,  the  perpend icu- 
ular  QTV  is  parallel  to  the  tangent 
TP. 

Also  QT  is  parallel  to  PPj. 

. ' .  PTl  —  QT  =  p , 
and  PT  —  QTYz=.pY 
.  * .  ?q2  =  P2  -f-  r2  —  2 Py>,  .  .  .  (1). 


r2  =  p2  -f  p2 . (2). 

dr 

Also  P  =  r  —  •  •  •  (3)  (Art.  135).  And  r  —  Fp ,  •  •  •  •  (4),  the 
equation  of  the  given  curve. 

By  eliminating  r,  p ,  and  P,  between  (1),  (2),  (3),  and  (4),  there 
will  result  a  relation  between  rl  and  px  which  will  be  the  equation 
of  the  required  evolute. 

Ex.  The  logarithmic  or  equiangular  spiral  r  =  ep . (4). 


.  * .  —  =  c,  and  P  =  cr.  .  .  .  . 
dp 


?q2  =  P2  +  r<1  —  2  Rp . (1). 

From  (1)  and  (3),  rp  —  c2r 2  +  r2  —  2 crp,  which  combined  with 
(4)  gives 

?q2  =  c2p2  ( 1  +  c2)  -  2c2p2  =  c2p2(c2  -  1) _ (5). 

From  (2)  and  (4),  c2p>2  =  p2  +  pp,  or,  p2(c2—l)  —  p2.  .  .  (6).; 

Then  from  (5)  and  (6),  ?q2  =  c2jtq2,  or,  ~  cp^  the  equa¬ 

tion  of  a  similar  and  equal  spiral. 


CHAPTER  IV. 


CONSECUTIVE  LINES  AND  CURVES. 

(42.  If  different  values  be  successively  assigned  to  the  constants 
or  parameters  which  enter  into  the  equation  of  any  curve,  the 
several  relations  thus  produced  will  represent  as  many  distinct 
curves,  differing  from  each  other  in  form,  or  in  position,  or  in  both 
these  particulars,  but  all  belonging  to  the  same  class  or  family  of 
curves.  When  the  parameters  are  supposed  to  vary  by  indefinitely 
small  increments,  the  curves  are  said  to  be  consecutive. 

Thus  let  F(x,  y,  a)=  0,  .  .  .  .  (1),  be  the  equation  of  a  curve, 
and  let  the  parameter  a  take  an  increment  h,  converting  (1),  into 
F(x,‘)/,a  +  A)  =  0,  ....  (2),  then  if  h  be  supposed  indefinitely 
small,  the  curves  (1)  and  (2)  will  be  consecutive.  Moreover,  the 
curves  (1)  and  (2)  will  usually  intersect,  and  the  positions  of  the 
points  of  intersection  will  vary  with  the  value  of  h,  becoming  fixed 
and  determinate  when  the  curves  are  consecutive. 

143.  Prop.  To  determine  the  points  of  intersection  of  consecutive 
lines  or  curves. 

To  effect  this  object,  we  must  combine  the  equations 

F(x ,  y,  a)  =  0,  .  .  .  .  (1).  and  F(x ,  y,  a  +  7i)  =  0,  .  .  .  .  (2). 

and  then  make  h  =.  0,  in  the  result. 

Expanding  (2)  as  a  function  of  a  +  A  by  Taylor’s  Theorem,  and 
observing  that  x,  and  y,  being  the  same  in  (1)  and  (2),  (since  they 
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refer  to  the  points  of  intersection.)  are  to  be  considered  constant  in 
this  development,  we  obtain 

F{x,  y,  a  +  h)  =  F(x,  y,a)  +  dF{*^'  \ 

d2F{x ,  ?/,  a)  h2 


+ 


;  ~f~  &C.  —  0. 


But 


da 2  1 . 2 

E(x,  y,  a)  -  0, 

.  y,  a)  h  ,  d2F(x ,  y,  a)  A2  (  _  A 

'  1  c/a2  *1.2’  "  ’  “  ' 


,  r  dF(x,y,a)  d2F(x,y,ct)  A 
or,  dividing  by  A,  - - — - — - -•  - — -  4-  &c.  =  0. 


da 


And  when  A=0  this  reduces  to 


da2  1 . 2 
dF(x,  y,  a) 


da 


—  0 . (3). 


The  two  conditions  (i)  and  (3),  serve  to  determine  the  co-ordi¬ 
nates  x  and  y,  of  the  required  points  of  intersection. 

144.  Ex.  To  determine  the  points  of  intersection  of  consecutive 
normals  to  any  plane  curve. 

The  general  equation  of  a  normal. is 

(y  —  Vi)pf  +  s  —  x1  =  o,  .  .  .  .  (l). 


in  which  xv  yv  and  p\  are  parameters,  all  of  which  vary  together. 

Differentiating  (1)  with  respect  to  xv  and  observing  that  yx  and 
p’  are  functions  of  xv  and  that  x  and  y  are  to  be  considered  con¬ 
stant,  we  get 


0  ~  Vi)p"  ~  P'2  ~  1  =  0, - (2). 


or,  y  = 


1  -f  v'2 

Vi  4 - ITT—,  •  •  (3).  and  .  • .  x 


P 


x i ~ 


p’(\+p'2)  _  .  /4 

njt  °  '  - 


p 


The  values  (3)  and  (4)  being  identical  with  those  of  the  co-ordi¬ 
nates  of  the  centre  of  the  osculatory  circle,  it  follows  that  consecu¬ 
tive  normals  intersect  at  the  centre  of  curvature.  This  principle  is 
sometimes  employed  in  determining  the  value  of  the  radius  of 
curvature. 
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145.  Prop.  The  curve  which  is  the  locus  of  all  the  points  of  in¬ 
tersection  of  a  series  of  consecutive  curves  touches  each  curve  in 
the  series. 

If  we  eliminate  the  parameter  a  between  the  two  equations 
F{x,y,„)  =  0  ...  (1)  and  =  0  .  .  .  (2), 


the  resulting  equation  will  be  a  relation  between  the  general  co-ordi¬ 
nates  x  and  y  of  the  points  of  intersection,  independent  of  the  par¬ 
ticular  curve  whose  parameter  is  a,  or,  in  other  words,  the  equation 
of  the  locus. 

Resolving  (2)  with  respect  to  a  the  result  may  be  written 

a  =  cp{x,y), 

and  this  substituted  in  0)  gives 


F[x,y,cp(x,y)]  =  0  ...  .  (3), 


which  will  be  the  equation  of  the  locus. 

dy 

Now  if  the  differential  coefficient  ~  be  the  same  whether  de¬ 
cor 

rived  from  (1)  or  (3),  the  two  curves  will  have  a  common  tangent 
at  the  point  and  therefore  will  be  tangent  to  each  other. 
Differentiating  with  respect  to  x ,  we  obtain  from  (1) 


dF(x,  ?/,  a) 
dx 


dF{x ,  y,  a) 
dy 


dy 

dx 


and  from  (3)  +  dF[x,y,tp{x,y)']  _ 

'  1  dx  dy  dx 


■f 


dF[x,  ?/,  <p  (x,y)  ]  f  d<p(x,ij) 


ci(p  (x,y) 


,  f MfvY\  _ 

L  dx  J 


0 . .  (5). 


But  the  first  and  second  terms  of  (4)  and  (5)  are  identical,  and  the 
third  term  of  (5)  is  equal  to  zero  by  (2). 

Hence  the  values  of  ~~  given  by  (4)  and  (5),  and  by  (1)  and  (8), 
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are  the  same,  and  consequently  the  two  curves  (1)  and  (3)  are  tan¬ 
gent  to  each  other. 

146.  The  curve  (3)  which  touches  each  curve  of  the  series,  is 
called  the  envelope  of  the  series. 

147.  1.  To  determine  the  envelope  of  a  series  of  equal  circles 
whose  centres  lie  in  the  same  straight  line. 

Assuming  the  line  of  centres  as  the  axis  of  x,  the  equation  of  one 
of  these  circles  will  he  of  the  form 

(a?  —  a)2  -f  y2  —  r2  =  0 .  .  .  .  (1), 

in  which  a  is  the  only  variable 
parameter. 

Differentiating  with  respect  to 
a,  we  get 

—  2x  -j-  2$  ~  0  .  .  .  .  (2) 

From  (2)  a  ~  x,  and  this  substituted  in  (1)  gives 

y2  —  r2  —  0*  .  * .  y  =  db 

This  is  the  equation  of  two  straight  lines  parallel  to  and  equidis¬ 
tant  from  the  axis  of  x,  a  result  easily  foreseen. 

2.  The  envelope  of  a  series  of  equal  circles  whose  centres  lie  in 
the  circumference  of  a  given  circle. 

Let  x x2  +  y x2  —  ?q2  =  0  ....  (1) 

be  the  equation  of  the  fixed  circle. 


(x  —  xx)2  +  (y  —  yx)2  —  r2  =  0 - (2) 


that  of  one  of  the  moveable  circles. 

The  variable  parameters  are  xx  and  yl5  the  latter  being  a  function 
of  the  former. 


From  (2)  we  have  — - 
But  from  (1)  xx  +  yx 


2(x  —  aq)  —  2  (y  -  yx) 


rfjr»  =  0  or  dy' 


dxx 


dx  j 


fyf  i 

dxx 

Vi 


x , 
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This  value  in  (3)  gives 

—  (x  —  aq)  4  (y  —  -\/ri  ~  xi) 


x , 


or 


x  4 


yx  i 


vV-z? 

=  0,  and  .  * .  xx  = 


0. 


rxx 


(4)- 


rx2  —  X]2  L  V x2  +  y2 

Now  combining  (1),  (2),  and  (4),  so  as  to  eliminate  xl  and  yl5  we  get 


2/y*  2  \  2 


2  +  w 


V_  = 


a: 


0, 


or 


_  g^g+ig)  +  , . 


»-2 


\/^2  +  y 2 

.  * .  A*2  +  y2  —  ?q  =  ±  r.  .  • .  x2  4  y2  =  (?q  ±  r)2. 

This  is  the  equation  of  two  concentric  circles  whose  radii  are 
rl  +  r  and  rl  —  r  respectively. 

3.  The  curve  which  touches  every  chord  connecting  the  extremi 
ties  of  conjugate  diameters  of  an  ellipse. 

Let  Q1Pl  and  Q2P2  be  conjugate  diameters  of  the  ellipse  ACBD , 
aq  and  yx  the  co-ordinates  of  Pv  r 

x2  and  y2  those  of  P2. 

Put  AO  =  a,  OC  —  b, 
tan  P-,  OB  —  tan  6,  =  —  =  L, 

Xn 


tan  P2  OB  =  tan 

^  ®  /y»  A 

J.2 


^Ai»\  \  / 

>\  /  /y 

oA — __ 

^ -  V 

D 


Then,  since  by  the  property  of  the  ellipse,  txt2  =  — 


b2 


a ^ 


.  * .  —  b2xlx2  —  a2yly2  and  ;r2  — 


a2yi.V2 

62^ 


Also 


«2y;2  4  &2*ia  =  «2y22  4- 


62aq2 


«2y22 

Paq2 


(«2yi2  +  ^2^i2)% 
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.  “V  _  1  and  •  „  _  !±L  and  a;  _  _  °lMi 
•  Wx  f  -  •  j2~  a  2  ~  VXl 


«V\ 


.  * .  The  equation  of  the  line  PlP2  is 


bxl 


V\  ~ 

Vi  —  y2  /  x  a  ,  \ 

y  y\  —  z  ~  (x  —  77T  ^i) 


xl  x2 


xx  +  - 


ay  i 


or 


Xi(y  +  v)~1Ji(x  ~°j)  ~ ab  =  0  •  •  •  •  (*)• 


Differentiating  (1)  with  respect  to  xl  we  get 


y+te-LW)** 1=0  . 

a  \  b)  dx1 

But  (Py-f  -f-  b2x j2  =r  a2b2  ....  (3),  and 
Hence  (2)  can  be  reduced  to 


.  (2). 

djh  _ 

dx-> 


b2x1 

a2?/i 


( 


(Py1  (y  +  -)  +  ^ 


and 


Combining  (1)  and  (4)  we  have  xl  — 

—  bx^{bx  —  ay) 


y  1= 


a  ( bx  -f-  ay) 
These  values  reduce  (3)  to  the  form 


.  .  .  (4). 

ba2  ( bx  4-  «?/) 
2  {a2y2  +  b2x2) 

ah2  {bx  —  ay) 

2  ( a2y 2  -f-  b2x2) 


a2b2  [( bx  +  ay)2  +  {bx  —  ay)2 ] 

4  ( a2y 2  -f-  b2x2)2 

the  equation  of  an  ellipse  whose  semi-axes  are  a\  / -  and  b\  / ~r.  and 

V  2  V  2 

which  is,  therefore,  similar  to  the  original  ellipse. 

4.  The  envelope  of  a  scries  of  lines  drawn  from  every  point  in  a 
parabola,  and  forming  with  the  tangent  angles  equal  to  those  included 
between  the  tangent  and  the  axis. 


x< 


or 


+ 


r 


-a2  -b2 

2  2 


1, 
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Let  PD  be  one  of  the  lines. 

Put  DPT  =  PTD  =  =  xx  EP  =  yv 

Then  PDE  =20,  and  the  equation  of  the  line  PD  is 
V  —  V 1  =  tang  20  (x  —  aq) . (1). 


But  tang  20 : 


2  tan  0 
1 — tan20 


1  — 


d!h 

dx  i  cfrq  jo 

^ ;  and  since  yp—2pxx.  -~=—. 

<W  .  1  yi 

dhq2 


.  tan 


or 


Differentiating  (2)  with  respect  to  y1?  we  find 


2y?q  -f  p>2  —  2px  =  0,  and  yx 
This  value,  substituted  in  (2),  gives 


2 px  —  p2 
9  A  ’ 


4p2x2 — 4n3.r-(-?^4  „  2  m? 

- p2y  +  p2-~ 


4y 


2  y 


t.  «ppnsiiL 


9 


o, 


or  by  reduction  (2#  —  p)2  +  (2//) 2  =  0  .  .  .  (3). 


This  can  be  satisfied  only  by  making  2x  —  p  —  0  and  y  —  0, 

.  * .  (3)  represents  a  point  whose  co-ordinates  are  x  —  —  p  and  y  —  0. 

Thus  the  lines  will  all  pass  through  the  focus ;  as  might  have  been 
foreseen  from  the  well-known  property  of  the  parabola. 

5.  From  every  point  in  the  circumference  of  a  circle,  pairs  of 
tangents  are  drawn  to  another  circle  ;  to  find  the  curve  which  touches 
every  chord  connecting  corresponding  points  of  contact. 
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Let  jPj  be  a  point  on  the  first 
circle  PXP2  anc^  -^1^3  a  Pair  °f tan- 
gents,  P 2P 3  one  of  the  chords,  0 
the  origin  at  the  centre  of  the  se¬ 
cond  circle,  x^yx  the  co-ordinates  of 
P 1,  a’2y2  those  of  P2,  x3y3  those  of 
P3.  OP3  =  r ,  CPxr=.r^  OC—a. 

V2  —  v-6 


Then  y  —  y2—  — - —  (a?  —  %2) . (1)  *s  the  equation' of  the 

chord  P2P3. 

Also  yly2-\-xlx2~r2 . (2)  the  equation  of  the  tangent  P2P\ 

applied  to  the  point  Pv 

yxy3-Pxxx3—r2  ...  (3)  the  equation  of  the  tangent  P3P:  applied  to 
the  point  Pv 


Then  yl  (y2  —  y3)  +  x1  (x2  —  x3)  —  0,  and  .  * . 


y  2  ~~  y  3 


Xr, 


x? 


X-, 


y  1 


X-, 


which  reduces  (1)  to  y  —  y2  = - -  (x  —  x2) 

y  1 

or  yyx  +  xxx  —  yxy2  +  xxx2  =  r2 . (4). 

Now  differentiating  (4)  with  respect  to  xv  we  get 

^  ~cU  “h  x  —  9.  But  y2  -f-  (xx  —  a) 2  =  rx2 . (5). 


^  a  — 

.  *  •  y,  -4 - L  —  a  =  0  and  .  * .  y - 

ldx  1  J  y, 

or  =  ay  ....  (6). 

Combining  (4)  and  (6)  we  have 

2/i  =  -3-r-±-  and  *1  = 


X 


-+«  =  0, 


r2y  —  ayx  1  _  r2#  -b  ay2 


a:2  +  y2 


x 2  +  y2 


These  values  substituted  in  (5)  give 

{x2-\ -y2)  (r4 — ^aPxPaPx2 

{x2 +y2)2 

Hence  the  curve  required  is  always  a  conic  section.  It  is  a  circle 
when  a  =  0,  an  ellipse  when  a  <  rv  a  parabola  when  a  =  rx  and  a 
hyperbola  when  a  >  rv 


: r j2  or  r^y2-\- (i'-f —  a2)x2Jr%cir2Xz=ziA, 


CHAPTER  V. 


SINGULAR  POINTS  OF  CURVES. 

148.  Those  points  of  a  curve  which  enjoy  some  property  not 
common  to  the  other  points,  are  called  singular  points.  Such  are 
multiple  points,  or  those  through  which  several  branches  of  the  curve 
pass  ;  conjugate ,  or  isolated  points ;  cusps ,  or  points  at  which  two 
tangential  branches  terminate ;  points  of  inflexion ,  &c.  These  will 
be  examined  successively. 


Multiple  Points. 

149.  These  are  of  two  kinds,  viz.:  1st.  When  two  or  more 
branches  intersect  in  passing  through  a  point,  their  several  tangents 
at  that  point  being  inclined  to  each  other ;  and  2d.  When  the 
branches  are  tangent  to  each  other,  their  rectilinear  tangents  being 
coincident. 

150.  Prop.  To  determine  whether  a  given  curve  has  multiple 
points  of  the  first  species. 

At  such  a  point,  there  must  be  as  many  rectilinear  tangents,  and 

du 

therefore  as  many  different  values  of  the  differential  coefficient 

CL 

as  there  are  intersecting  branches. 

Let  F(x,y)  —  0  =  u, . (1),  be  the  equation  of  the  given 

curve,  freed  from  radicals. 
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du 

dy  dx 

Then  since  p'  —  ~  — - —  and  since  differentiation  never  in- 

dx  du 

dy 

Produces  radicals  where  they  do  not  exist  in  the  expression  differen¬ 
tiated,  the  value  of  p'  above  given  cannot  contain  radicals,  and 
therefore  cannot  be  susceptible  of  several’ values,  unless  it  assumes 

the  indeterminate  form  jj. 


0 


Renee  the  condition  p'  =  -  will  characterize  the  points  sought. 
To  discover  whether  such  points  exist,  and  if  so,  to  find  their  posi¬ 
tions,  we  form  the  partial  differential  coefficients  ~  and  —  from 

dx  dy 

the  equation  of  the  curve,  then  place  their  values  equal  to  zero,  and 
determine  the  corresponding  values  of  x  and  y. 

If  these  values  prove  real,  and  satisfy  (1),  they  may  belong  to  ,n 
multiple  point.  W e  then  determine  the  value  of  pr  by  the  method 

applicable  to  functions  which  assume  the  indeterminate  form  and 

if  there  be  several  real  and  unequal  values  of  p\  they  will  corre¬ 
spond  to  as  many  intersecting  branches  of  the  curve,  passing  through 
the  point  examined. 


EXAMPLES. 


*  151.  1.  To  determine  whether  the  curve  x 4  -f-  2ax2y  — -  ay3  =  0, 
has  multiple  points  of  the  first  species. 


du 

dx 


u,  —  x 4  -f  2 ax2y  —  ay3  =  0,  ....  (1). 

Say2,  ....  (3). 


du 


Ax3  +  4 axy,  ....  (2).  ~  2ax2 


P 


f  Ax3  +  Aaxy 


‘Sap2  —  2  ax? 


(4)- 
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Placing  (2)  and  (3)  equal  to  zero,  we  get 


x(x2  +  ay)  =  0,  ....  (5). 

and,  2a?2  —  3y2  =  0 . (6). 

Combining  (5)  and  (G)  we  have  three 
pairs  of  values  for  x  and  y,  viz. : 

x  —  0,  and  y  —  0, 


or,  x 


+  7ia  ancl  y  =  — 


o 


-a,  or,  a?r=: 


—  \a  and  y: 


2 

3  °'m 


The  first  pair  of  values  will  alone  satisfy  (1),  and  therefore  the 
origin  is  the  only  point  to  be  examined. 

Placing  x  =  0,  and  y  =  0,  in  (4),  there  results 


12a?2  -f-  4ay  +  4  axp' 
( iayp '  —  4  ax 


0 

0 


when 


x  =  0 
y  =  0, 


or  by  substituting  for  numerator  and  denominator  their  differential 
coefficients, 

,  24a?  +  Sap'  +  4 axp"  Sap'  ^  ^  x  —  0 

^  Gap'2  +  Gayp"  —  4a  Gap'2  —  4a  '  \y  =  9. 

.  *.  p' {Gap'2  —  4a)  =  Sap',  and  consequently 

p'  —  0,  or,  p'  ==  +  V*,  or,  p’  —  —  t/2. 


Hence  the  origin  is  a  triple  point,  the  branches  being  inclined  to 
the  axis  in  angles  whose  tangents  are  0,  -f-  -p^2,  and  —  y^,  res¬ 
pectively. 

The  form  of  the  curve  is  shown  in  the  diagram. 

2.  The  curve  ay 3  —  x3y  —  ax3  —  G  —  u . (1). 


g=-Jfc*y-S«**  =  0,....(2).  g 


3ay2  —  x3  =  0.  .  .  .  (3). 


From  (2)  and  (3),  x  =  0,  and  y  =  0,  or,  x  —  a^/o,  and  y  =—  a. 

The  first  pair  of  values  satisfies  (1),  but  the  second  does  not. 
Therefore  the  origin  is  the  point  to  be  examined. 
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Hence  p1  == 


3a;2//  +  Sax 2 

O  o  o 

,  Say-'  —  xJ 


6xy  +  3 x2p'  -f*  Gax 
t )ayp '  —  3a:2 


^  when 


Gy  4*  1  2a://  4-  3 x2p"  4*  6a  Ga  ^en  j  x  —  0 
Gap'2  4-  Gayp"  —  Gx  Gap'2  W  (  y  —  0. 

.  • .  p'3  =  1,  and  p’  —  1. 

This  being  the  only  real  value  of  p\  there  is  but  one  branch 
passing  through  the  origin,  and  therefore  the  curve  has  no  multiple 
points. 

8.  The  curve  a;4  —  2 ay3  —  3a2//2  —  2a2a:2  4~  a4  —  0  =  u.  .  .  .  (1). 
~  =  4  (a;3  —  a2x )  =  0.  ...  (2).  —  —  —  G(ay 2  4-  a2y)  =  0.  .  .  (3). 

u 

From  (2)  and  (3)  we  get  six  pairs  of  values,  viz. : 


x  = 

o, 

and 

y  =  o, 

or,  a;  =  0,  and  y  = 

-a, 

or, 

X  z= 

a, 

and 

ll 

o 

V* 

or,  a;  =  —  a,  and  y 

=  0, 

or, 

X  — 

a, 

and 

y  -  — 

a,  or,  x  =  — a,  and 

• 

1 

II 

But  of  these  six  pairs  of  values,  the  2d,  3d,  and  4th,  are  the  only 
ones  which  satisfy  (1),  and  therefore  there  are  but  three  points  to 
be  examined. 


2a:3  —  2a2x 


Gx2  —  2a2 


V  =o 


Say 2  4"  3 a2y  ( Gay  4  3a2)//  3 p' 


when 


r= 

( y  = 


X  =:  dtz  a 

0 


and 


P 


3/ 


when 


j  x  =  0 

i  y  =  -  a- 


/4\1 


.  p'  —  ±  at  the  point  where  x  =  a  and  y  =  0 
i?'  =  ±  “  “  x  =  —  a  and  y  =  0 


*  =  ±  3 


2\i 


u 


“  x  =  0  and  y  =  —  a. 


Thus  the  curve  has  three  double  points. 

13 
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152.  Prop.  To  determine  whether  a  given  curve  has  multiple 
points  of  the  second  species. 

Here  the  mode  of  proceeding  is  similar  to  that  in  the  last  propo¬ 
sition,  but  the  resulting  values  of  p'  prove  equal  although  given  by 
an  equation  of  the  second  or  higher  degree. 

Ex.  The  curve  x4  +  x2y2  —  (Saxhj  -f  a2y2  =  0  =  u  ...  .  (1). 

(7 it  n 

—  —4x*-\-2 xy2 — \2axyz=i<)  .  .  (2),  — =2 x2y — 6aa;2-|-2a2y=:0  . .  (3). 

«/ 

From  (2)  and  (3)  x  0  and  y  —  0,  and  this  is  the  only  pair  of 
values  which  will  satisfy  (1).  Hence  the  origin  is  the  only  point  to 
be  examined. 

,  12a.ry  — 2xy2  — 4x3  12ay-\~\2axp' — 2y2 — 4  xyp'  —  12a;2  0 

^  2  x2y  —  <jax2-\-2  a2y  4xyJr2x2p'  —  \2ax-\-2a2p’  2  a2pn 

when  x  =  0  and  ?/  =  0.  .  * .  W2  —  =  0  and  p'  =  ±0. 

J  1  2a2  1 


And  the  origin  is  a  double  point  of  the  2d  species. 

153.  We  may  prove  directly  that  at  a  double  point  of  the  2d 

kind,  the  condition  pr  =  ^  is  always  fulfilled. 

Thus  suppose  the  two  branches'  to  have  contact  of  the  nth  order. 
Then  the  first  n  differential  coefficients  will  be  the  same  for  the  two 
branches,  but  the  {n  +  1  )th  differential  coefficient  will  be  different 
at  the  double  point. 

Let  P  Q  —  0....(1)  be  the  result  obtained  by  differen- 

Cl  JU 

tiating  the  given  equation  once,  m  which  P  and  Q  are  functions  of 
x  and  y,  the  original  equation  having  been  freed  from  radicals. 

By  repeating  the  differentiation  n  times,  we  get 
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ill  which  P  is  the  same  as  in  (1),  and  is  a  function  of  x,  y,  and 
the  differential  coefficients  of  the  several  orders  less  than  (n  +  !)• 
Now  the  (n  -ff  l)th  differential  coefficient  has,  by  supposition,  two 
different  values  a  and  b  for  the  same  values  of  P  and  Qv 

.  • .  Pa  +  $i  =  9,  and  Pb  -f-.  Qx  =  0, 

and  by  subtraction  P{a  —  b)  —  0.  .  * .  P  —  0  since  a  and  b  are 

unequal. 

This  value  of  P  substituted  in  (1)  gives  Q  —  0. 


.  __  _  __  0 
dx  P  0 


Multiple  points  of  the  2d  species  are  characterized  by  having  but 

dt/ 

one  value  (or  rather  two  or  more  equal  values)  for  — -,  but  several 

Cuv 


unequal  values  for 


or  some  higher  coefficient. 
dx2  & 


Conjugate  or  Isolated  Points. 


154.  These  are  points  whose  co-ordinates  satisfy  the  equation  of 
a  curve,  but  from  which  no  branches  proceed.  When  p'  assumes 
the  imaginary  form  for  real  values  of  x  and  y,  the  corresponds 
point  will  be  isolated,  as  the  curve  will  then  have  no  direction ;  an 
since  imaginary  values  occur  only  where  radicals  are  introduced,  the 

condition  pf  —  —  will  also  hold  true  in  such  cases. 

1  0 

The  converse  proposition,  viz. :  that  at  a  conjugate  point  p'  will 
be  imaginary,  is  not  always  true;  for  if  in  the  development 


Vi  —  ±  h)  —  y 


+  . *!_  +  &0, 

dx  1  dx2  1 . 2  dx3  1.2.3 


any  one  of  the  differential  coefficients  should  prove  imaginary, 

/ 

would  be  imaginary  also. 


a*  an 
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To  determine  with  certainty  whether  a  point  (a,b)  is  isolated,  sub¬ 
stitute  successively  a  +  h  and  a  —  h  for  x ,  and  if  both  values  of  yl 
prove  imaginary  ( h  being  small),  the  point  will  be  imaginary; 
otherwise  it  will  not. 


dy 

155.  If  the  coefficient  p'  =  be  found  to  have  multiple  values, 


some  being  real  and  some  imaginary,  we  may  regard  the  result  as 
indicating  the  indefinitely  near  approach  of  a  conjugate  point  to  a 
real  branch  of  the  curve. 


EXAMPLES. 


*156.  1.  To  determine  whether  the  curve 

ay2  —  x3  -f-  4 ax2  —  5a2x  +  2a3  =  0  =  u  .  .  .  .  (1) 
has  conjugate  points. 

diiL  di  / 

—  =  —  ox2  +  8a.c  —  5a2  =  0  .  .  .  .  (2),  —  =  2 ay  =  0 . (3). 

CL  1/ 

5 

From  (2)  and  (3),  x  —  a  and  y  —  0,  or  x  —  -  a  and  y  =  0. 


The  first  pair  of  values  satisfies  (1),  and  therefore  the  point  (a, 0) 
must  bo  examined. 

•  ox2  —  8 ax  +  5a2  Gx  —  8a  1  (  x  =  a 

,  p  — - - - =  — - — ; —  = - ;  when  J 


2ay 


2  ap' 


P 


{y  —  o. 


.  •  .  p'2  =  —  1,  y  =  —  1- 

This  result  being  imaginary,  we  conclude  that  the  point  examined 
is  isolated. 

2.  The  curve  ( c2y  —  x3)2  —  (x  —  ci)5  ( x  —  6)6,  in  which  a~y>  b. 

u  =:  ( c2y  —  x3)2  —  ( x  —  a)5  {x  —  b)G  =  0 . (1), 

du 

—  =:  2c2  (c^y  -  x*)  =  0 . (3), 

~  =  —Gx2(c2y—x3)—5{x—ay(x—b)6—G{x—a)5(x—b)5=0  .  .  .  (2). 
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The  equations  (2)  and  (3)  give 


a 


x  —  a  and  y  —  — ,  or  x—b  and  y  = 


b3 


,2  5 


both  of  which  pairs  of  values  satisfy  (1),  and  therefore  both  require 
examination.  ■/ 

t  Gx2  ( c2y  —  x 3)  +  5  (x  —  a)4  (x  — b  )6  -j-  G  ( x  —  a)5  ( x  —  by 
1  2c2  ( c2y  —  x 3) 

Gx2  ( c2y  —  x3)  5(x  —  a)4(x  —  b)6  +  6(x  —  a)5(x  —  b)5 

_| - 


2c2  ( c2y  —  x3) 


5 

2c2(x  —  a)^  (x  —  b)3 

8x2  5(x  —  a)^(x — b)3-j-G(x  —  a)^(x — b)2  3  b2 


+ 


2c2 


=— —  when  x—b, 


oar 


—  when  x=a. 


Thusyf  is  real  at  both  points.  But  if  w'e  substitute  b  d=  h  for  :t 
in  (1),  and  solve  with  respect  to  y,  we  get 


y 


=  ^|2— +  ~{J>±h-a)\±hf, 


both  of  which  values  of  y  are  imaginary  when  h  is  taken  less  tha» 

b3  . 

a  —  b  ;  so  that  the  point  where  x=b  and  y~  —  is  a  conjugate  point, 

C  i 

although  p'  is  real. 

This  result  is  confirmed  by  forming  the  succeeding  differential 
coefficients ;  thus 


p"  =  -^-  +  ^  [x— a)^(x  —  6)3+15(o:  —  a)  *(x—b)2 


+  G{x  — a)  2  (a;  —  6)1  =  — ,  when  x  —  b. 

This  is  a  real  value  also. 

But  the  next  coefficient  will  contain  the  term  6(x—a)i  - =6(b — a ) 
which  is  imaginary,  since  a  >  b. 

The  value  x  —  a  does  not  belong  to  a  conjugate  point,  as  is  seen 


5 

7* 


i 
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by  substituting  a  ±  h  for  x  in  (1),  and  solving  with  respect  to  y, 
thus, 


(a  dr  k)3  ,  1  .  _ .  a  .  .  ... 

y  —  — r— +7?(±/i) 


which  is  real  when  h  >  0,  but  imaginary  when  h  <  0. 


Cusps. 


157.  A  cusp  is  that  peculiar  kind  of  double  point  of  the  second 
species  at  which  two  tangential  branches  terminate  without  passing 
through  the  point. 

Cusps  are  of  two  kinds,  viz. : 

1st.  That  in  which  the  two 
branches  lie  on  different  sides 
of  the  tangent,  as  in  Fig.  1. 

2d.  That  in  which  they  lie 
on  the  same  side  of  the  tangent,  as  in  Fig.  2. 

d.y 

The  test  of  a  cusp  is  that  ~  shall  have  two  real  and  equal  values 

(X%L 

rtt  some  point  ( a.b ),  and  that  when  we  substitute  a-\-h  and  a — h 
for  x,  we  shall  find,  in  one  case,  two  real  and 
unequal  values  of  y,  and  in  the  other  two 
imaginary  values.  The  only  exception  to 
this  is  that  offered  by  the  case  shown  in 
Fig.  3,  where  a  cusp  of  the  first  kind  occurs 
at  a  point  P ,  with  the  tangent  parallel  to  the 

axis  of  y.  It  will  then  be  more  convenient  to  form  the  value  of 

dx 

— ,  which  should  be  ±  0,  and  to  try  whether  the  successive  substi- 

dy 

tution  of  b  -f-  h  and  b  —  h  for  y  will  render  x ,  in  one  case,  real  and 
double,  and  in  the  other  imaginary.  The  condition  rpf  —  ^  serves  as 
a  guide  in  selecting  the  points  to  be  examined. 


X 
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EXAMPLES. 

158.  1.  To  determine  whether  the  curve  (by  —  cx)2  =  (x —  a)3 
has  a  cusp,  and  if  so,  of  which  kind. 

u  —  (by  —  cx )2  —  (#  —  a)5  =  0 . (1), 

^  =z  —  2  c(by  —  cx)  —  5(x  —  a)4  =  0 . (2). 

g  =  2 b(b,j  -ex)  =  0 . (3). 

GC 

From  (2)  and  (3)  we  obtain  x  =  a,  and  y  =  — , 
and  as  these  values  satisfy  (1),  we  must  examine  the  point 

.  2 ciby  —  cx)  -f-  5  (x  —  a)4  0  (x  —  a 

pr—  - - \ - -=-  when  ;  ac 

7  2b(by  —  cx)  0  )  V  = 

\ 

2  hep' — 2c2-h20(x — a)3  2  hep' — 2c2 

= - 2iv=afc - -  =  w?-=2Fc’  when  *  = 

.  * .  62y>'2  —  2bcpf —  —  c2,  p'2—2  ~  andy>'  =  -^-  ±  0. 

« 

.  • .  There  are  two  equal  values  of  p\  and  consequently  two  tan¬ 
gential  branches  proceed  from  the  point,  a,  ~ 

Now  put  successively  x  ~  a  A ,  and  x  —  a  —  A,  and  solve  with 

respect  to  y. 

c«-4-c/i±  'i/(-f~A)5 

when  #=&-(- A,  y  = - ,  two  real  and  unequal  values, 

ca  —  cAdb  \/(^-h)5  .  . 

when  x—a—h ,  y  = - p— - -  two  imaginary  values. 

b 

GC 

Hence  there  is  a  cusp  at  the  point  a,  — ,  and  the  tangent  at  that 

point  is  inclined  to  the  axes  of  x  and  y. 

Again,  the  ordinate  Y  of  the  tangent  corresponding  to  the  abscissa 

.  7  .  ac  ,  ,7  ac  4-  ch  .  .  .  .  _  .  . 

a  -f-  A,  is  — — {-  p  A  =  — - - which  is  greater  than  one  ot  the  cor- 
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responding  values  of  y,  and  less  than  the  other.  Therefore  the 
branches  lie  on  different  sides  of  the  tangent,  and  the  cusp  is  of  the 
first  kind. 

Remark.  The  kind  of  cusp  can  usually  be  found  very  easily  by 
examining  the  values  of  the  second  differential  coefficient;  for  the 
deflection  of  the  curve  from  the  tangent  is  controlled  by  the  sign  of 

<i2y 

dx2 


Hence,  when  the  two  values  of  this  coefficient  have  contrarv 


signs,  the  cusp  will  be  of  the  first  kind,  but  when  the  signs  arc  alike, 
it  will  be  of  the  second  kind. 

2.  The  semi-cubical  parabola  cy2  =  x3. 

u~cy2—x 3  .  .  .  (1),  —  =  —ox2~0  .  .  .  (2),  ~  =2cy  —  0  . . .  (3). 


x 


0,  and  y  —  0,  and  as  these  satisfy  (1)  there  may  be  a 


cuso  at  the  origin. 

A  O 

,  Sx2  Ox  0 

*  =  2cy  =  2cp'  =  2cj?  ^  *  =  °‘ 


p'2  =  — 

1  2  c 


0  and  pf  =  ±  0, 


two  real  and  equal  values. 

Now  put  0  ±  h  for  x  in  (1),  and 
there  will  result, 

[h? 

when  x  =  0  +  h,  y  =  ±\  /  —  two  real  and  unequal  values, 


U 


hs 

x  —  0  —  h,  y  =  —\/ - two  imaginary  values. 


.  • .  There  is  a  cusp  at  the  origin.  Also  the  ordinate  Y  of  the 
tangent  corresponding  to  the  abscissa  0  +  A,  is  0  p'li  —  0,  which 
being  intermediate  in  value  between  the  two  corresponding  values 
of  y ,  the  cusp  is  of  the  first  kind. 

159.  Sometimes  it  is  more  convenient  to  solve  the  equation  with 
respect  to  y  before  differentiating. 
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Ex.  (y  —  b  —  cx2)2  —  (x  —  a)1 

y  =  b  +  cx2  rb  (x  —  a)"2",  y/  =  2c.z  ±  ^  (x  —  of. 

/W 

Now  y  has  hut  one  value  5  +  ca2,  or  to  speak  more  correctly,  it 
has  two  equal  values  ( b  -j-  ca 2  rh  0)  when  x  =  a,  and  p'  =.  2 ca  ±  0 
has  then  two  equal  values  also. 

4 

W hen  .r = a  +  A,  y  =  b  +  c(a -J- A)2  ±  ( +  A)2  two  real  and  unequal  values. 

x=a—h ,  y=Z>-f-c(<z— A)2=t(  —  A)2  two  imaginary  values. 
Hence  there  is  a  cusp  at  the  point 

(a,  b  +  ca2). 

3  5  1 

Also  p"  —  2c  ±  -•  -  (a?  —  a)"  =  2c  ±  0 

/W  /W 

when  x  =.  a. 

And  since  the  two  values  of  p”  have  the 
same  sign,  the  cusp  at  the  point  ( a ,  b  -f  ca2)  is  of  the  second  kind. 
The  kind  of  cusp  would  also  appear  by  comparing  the  ordinate  Y  of 
the  tangent  with  the  two  values  of  y. 

For  when  x  =  a  +  A,  Y  —  b  +  ca2  +  prh  =  b  -f-  ca 2  +  2cah, 
which  is  less  than  either  value  of  y,  when  h  is  small. 


Points  of  Inflexion. 


160.  Points  of  inflexion  or  contrary  flexure  are  those  at  which 
the  curve  changes  the  direction  of  its  curvature,  being  successively 
convex  and  concave  towards  a  fixed  line  as  the  axis  of  x. 

It  has  already  been  remarked  that  a  curve  is  convex  towards  the 

•/ 

d2y  d2y 

axis  of  x  when  -4r-  is  positive  and  concave  when  — is  negative 


dx2 


dx2 


Hence  a  point  of  inflexion  will  be  characterized  by  having  the  second 
differential  coefficient  affected  with  contrary  signs,  at  points  situated 
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near  to,  but  on  different  sides  of  the  point  in  question.  But  since  a 
variable  quantity  changes  its  sign  only  when  its  value  passes  through 


d2y 

zero  or  infinity,  the  condition 

C LJLf 


d2!/ 

—  0  or  — —  =  oo  will  belong  to 
dx 2 


a  point  of  inflexion.  But  the  converse  is  not  necessarily  true,  for 
d^ij 

the  sign  of  — ~  does  not  always  change  after  its  value  has  reached 

U  JL/ 

0  or  oo  .  We  must  therefore  see  whether  a  change  in  the  sign  of 
dPy 
dx 2 


-  will  or  will  not  occur. 


We  may  also  recognize  a  point  of  inflexion  by  the  consideration 
that  at  such  a  point  the  tangent  intersects  the  curve,  and  therefore 
the  ordinate  of  the  tangent  will,  on  one  side  of  the  point  be  greater, 
and  on  the  other  less  than  the  corresponding  ordinate  of  the  curve. 


EXAMPLES. 


161.  1.  The  cubical  parabola  a2y  =  x3. 

,3 


V 


x*  .  ox2  6x 

-i  p  —  p  =  — -  =  0  when  x 


0. 


a*  a“  "  a 

s 

* .  The  origin  is  a  point  to  be  examined. 

Put  x  —  0  +  /i,  and  y  =  y1? 

x  —  0  —  h,  and  y  =  y2. 

,12 

Then 


d 2?/,  Gh 

' 1  -  -r  >  o, 


dx 2 


a 4 


dx2  -  a2  ^ 


Hence  the  origin  is  a  point  of  inflexion.  The  condition  p"  =  go 
gives  x  =  go  ,  and  therefore  is  not  applicable. 

162.  Sometimes  it  happens  that  two  of  the  peculiarities  which 
characterize  singular  points  occur  at  the  same  point  of  a  curve. 
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Ex. 


a3 y2  -  *2 abx2y  —  x5  =  0  =  u  .  .  .  .  (1), 


du 

dx 

du 

dy 


—  —4abxy—5xA  =0  .  . .  .  (2), 
=:  2 a3y  —  2 abx2  —  0 . . .  .  (3). 


The  equations  (1),  (2),  and  (3), 
are  all  satisfied  by  the  values 
x  —  0,  y  —  0. 

,  4abxy  -j-  5a:4 
^  2  avy  —  2  abx3 

4a by  -j-  4 abxp'  -j-  20a:3 


2  when  J* 

o  (  y 


0 

0. 


or,  p  = 


0 


2a3// 


2a3//’ 


when 


a: 

y 


o 

o, 


_o^ 

2a3 


and  there  is  either  a  cusp  or  a  double  point  at  the  origin,  the  axi3 
of  x  being  tangent  to  the  curve. 

O  O 

7,7,2  /A  2/,  4  i  a}~5 

If  X  =  0  +  A,  y  =  ±\  /  — T-  -  ,  two  real  values,  one 

greater  and  the  other  less  than  the  ordinate  (0)  of  the  tangent. 

A  A  2  /  //  // 4  —  <7  A5 

If  x  =  0  —  h,  y  — —  db\/ - - - ,  two  real  values  when 

A  is  small,  but  both  greater  than  0. 

Hence  there  is  a  double  point  of  the  second  species  at  the  origin, 
and  one  branch  of  the  curve  has  an  inflexion  at  that  point. 

163.  In  addition  to  the  singular  points  already  described,  two 
other  classes  may  be  noticed,  viz.  :  Stop  Points,  or  those  at  which  a 
single  branch  terminates  abruptly ;  and  Shooting  Points ,  at  which 
two  or  more  branches  terminate  without  being  tangent  to  each 
other.  Both  are  of  rare  occurrence,  but  the  following  are  examples 
of  curves  belonging  to  these  classes. 

1.  y  —  x.]ogx.  This  curve  has  a  stop  point  at  the  origin. 
For,  y  has  but  one  value,  and  that  is  real  when  x  >  0  ;  but  the 
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value  of  y  is  impossible  when  x  <  0,  since  negative  quantities  can 
not  properly  he  regarded  as  having  any  logarithms. 


=  tan-1  ( —  go  )  m  —  —  'tt  —  —  1.5708  when  x  =  —  0, 

and  whether  x  be  positive  or  negative,  y  will  have  but  one  value. 

164.  When  a  curve  has  the  spiral  form,  and  is  therefore  more  c,  h 
veniently  referred  to  polar  co-ordinates,  we  may  distinguish  1 1  e 

existence  of  a  point  of  contrary  flexure  by  the  condition  that 
d  ft 

—  =  0  at  that  point,  and  that  it  shall  have  contrary  signs  on  differ¬ 
ent  sides  of  that  point.  This  we  proceed  to  show. 


convex. 


dp 


In  the  first  case  r  and  p  increase  together,  and  therefore  — -  is  posi¬ 
tive.  In  the  second  case,  p  diminishes  as  r  increases,  and  therefore 
dp 

— y—  is  negative.  Hence,  in  passing  through  a  point  of  contrary 

Cl/V 

dp 

flexure,  will  change  its  sign,  becoming  equal  to  zero  at  that  point, 
dr 

for  ~  plainly  could  not  become  infinite,  since  p  cannot  exceed  r. 


CHAPTER  VI. 


CURVILINEAR  ASYMPTOTES. 

165.  When  two  curves  continually  approach  each  other,  and  meet 
unly  at  an  infinite  distance,  each  is  said  to  be  an  asymptote  to  the 
other. 

166.  Prop.  To  determine  the  conditions  necessary  to  render  two 
curves  asymptotes  to  each  other. 

Let  the  curves  be  referred  to  rec¬ 
tangular  axes,  and  let  the  ordinates 
EP  and  EP\  corresponding  to  the 
same  abscissa  OE  =  x,  be  express¬ 
ed  by  means  of  the  equations  of 
the  curves  in  terms  of  x.  The 
difference  PP’  =  yx  —  y  can  then  be  expressed  in  terms  of  x ,  and 
if  tin*  difference  be  reduced  to  zero  by  making  x  —  go  ,  (being 
finite  for  all  other  values  of  x ,)  the  curves  will  be  asymptotes  to 
each  other. 

This  condition  is  fulfilled  only  when  the  difference  (expanded  into 
a  series,  contains  none  but  negative  powers  of  x,  without  an  abso¬ 
lute  term,  for  in  such  cases  only  will  the  difference  yx  —  y  become 
zero  when  x  =  go  . 

Hence  we  must  be  able  to  express  yx  —  y  in  the  form 
yx  —  y  —  Ax~a  -f-  Bxr~b  +  Cx~c  +  &c., 

or  the  difference  xl  —  x  of  the  two  abscissae,  corresponding  to  the 
same  ordinate,  must  admit  of  being  expressed  in  the  form 

aq  —  x  —  A1y~ai  -f  Ply~bi  -f-  Cp/-0!  +  &c. 
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167.  Cor.  If  there  be  three  curves,  (^4),  (i>),  and  ((7),  and  if 
the  difference  of  the  corresponding  ordinates  of  (yl)  and  (i>),  and 
that  of  the  ordinates  of  (^4)  and  ( C ),  be  thus  expressed. 

y2  —  V\  —  Ax~a  +  Bx~^a+l)  +  Chf(a+2) . (1). 

y3  —  yx  =  _Z?1£_(a+1)  +  (71#~(a+2)  +  <&c,  ....  (2). 

the  three  curves  will  be  asymptotes  to  each  other,  and,  moreover, 
the  curve  ((7)  will  lie  nearer  to  (A)  than  ( B )  does.  For,  by 

making  x  sufficiently  large,  the  term  Ax~a,  or  —  may  be  rendered 

Ob 

greater  than  the  sum  of  the  succeeding  terms  of  (1),  or  greater  than 
the  sum  of  those  terms  increased  by  the  series  (2). 

168.  Cor.  The  curve  whose  equation  can  be  written  in  the  form 

y  —  B  +  Axa  -f-  Bxb  -f-  Cxc  +  A  per0 i  -f*  Bprbi  -f-  Cptrci  -f-  &c., 

can  have  an  infinite  number  of  curvilinear  asymptotes. 

For  by  taking  any  curve  whose  equation  is  of  the  form 

yl  =  D  +  Axa  -f-  Bxb  +  Cxc  +  A2xra2  -f  B2xrb 2  +  &c. 

in  which  the  absolute  term  _Z7,  and  the  terms  involving  the  positive 
powers  of  x,  are  the  same  as  in  the  given  equation,  the  difference 
V\  —  V  will  reduce  to  zero  when  x  =  oo  . 

169.  Prop.  To  find  the  general  form  of  the  expanded  value  of 
the  ordinate  in  such  curves  as  admit  of  a  rectilinear  asymptote. 

Since  the  equation  of  the  rectilinear  asymptote  has  the  form 
y  —  Ape,  +  B1:  the  equation  of  the  desired  curve  must  take  the  form 

y  —  Apx  -J-  Bl  +  Ax~a  -f-  Bx~b  +  Cx~c  +  &c. 

170.  1.  The  common  hyperbola  a2y 2  —  b2x 2  =  —  a2b2. 

\ 

y  =  zt  -  {x2  —  a2)^  =  db-(x  —  ^  a2x~l  —  —  aAx~3  —  &c.) 

Cl,  CL  2  O 

But  y  =  db  -  x  is  the  equation  of  two  straight  lines  passing 
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through  the  origin  and  equally  inclined  to  the  axis  of  x.  Hence 
these  lines  are  asymptotes  to  the  hyperbola. 

2.  To  determine  whether  the  curve  y  —  b(%2  — a2)  *  has  either 
rectilinear  or  curvilinear  asymptotes. 

By  expansion 

y  =  b(pcrl  -f  i  a2x~z  -f-  &c.)  =  bxr1  -f-  i  ba2x~3  -f  &c. 

/V  /W 

But  y  =  0  is  the  equation  of  the  axis  of  x.  Hence  that  axis  is  a 
rectilinear  asymptote  to  the  curve. 

To  discover  whether  there  is  an  asymptote  parallel  to  the  axis 
of  y,  let  the  equation  be  solved  with  respect  to  x\  thus 

X  1 

z  =  zh  ( a 2  -j-  b2y~2)'*  =  ±  (a  -j-  ^  b2a~lyr 2  —  &c.) 

Here  it  is  evident  that  two  lines  parallel  to  the  axis  of  y,  and  at 
distances  therefrom  equal  to  4-  a  and  —  a  respectively,  will  be 
asymptotes  to  the  curve,  their  equations  being 

x  —  -f-  a  and  %  —  —  a. 

The  hyperbola  whose  equation  (referred  to  its  asymptotes)  i?. 
xy  —  b  will  be  a  curvilinear  asymptote,  and  there  may  be  found  any 
number  of  other  curvilinear  asymptotes. 


CHAPTER  VII. 


TRACING  OF  CURVES. 


171.  In  this  chapter  it  is  proposed  to  give  such  general  directions 
as  are  necessary  in  tracing  a  curve  from  its  given  equation,  and  in 
discovering  the  chief  peculiarities  which  characterize  it. 

The  following  steps  will  be  found  useful : 

1st.  Having  resolved  the  equation,  if  possible  with  respect  to  y, 
let  different  positive  values  be  assigned  to  x  from  x  =  0  to  x  =  oo, 
and  let  those  points  be  noticed  particularly  where  y  =  0,  y  =  oc,  or 
y  —  an  imaginary  value.  The  first  indicates  an  intersection  with 
the  axis  of  x,  the  second  shows  the  existence  of  an  infinite  branch, 
and  the  third  gives  the  limits  of  the  curve  in  the  direction  of  x 


positive. 

2d.  Assign  to  x  all  negative  values  from  x  =  0  to  x  =  —  go  , 
and  observe  the  same  peculiarities  with  respect  to  y  as  when  x  was 
positive.  In  both  cases  the  negative  as  well  as  the  positive  values 
of  y  must  be  examined  so  as  to  include  the  branches  below  as  well 
as  those  above  the  axis  of  x. 

3d.  Determine  whether  the  curve  has  asymptotes,  and  determine 
their  position. 


dif 

4th.  Eind  the  value  of  the  differential  coefficient  ~  and  deter- 

dx 


mine  from  thence  the  angles  at  which  the  curve  cuts  the  axes,  as 
well  as  the  points  at  which  the  tangent  is  parallel  to  either  axis. 


5th.  Erom  the  value  of 


d2y 

dx2 


ascertain  the  direction  of  the  cur- 


TRACING  OF  CURVES. 


209 


Nature  and  the  positions  of  the  points  of  contrary  flexure  when 
they  exist. 

6th.  Determine  the  positions  and  character  of  the  other  singular 
points,  if  there  be  such. 

EXAMPLES. 


172.  1.  Let  the  equation  of  the  proposed  curve  be 


y 


2  _ _ 


x 3  —  a3 


x  -f  b 

Resolving  with  respect  to  y  we  have 


V  = 


aJ 


x  4*  b 


and  since  each  value  of  x  gives  two  values  of  y  numerically  equal 
but  having  contrary  signs,  the  curve  must  be  divided  symmetrically 
by  the  axis  of  x. 

If  x  be  positive  and  numerically  less  than  a,  y  will  be  imaginary, 
and  there  will  be  no  point  of  the  curve  between  the  axis  of  y  and 
a  parallel  thereto  at  a  distance  equal  to  a  on  the  right  of  the 
origin. 

When  x  =  a,  y  —  0,  when  x  >  a,  y  is  real,  and  continues  so  for 
all  greater  values  of  x ,  becoming  infinite  when  x  =  a o  . 

If  x  be  negative  and  numerically  less  than  b,  y  is  imaginary,  and 
there  is  no  point  between  the  axis  of  y  and  a  parallel  thereto  at  the 
distance  =  5,  on  the  left  of  the  origin. 

When  x  =  —  6,  y  becomes  infinite  ;  and  when  x  <  —  b,  that  is, 
negative  and  numerically  greater  than  6,  y  becomes  real  and  con¬ 
tinues  to  increase  without  limit  as  the  numerical  value  of  x  increases, 
being  infinite  when  x  =  —  cc  . 

Thus  it  appears  that  the  curve  has  six  infinite  branches. 

Again,  since  x  —  —  b  makes  y  infinite,  there  is  an  asymptote 
parallel  to  the  axis  of  y,  and  at  a  distance  therefrom  equal  to  —  b. 

14 
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Also  by  resolving  the  given  equation  with  respect  to  y,  and 
expanding,  we  get 


{x  4-  by 

-4-/1  lb  .  sb2  * 
—  ±#(1  —  ,  &c 


8  z2’ 


.^  =  ±  (a:  —  i  6  +  terms  involv¬ 


ing  powers  of  x). 


1 


Hence  y  =  —  —  b)  is  the  equation  of  two  straight  lines,  which 

are  asymptotes  to  the  curve,  and  are  inclined  to  the  axis  of  x  at 
angles  of  45°  and  135°  respectively. 

If  we  combine  this  equation  of  these  asymptotes  with  that  of  the 
curve,  we  shall  find  that  each  of  the  asymptotes  intersects  that 
branch  of  the  curve  which  lies  on  the  right  of  the  axis  of  y. 

Forming  the  value  of  ~  from  the  equation  of  the  curve,  we  have 

vl  it 


dy 

dx 


2x3  +  3  bx2  +  a3 


3 


2(x3  —  a3)2  (.r  +  b ) 
which,  placed  equal  to  zero,  gives  the  cubic  equation 


x3  +  -bx2  +  - a 3 


0, 


in  which  there  must  be  one  real  and  negative  root,  since  the  absolute 
term  is  positive.  The  other  two  roots  are  imaginary,  as  is  easily 
seen  from  the  form  of  the  equation.  Thus  there  are  two  points 
corresponding  to  the  same  negative  abscissa,  one  above  and  the 
other  equally  below  the  axis  of  x,  at  which  the  tangent  is  parallel  to 
the  axis  of  x. 


dy 

By  making  —  =  go  ,  we  get  x  =  a  or  x  —  —  b.  The  first  corres- 

(XjJj 

ponds  to  a  point  at  which  the  curve  intersects  the  axis  of  x  perpen- 
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dicularly.  The  second  belongs  to  the  point  of  contact  of  one  of  the 
asymptotes  as  before  seen. 


By  forming  the  value  of 


dhj 
dx 25 


we  should  find  that  the  curve  is  con 


cave  to  the  axis  of  x  when  x  is  positive,  and  convex  when  x  is 
negative. 

The  curve  has  neither  multiple  points,  cusps,  conjugate  points,  nor 
inflexions. 


When  x  =  0,  y  =  0,  and  therefore  the  curve  passes  through  the 
origin. 


When  x 


a 

2’ 


y  =  dt  go  ,  when  #  =:  +  go  ,  y  —  oo  ,  and  when 


x  —  —  go,  y  =  —  ao. 

Thus  the  curve  has  four  infinite  brancnes. 

When  x  —  a,  or  x  =  —  a,  y  —  0  corresponding  to  two  intersec 
tions  with  the  axis  of  x. 

Since  x  =  ^  renders  y  =  rfc  oo  ,  there  is  one  asymptote  whose 

a 


x  = 


—  • 

2 


equation  is 
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Also,  by  resolving  with  respect  to  y,  and  expanding,  we  get 

('-if 


y  =  x 


\  X")  _  x  I  a1  U/  a  \-J 

,iL  2i  '  *2/  \  2x> 


=  A  (1  —  —  &C.)  (l+-U^  +  &0.). 

A  K  3  x2  1  v  Qx  J 


-  (x  -f  77  +  terms  involving  negative  powers  of 
•  •  •  y  =  "T  (x  +  w)  is  the  equation  of  a  second  asymptote. 


dy 

Forming  the  value  of  the  differential  coefficient  — we  have 

dx 


dy  6a:4  —  2a2x2  —  Aax2  -f-  2  a3x 
d X  o{2x  —  <x)^(a:4  —  a2x 2)^ 

CL 

This  expression  becomes  infinite  when  x  =  -,  when  x  =  ±  a,  and 
when  x  =  0. 

Hence  the  curve  cuts  the  axis  of  a:  perpendicularly  at  the  origin, 
and  at  distances  therefrom  =  +  a  and  —  a  respectively.  The  value 
dy 

of  —  becomes  zero  when  6a:4  —  4aa:3  —  2 a2x2  -f-  2.a?x  =  0,  which 
dx 

corresponds  to  a  value  of  x  between  0  and  —  a.  The  corresponding 
value  of  y  is  a  maximum. 

There  are  inflexions  at  the  points  where  x  —  a  and  x  —  —  a,  as  will 
readily  appear  by  substituting  for  x  values  alternately  a  little  greater 
and  somewhat  less  than  a ,  and  similarly  for  values  greater  and  less 
than  —  a.  For  if  2;  be  rather  greater  than  a  in  the’  equation 

/|»4  _  ^2^2 

y3  =  — - ,  y  will  be  positive  ;  but  if  x  be  somewhat  less  than 

CL 

a ,  y  wrill  become  negative.  Thus  the  curve  wdll  cross  the  tangent  at 
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the  point  where  it  meets  the  axis.  The  same  will  he  true  when  x  =  —a. 

There  will  be  a  third  inflexion  between  x  =  0  and  x  —  ^  a,  for  the 
curve  touches  the  axis  of  y  at  the  origin,  and  a  parallel  asymptote  at 
the  distance  i  a  from  that  axis,  and,  therefore,  must  change  the 

<v 

direction  of  its  curvature  between  those  two  parallels. 

Finally  by  making  the  value  of  ~  —  ^  we  shall  find  that  there 

Cl  JO 

is  a  cusp  of  the  firat  bird  at  the  origin.  The  form  of  the  curve  is 
represented  in  the  \Vvgu\v;, 


PART  III. 

THEORY  OF  CURVED  SURFACES. 


CHAPTER  I. 

TANGENT  AND  NORMAL  PLANES  AND  LINES. 

173.  The  consideration  of  surfaces  affords  an  application  of  the 
theory  of  functions  of  two  independent  variables.  Thus  if  x,  y, 
ind  z ,  be  the  co-ordinates  of  any  point  in  the  surface,  and  z  =  tp(x,y) 
'.he  equation  of  the  surface,  the  values  of  x  and  y  may  be  assumed 
arbitrarily,  and  that  of  z  will  become  determinate. 

174.  Prop.  To  determine  the  general  differential  equation  of  a 
plane  drawn  tangent  to  any  curved  surface  at  a  given  point  (aq,  yv  z±) 
situated  in  the  surface. 

Let  the  surface  and  plane  be  intersected  by  planes  respectively 
parallel  to  xz  and  yz,  and  passing  through  the  point  (aq,  yl5  z x). 

The  equations  of  the  line  cut  from  the  tangent  plane  by  the  plane 
parallel  to  xz  will  be  of  the  forms 

%  —  aq  =  t(z  —  Zj)  .  .  .  .  (1),  and  y  =  yx  .  .  .  .  (2), 
and  those  of  the  intersection  parallel  to  yz  will  be  of  the  forms 
y  —  Vi  =  s(z  —  Zj)  .  .  .  .  (3)  and  x  =  x1  .  .  .  .  (4). 

Also  the  equation  of  the  tangent  plane,  which  contains  these  lines, 
will  have  the  form 

A[x  —  aq)  +  P(y  —  yj)  +  C(z  —  g,)  =  0  .  .  .  .  (5). 

The  equation  of  its  trace  on  xz  is  A  (x — aq)  =  —  C(z—z1)P ByY . .  (6). 

“  “  K  “  yz  M^(y-y1)=-C(«-2fl)+^1..(7). 
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But  the  trace  (6)  is  parallel  to  the  intersection  (1)  (2),  and  the  trace 
(7)  is  parallel  to  the  intersection  (3)  (4). 


.  t 


C  ,  C 

A  and  S  =  ~£ 


which  values  reduce  (5)  to  the  form 

2  -  zi  =  “  (*  “  *i)  +  7  {y  —  Vi) - (8). 

L  o 

Now  since  the  intersections  (1)  (2)  and  (3)  (4)  are  respectively 
tangent  to  the  corresponding  curves  cut  from  the  surface,  we  must 


have 


dx.  dyx 

t  =  - — -  and  s  —  - —  or 

dz1 


dz 


dxl 


and  - 
s 


d i  -  -j 

d>ji 


dzx 

Hence  (8)  reduces  to 

z  —  zl  =  (a;  —  aq)  -f-  (y  —  yx)  .  .  .  (9),  the  desired  equation. 

axl  ay i 

The  expressions  — —  and  -H-  are  the  partial  differential  coeffi- 

d*  i  dyx 

cients  derived  from  the  equation  of  the  surface,  and  they  will  have 
the  same  values  at  the  point  (rrI,y1,^1) ,  as  the  similar  coefficients  de¬ 
rived  from  the  equation  of  the  plane,  tangent  at  that  point. 

175.  Cor.  If  the  equation  of  the  surface  be  given  under  the  form 

u  -  cp{x,  y,  z,)  =  0, 

the  equation  of  the  tangent  plane  will  take  a  more  symmetrical 
form.  Tor  we  then  have  (Art.  57) 


[du 
dx. 


Hence 


du  dz 

- —  0 

dz  dx  ”  ’ 

and 

r  du~\ 

L^_T 

du 

=  ¥  + 

du 

du 

dZy 

dXy 

dZy 

d!h 

1 

H 

"8 

du 

dyx  ~ 

du 

dH 

dZy 

du  dz 
dz  dy 


and  by  substitution  in  (9)  and  reduction,  we  obtain  the  more  sym 
metrical  form 

.  .  du  .  .  du  ,  .  du 

(x  -  xi)  -JZ  +  0  -  Vi)  AT  +  (z  -  zi)  -AT  =  °' 


dXy 


d!h 


dzx 
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176.  Prop.  To  determine  the  equations  of  a  line  normal  to  a 
curved  surface  at  a  given  point 

The  equations  of  a  line  passing  through  the  point  have 

the  forms 

x  —  Xj  =  t(z  —  Zj),  y  —  y1  =  s(z  -  zx)  ; 


and  since  the  normal  line  is  perpendicular  to  the  tangent  plane,  we 
have  by  the  conditions  of  perpendicularity  of  a  line  and  plane 
(A  =  Ct  and  B  =  Cs),  the  following  relations : 


du 

A  dzl  dxx 

C  dxx  du, 


B 

~G 


du 

dzx  dyx 
dyx  ' 


du 


dzx  dzx 

These  conditions  give  for  the  equations  of  the  normal  line 


dz ,  ,  . 

x  ~ Xi  +  nz  ^  =  0 

dz.  ,  N  _ 

y  ~ 2/1  +  if.  ^  ~  =  0 


or 


f  du 
dzx 


du 


\ 


(x  —  x1)z=—  (Z 


du  d  u  . 


*l)- 

*l)- 


177.  Cor.  If  dj,  $2,  03,  be  the  angles  formed  by  the  normal  wit! 
the  axes  of  x,  y,  and  z,  respectively,  or  those  formed  by  the  tangent 
plane  with  the  planes  of  yz ,  xz,  and  xy,  we  shall  have 


cos  dx  = 


A 


dzx 

dxx 


du 
dx  j 


a- 


du 2  du 2  du 2 


j  du 2 

V  d d2' 


dyp  dz 2 


COS  ^2  —  — 


dyl 


du 

dy-[ 


.fid 

V  dxx 


2  dz 2 

H  +  1 


dy  i2 


/  du2 

V  d P2 


du 2  du2 
dyi2  dz2 


du 
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178.  Prop.  To  determine  the  equations  of  a  line  drawn  tangent 
to  a  curve  of  double  curvature,  at  a  given  point  on  the 

curve. 

The  curve  will  be  given  by  the  equations  of  its  projections  on  two 
of  the  co-ordinate  planes,  as  xz,  and  yz  ;  thus 

F(x,z)  =  0,  .  .  .  .  (1).  and  <p(y,  z)  =  0 . (2). 

The  equations  of  the  required  tangent  will  have  the  forms 

x  —  xl  =  t(z  —  2q),  ....  (3).  and  y  —  y1  =  s(z  —  sq), ....  (4); 

and  since  the  projections  of  the  tangent  are  tangent  to  the  projections 
of  the  curve,  (3)  and  (4)  will  take  the  forms 


dzl 


dzY 


z  Z\  —  ~{x  —  aq),  .  .  (5).  and  z  —  zl  =  —  (y  —  jq),  .  .  (6). 


dVi 


dx  dx 

in  which  equations  the  values  of  and  are  to  be  derived 

dx1  dyx 

from  (1)  and  (2),  the  equations  of  the  given  curve. 


179.  Prop.  To  determine  the  equation  of  a  plane  drawn  through 
a  given  point  of  a  curve  of  double  curvature,  and  normal  to  the 
curve  at  that  point. 

The  equation  of  a  plane  passing  through  the  point  (aq^sq),  is  of 
the  form 

A(x  —  aq)  +  B(y  —  jq)  +  C(z  —  Zj)  =  0.  .  .  .  (1). 


But,  since  the  plane  is  to  be  perpendicular  to  the  tangent  line,  we 
must  have  the  conditions 


A  =  Ct=  and  B  =z  Cs  =  C^p, 

dx^  (12^ 

which  values  reduce  (1)  to  the  form 

(*  ~  x')di\ +  {1J-  + (*  ~  *>> = °’ 

the  required  equation. 
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EXAMPLES  OF  TANGENT  PLANES  TO  SURFACES. 

180.  1.  The  tangent  plane  to  the  sphere  whose  equation  is 

u  =  x2  +  y2  +  z2  —  r2  =  0. 


Here 


du  da  du 

—  =  2x.  —  =  2y,  —  =  2  z. 

dx  dy  dz 


Therefore  by  substitution  in  the  general  differential  equation  of  a 
tangent  plane  to  a  curved  surface,  we  get 

/  \  du  ,  .  du  .  .  du  .  \  ~  ,  \ 

+  2  zx(z  —  z1)=  0. 

.  • .  xx l  +  yyl  +  zzx  —  aq2  +  yx2  +  z x2  —  r2,  the  required  equation. 

*2  2  r-2 

2.  The  ellipsoid  —  1  =0. 

a 2  b2  c* 


du  2x  du  2  y  d  u 


o 


0 


dx 


a 


2’ 


O 


X 


dy  b2  ’  dz  c2 


-■^{x  -  X,)  +  ^{y  -  y,)  +  ~'(z  -  2j)  =  0. 


or 


xxi  ,  yy i  , 


’  a2 


-f-  H — d  —  i?  the  required  equation  of  the  tangent 

0  c 


plane. 


/j*2  -^2  ^2 

3.  The  hyperboloid  of  one  sheet  «  =  — - -  1  =0. 

a 2  b2  c 2 


du  2x  du  2y  du 

dy  b2  ’  dz 


2z 


dx 


2’ 


2ya 


2^ 


u2  (*  -  *i)  +  -p-  (y  -  y,)  -  -  % )  =  °- 


#aq  yy,  zz,  ,  . 

* .  — g-  +  — - ^  —  1  =  0,  the  equation  of  the  tangent  plane. 

CC  0  c 
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4.  The  conoid  u  —  c2x2  +  y2z 2  —  r2z2  —  0. 

—  =  2^-r  —  -  5>,2„  du 

dx 


2r2z. 


•  • .  2c2r1(r  —  aq)  +  2 z2yx(y  —  yx)  +  2z1(y12  —  r2)  (z  —  zj  =  0. 


or,  c2raq  +  Z\yy\  +  iyji  —  r2)^  =  y^2,  the  equation  of  the 
tangent  plane. 


CHAPTER  II. 

CYLINDRICAL  SURFACES,  CONICAL  SURFACES.  AND  SURFACES  OF 

REVOLUTION. 

181.  Prop.  To  determine  the  general  differential  equation  of  all 
cylindrical  surfaces. 

These  surfaces  are  generated  by  the  motion  of  a  straight  line, 
which  touches  a  fixed  curve,  and  remains  parallel  to  a  fixed  line 
in  every  position. 

Let  the  equations  of  the  fixed  curve  or  directrix  be 

F{x,z)  =  0,  ....  (1).  Fl  (y,  z)  =  0,  .  .  .  .  (2), 
those  of  the  generatrix,  in  one  of  its  positions,  being 

x  tz  4-  a,  .  .  .  .  (3).  y  —  sz  4-  b,  •  •  •  •  (4). 

Since  the  generatrix  continues  parallel  to  a  fixed  line,  the  values 
of  t  and  s  will  continue  constant  for  all  positions  of  the  generatrix, 
but  a  and  b  will  vary  with  its  position. 

Eliminating  x  between  (1)  and  (3),  and  y  between  (2)  and  (4), 
we  get  one  relation  between  z  and  a ,  and  a  second  between  z  and  b. 
Then  combining  these  equations  to  eliminate  z ,  we  obtain  a  relation 
between  a  and  b,  which  may  be  written 

b  =  (pa,  .  .  .  .  (5). 
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But  from  (3)  and  (4),  a  —  x  —  tz ,  and  b  —  y  —  sz. 

.  • .  (5)  becomes  y  —  sz  =  cp(x  —  tz),  ....  (G). 

This  is  a  general  equation  of  all  cylindrical  surfaces,  but  it  con¬ 
tains  the  unknown  function  9.  To  eliminate  this  function,  differen¬ 
tiate  (0)  with  respect  to  x  and  y  successively,  and  divide  the  first 
result  by  the  second ;  thus 


dz  dcp(x  —  tz) 
dx  d{x  —  tz) 


X 


d(x  —  tz) 
dx 


and 


dz  dr>(x  —  tz) 
dy  d(x  —  tz) 


—  5 


dz 

dx 


dz 

1  s  ~J~ 

dy 


dz 
t  dx 

dz 
1  dy 


whence  t^-  -f-  s~  =  1  ....  (7),  the  required  equation. 


dx 


182.  Cor.  If  we  denote  the  primitive  or  integrated  equation  of  a 
cylindrical  surface  by  f(x,  y ,  z)  =  u  —  0  the  differential  equation  (7) 
may  be  reduced  to  a  more  symmetrical  form.  Tor  since 


dz 

dx 


da 

du 

dx  . 

—  and 

dz 

dy 

■  ■ '  ■  ———I 

da 

dy  ~ 

du 

dz 

dz 

we  obtain  by  substitution  in  (7)  and  reduction 


du  da  d.u 
t  — b  s  - — f  ~r~  =  0  . 
dx  dy  dz 

a  form  often  more  convenient  than  (7). 


183.  Prop »  To  determine  the  equation  of  the  cylindrical  surface 
which  envelops  a  given  surface,  and  whose  axis  is  parallel  to  a 
given  line. 

The  enveloping  and  enveloped  surfaces  being  tangent  to  each 


I 
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other,  will  have  a  common  tangent  plane  at  every  point  in  the  curve 
of  contact,  and  the  equation  of  one  of  these  planes  will  be 


z  —  zx  — 


dz j 
dxl 


+  (y 


dZy 

dy  i 


or 


du 

dxY 


+  {y  - 


+  (*  -*i) 


du 

dzl 


in  wThich  xx  yl  zx  refer  to  a  point  of  contact.  Moreover  the  differen- 
.  ..  „  .  dz-,  dz-,  du  du  du 

tial  coemcients  —A  — -  or  -- — >  — — >  — —  are  the  same  whether  de- 

dxl  dyx  dxx  dyx  dzx 

rived  from  the  equation  of  the  cylinder  or  from  that  of  the  enveloped 
surface.  Hence,  if  we  form  the  differential  coefficients  from  the 
equation  of  the  given  surface,  and  substitute  their  values  in  the  dif¬ 
ferential  equation  of  the  cylinder,  the  result  will  characterize  the 
points  of  contact,  being  the  equation  of  a  surface  containing  those 
points.  This  equation,  when  combined  with  that  of  the  enveloped 
surface,  will  give  the  equations  of  the  curve  of  contact,  and  thence 
the  cylinder  can  be  determined. 

184.  Ex.  A  sphere  u  =  x2  +  y2  +  z2  —  r2  =  0  is  enveloped  by 
a  cylinder  whose  axis  is  parallel  to  the  axis  of  z  ;  to  find  the  curve 
of  contact. 

Here  we  have  x  —  a  the  equation  of  the  projection  of  the  generatrix 
on  xz,  and  y  —  b  the  equation  of  the  projection  of  the  generatrix  on  yz. 

.  • .  t  =  0,  s  —  0. 


Also 


Hence  by  substitution  in  (8), 

0 . 2x  +  0 . 2y  +  2z  =  0  or  z  =  0, 

and  the  points  of  contact  all  lie  in  the  plane  of  xy. 

Combining  the  equations  x2  +  y2  +  z2  —  r2  —  0  and  z  =  0, 
there  results 


x2  +  y2  —  r2  —  0. 
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.  * .  The  curve  of  contact  is  a  great  circle  of  the  sphere,  as  might 
have  been  foreseen. 

185.  Pro p.  If  any  surface  of  the  second  order  be  enveloped  by  a 
cylinder,  the  curve  of  contact  will  be  an  ellipse,  hyperbola  or  para¬ 
bola,  or  a  variety  of  one  of  those  curves. 

The  general  equation  of  surfaces  of  the  second  order  is 


Az2-\-BzyJr  Cy2  -\-  Dzx-\-  E*2  ~\~  Fxy-\-  Gz-\-  Ily  Ix-\-  K—^—u . .  (1). 

.•.^  =  Z>«  +  2 Ex  +  Fy  +  I.  ^  =  Bz  +  HCy  +  Fx  +  H, 
ax  ay 

dit 

—  =  By  -f  2Az  -f  Dx  +  G. 

dz 

.  .t~  =  t{Dz+<lEx+Fy+I)+s{Bz+ZCy+Fx+H) 

+  (By  +  %Az  -j-  Dx  -f-  G)  —  0, 


which  is  the  equation  of  a  plane. 

Hence  the  points  of  contact  are  confined  to  one  plane.  But  any 
section,  by  a  plane,  of  the  surface  represented  by  the  equation  (1), 
will  necessarily  be  a  line  of  the  second  order,  and  therefore  the 
truth  of  the  proposition  is  apparent. 


Conical  Surfaces . 

186.  Prop.  To  determine  the  general  differential  equation  of  all 
conical  surfaces. 

These  surfaces  are  generated  by  the  motion  of  a  straight  line 
which  touches  constantly  a  fixed  curve  and  passes  through  a 
fixed  point. 

Let  the  equations  of  the  directrix  be 

F(x,z)  —  0  .  .  .  .  (1),  Ffj.z)  =  0  ....  (2) ; 
those  of  the  generatrix  in  one  of  its  positions  being 

x  —  a  —  t  (z  —  c)  ...  .  (3),  and  y  —  b  =  s(z  —  c)  ...  .  (4), 
where  a,  b,  and  c,  denote  the  co-ordinates  of  the  fixed  point  or  vertex. 
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The  quantities  t  and  s  vary  with  the  position  of  the  generatrix, 
hut  a ,  b,  and  c ,  are  constant. 

Eliminating  x  between  (1)  and  (3),  and  y  between  (2)  and  (4),  we 
get  one  relation  between  2  and  t ,  and  a  second  between  0  and 
Then  combining  these  equations  to  eliminate  z,  we  obtain  a  relation 
between  t  and  s,  which  may  be  written 


S  Cpt 

But  from  (3)  and  (4),  t  — 


(5). 


x  —  a  y  —  b 

. - ,  and  s  — - 


2  —  c 


.  • .  (5)  becomes 


y-b 


z  —  c 


<P 


[X  —  6?”1 

Z  —  C  J 


Z  —  C 


(0). 


This  is  an  equation  of  conical  surfaces,  but  it  contains  the  unknown 
function  9.  To  eliminate  this  function,  differentiate  (6)  with  respect 
to  x  and  y  successively,  and  divide  the  first  result  by  the  second ; 
thus 

y  —  b  dz  d<p[  ]  d[  ]  ]  |~  1  x  —  a  dz\ 

d\  1  *  dx  d  f  1  ^  Lz  —  g  (z  —  c)2  dx  J 


(z  —  c)2  dx 


and 


1  y  —  b  dz  dy[  ]  d  [  ]  dcp[  ]  T  x  —  a  dz 

—  c  (z  —  c)2  dy  d\  1  X  dy  d  [  1  ^  L  ( z  —  c )2  dy. 


{z  —  c)2  dy  d  [  ]  dy  d  [  ] 

in  which  expressions  the  [  ]  is  used  to  signify  - J  • 

Now  by  division 

dz 


0/  “  h) 


dx 


—  c  —  {x  —  a) 


dz 

dx 


-c-{y  —  b) 


dz 

dy 


—  (x  —  a) 


dz 

dy 


(7)  the  required  equation. 


187.  Cor.  If  we  denote  the  primitive  or  integrated  equation  of  a 
conical  surface  by  f  (x,  y ,  z)  =  u  —  0,  the  differential  equation  (7) 
may  be  reduced  to  a  more  symmetrical  form. 
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For  since 


dz 

dx 


du 

dx  ^ 
~r ,  and 
du 

dz 


dz 

dy 


du 
dy_ 
du  ’ 
dz 


we  obtain  by  substitution  in  (7)  and  reduction 


.  .  du  ,  IX  du  ,  .  du 


(8),  a  form  often 


more  convenient  than  (7). 

188.  Prop.  To  determine  the  equation  of  the  conical  surface  which 
envelopes  a  given  surface,  and  whose  vertex  is  situated  at  a  given 
point. 

If  we  form  the  differential  coefficients  and  or  ~  and 

dx  dy  dx  dy  dz 

from  the  equation  of  the  given  surface,  and  substitute  their  values  in 

(7)  or  (8),  the  differential  equation  of  the  conical  surface,  the  resulting 

relation  will  characterize  the  points  of  contact,  being  the  equation  of 

a  surface  which  contains  those  points.  This  equation,  combined  with 

that  of  the  enveloped  surface,  will  give  the  equations  of  the  curve 

of  contact,  and  thence  the  cone  can  be  determined. 

Ex.  A  sphere  x2  +  y2  +  z2  —  r2  =.  0  =  u  is  enveloped  by  a  cone 
whose  vertex  is  situated  on  the  axis  of  y,  at  a  distance  b  from  the 
origin;  to  find  the  curve  of  contact. 

Here  we  have  the  co-ordinates  of  the  vertex  a  =  0,  b  —  5,  c  =  0. 

.  ,  du  du  ^  du  ^ 

Also,  —  —  2x.  2?/,  —  =  2z. 

’  dx  dy  dz 

.  • .  By  substitution  in  the  equation  of  conical  surfaces 
(x  —  0)  2x  +  (y  —  b)  2y  +  (z  —  0)  2z  =  0  ; 
or,  x2  +  y2  +  z2  —  by  —  0. 


This  being  the  equation  of  a  sphere  having  a  radius  =  ift,  and  its 
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centre  on  the  axis  of  y  at  a  distance  -b  from  the  origin,  the  points  of 

contact  must  lie  in  the  surface  of  such  a  sphere. 

By  combining  the  equations  of  the  two  spheres,  we  get 

by  ~  r2  or  y  =  and  x2  -f-  z2  =  ( b 2  —  r2). 


Hence  the  curve  of  contact  is  a  circle  perpendicular  to  the  axis  of 

r2 

V.  and  at  a  distance  — —  from  the  origin. 

’  b  ° 


189.  Prop .  If  any  surface  of  the  second  order  be  enveloped  by  a 
cone,  the  curve  of  contact  will  be  an  ellipse,  hyperbola,  or  parabola, 
or  a  variety  of  one  of  these  curves. 

The  general  equation  of  surfaces  of  the  second  order  is 

Az2-\-Bzy- f-  Cy2 T Dzx 4- Ex2 -f- Fxy -f-  Gz-\-Hy-\-Ix-\-K—§—u  .  .(1). 


= Dz  -f  Fy  -f  2  Ex + /, 


^=Bz+Fx+ZCy+n, 

ay 


du 

dz 


—  By  -f-  Dx  4-  2Az  +  G. 


{x~a)Tp {y 


4>g+(*-e> 


du 

dz 


=  [Dz  +Fy  +  2 Fx+I]  (x  -  a)  +  [Bz  +  Fx  -f  2<7y  +  B]  (y  -  b) 
-J-  [By  -f-  Dx  4-  2Az  4-  G]  [z  —  c)  =  0, 


,  2[Az2  4-  Gy2  +  Fx2\  +  2  [Bzy  4  Dzx  4*  Fxy\ 

4 -  [G  —  Da  —  Bb  —  2 Ac]z  +  [H —  Fa  —  Be  —  2Cb~\y 
4 -[I-Fb-Dc-  2 Fa]  x  -  [Gc  -f-  Hb  +  /a]  =  0  . . .  (2). 

By  combining  (1)  and  (2),  we  get 

[G  4-  Da  Bb  4-  2 Ac]  z  +  [H  +  Fa  4  Be  4-  2 Cb~\  y 
4-  [I  Fb  Dc  2Ea\  x  4-  2K  4*  Gc  +  Hb  +  la  =  0. 


This  is  the  equation  of  a  plane,  and  therefore  the  curve  of  contact 
is  the  intersection  of  the  given  surface  by  a  plane,  and  consequently 
an  ellipse,  hyperbola,  or  parabola. 


15 
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190.  Prop.  To  determine  the  general  differential  equation  of  all 
surfaces  of  revolution. 


Let  x  —  tz  +  a  .  .  .  .  (1)  ) 
y  =  sz  +  b  ....  (2)  j 
F(x,z)  —  0  .  .  .  .  (3), 


be  the  equations  of  the  axis, 
and  Pl(y,z)  =  0  ....  (4), 


those  of  the  generatrix. 

The  characteristic  property  of  this  surface  is,  that  every  plane 
section  perpendicular  to  the  axis  is  a  circle.  Now  the  equation  of  a 
plane  perpendicular  to  the  line  (1)  (2)  is 


z  +  tx  -f-  sy  =  c, 


and  the  circle  cut  from  the  surface  by  this  plane  may  be  supposed 
situated  on  the  surface  of  a  sphere  whose  centre  may  be  assumed  at 
any  point  on  the  axis,  and  whose  radius  will  be  determined  by  the 
value  of  c ,  when  the  centre  has  been  chosen. 

Take  the  centre  of  the  sphere  at  the  point  ( a ,  b,  0),  where  the  axis 
pierces  the  plane  of  xy ,  and  the  equation  of  the  sphere  will  be 

(x  —  a)2  +  (y  —  b)2  z2  =z  i'2. 


But  r  and  c  are  mutually  dependent  upon  each  other,  which  fact 
may  be  indicated  by  the  equation  c  =  <p(r2).  Hence 

0  -f  tx  +  sy  =  9  [(.r  —  a)2  -f  (y  —  b)2  +  z2]  .  .  .  .  (5). 

To  eliminate  the  unknown  function  <p,  differentiate  (5)  with  respect 
to  y  and  x  successively,  and  divide  the  first  result  by  the  second. 

dz 


] ,,  di  i 

dy  ■*■  <*[  ]  d,j 


and 


dx 


4-  t 


rfiP[]  x  di  ] 


d[  ] 


dx 


dz 

dy 


+  5  y 


y  .  dZ 

b-'rz-- 

dy 


dz 

lu  +  1 


x  —  a  +  z 


dz 

dx 


dx  d? 

or  {x—a—tz)—  —(ij—b—sz)—  +(x-a)s-{y-b)t= 0  .  .  .  (6), 
which  is  the  required  equation  of  surfaces  of  revolution. 
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Cor.  When  the  axis  of  revolution  coincides  with  that  of  z,  we  have 
t  —  0  and  s  =z  0,  a  —  0  and  b  =  0. 
dz  dz 

.  * .  (6)  reduces  to  x  ~  —  y  —  =  0  ....  (7). 
w  dy  J  dx  w 

191.  P  rop.  A  given  curved  surface  revolves  about  a  fixed  axis; 
to  determine  the  surface  which  touches  and  envelopes  the  moveable 
surface  in  every  position. 

The  required  surface  will  obviously  be  a  surface  of  revolution, 
whose  generatrix  will  be  the  curve  of  contact  of  that  surface  with 
one  of  the  moveable  surfaces. 

Hence  if  we  determine  the  values  of  the  differential  coefficients 
dz  d  z 

■—  and  —  from  the  given  surface,  and  substitute  them  in  the  gene- 
ix  dy  b  3  & 

ral  differential  equation  of  all  surfaces  of  revolution,  the  result  will 
characterize  the  points  of  contact,  being  the  equation  of  a  surface 
containing  those  points.  This  equation,  combined  with  that  of  the 
given  surface,  will  give  the  equations  of  the  curve  of  contact  or  the 
required  generatrix. 

192.  1.  A  right  cone  with  a  circu¬ 
lar  base,  whose  vertex  is  at  the  origin, 
and  whose  axis  coincides  originally 
with  the  axis  of  x ,  is  caused  to  re¬ 
volve  about  the  axis  of  z  :  to  deter¬ 
mine  the  form  of  the  enveloping  sur¬ 
face. 

Put  the  semi-angle  AOC  of  the 
:one  =  v,  and  tan  v  =  t. 

Then  the  equation  of  the  cone,  in 
the  position  AOB  will  be 


+  y2  =  t2x 2,  or 


dz  fix 

.  —  —  —  and 
dx  z 


z2  =  fix2  —  y2  .  .  . 

dz__  _  y 
dy  7 


(1) 
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which  values  substituted  in  the  differential  equation  of  surfaces  of 
revolution,  viz. 


z 


**  =  0 
Z 


.  • .  x  —  0  or  y  =z  0. 


Combining  the  first  of  these  results,  x  =  0,  with  the  equation  of  the 
cone,  we  get 

z2  +  y2  =  0.  .'.2  =  0  and  y  ~  0, 


which  conditions  apply  to  the  origin  exclusively ;  but  the  second 
result  y  —  0,  gives  by  combination  with  (1) 


z 2  =  t2x2  or  z  =  ±  tx  and  y  —  0, 

which  are  the  equations  of  the  lines  OA  and  OB. 

Hence  the  required  envelope  is  a  double  cone  generated  by  the 
revolution  of  the  lines  OA  and  OB  about  OZ. 

2.  A  sphere  ( x  —  a)2  -f-  (y  —  b)2  -f-  z2  —  r2,  revolves  about  the 
axis  of  z  ;  to  find  the  enveloping  surface.  Here  we  have 


clz 

dx 


dz 


dz 


• X  dy  V  dx 


xy  —  bx  xy  —  ay  _  Q 


.  • .  hx  —  ay  —  0,  the  equation  of  a  plane  passing  through  the 
axis  of  z,  and  the  centre  (a, b)  of  the  sphere. 

This  plane  intersects  the  sphere  in  a  great  circle,  whose  equation, 
in  its  own  plane,  is 

(ri  —  «i)2  +  £2  =  r2. 


.n  which  ?q2  =  x2  +  y2,  and  cq2  =  a2  -f-  b2. 

■  ■  ■  |>2  +  »/2)*-  ( a 2  +  S2ff+  e2  =  r 2. 

X  i 

or,  x2  -f-  y2  +  z2  —  2 (a2  +  b2)2(x2  +  y2)^=  r 2  —  a2  —  &2. 
the  equation  of  the  required  surface. 
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When  a2  -f  b2  =  r2,  this  reduces  to 

x2  _j_  z2  —  2 r(x2  -{-  y2)'z=  0  ; 
and  when  a .  =  0,  6  =  0,  t  2/2  +  22  =  r2, 

the  equation  of  the  sphere. 

Z^2  <py2  £*2 

3.  An  ellipsoid  —7  -f-  -tt=  1,  revolves  about  the  axis  of  y\ 

a 2  c2 

to  determine  the  enveloping  surface. 

The  differential  equation  of  the  surface  is,  in  this  cas 

dy  dy 


z-f —  x  —  z=  0. 
ax  dz 


Also, 


dy_ 

dx 


b2x  dy 
a2 y  ’  dz 


Wz_ 

c2y 


b~x  b2z 

.  * .  —  z  ——  -f  x  —  =  0,  .  • .  xz  =  0, 

azy  cry 


and  consequently  £  —  0,  or, 


0. 


y2  z2 

But  when  x  =  0,  —  -} — -  =  1,  an  ellipse  in  the  plane  of  yz . 

0  c 

/^•2  ?/2 

And  when  2  =  0,  1,  an  ellipse  in  the  plane  of  #y. 

Hence  the  required  envelope  consists  of  twro  ellipsoids  of  revolu* 
’ution,  whose  equations  are 

'2  x2  -f  22  ,  ,  y2  ,  x2  z2 


r 

d2 


■f" 


=  1 


and  p-  + 


a 1 


rr  l. 


CHAPTER  III. 


CONSECUTIVE  SURFACES  AND  ENVELOPES. 

193.  In  the  last  chapter  we  have  presented  some  examples  of 
'surfaces  enveloping  a  series  of  other  surfaces,  but  in  the  only  case 
considered,  the  enveloped  surface  was  supposed  to  be  of  invariable 
form,  and  its  change  of  position  was  effected  only  by  a  revolution 
around  a  fixed  axis.  In  that  case,  the  enveloping  surface  was  neces¬ 
sarily  a  surface  of  revolution. 

It  is  now  proposed  to  consider  the  envelopes  to  any  series  of  con¬ 
secutive  surfaces. 

194.  If  different  values  be  successively  assigned  to  the  constants 
or  parameters  which  enter  in  the  equation  of  any  surface,  the  several 
relations  thus  produced,  will  represent  as  many  distinct  surfaces, 
differing  from  each  other  in  form,  or  in  position,  or  in  both  these 
particulars,  but  all  belonging  to  the  same  class  or  family  of  surfaces. 
When  .the  parameters  are  supposed  to  vary  by  infinitely  small  in¬ 
crements,  the  surfaces  are  said  to  be  consecutive. 

Thus  let  F(x,y,z,a)  =  0,  .  . .  .  (1),  be  the  equation  of  a  surface, 
and  let  the  parameter  a,  take  an  increment  A,  converting  (1),  into 
F(x ,  y,  2,  a  +  A)  =  0,  .  .  .  .  (2)  ;  then  if  li  be  supposed  indefinitely 
small,  the  surfaces  (1)  and  (2)  will  be  consecutive.  Moreover,  the 
surfaces  (1)  and  (2)  will  usually  intersect,  and  their  intersection  will 
vary  with  the  value  of  A,  becoming  fixed  and  determinate  when  the 
surfaces  are  consecutive. 
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195.  Prop.  To  determine  the  equations  of  the  intersection  of  con¬ 
secutive  surfaces. 

To  effect  this  object,  we  must  combine  the  equations 
F(x,  y,  2,  a)  =  0,  .  .  .  .  (1),  and  F(x ,  y,  2,  a  +  li)  =  0,  .  .  .  .  (2), 
and  then  make  h  =  0. 

By  reasoning  precisely  as  in  the  case  of  consecutive  curves, 
(Art.  143)  we  prove  that  the  two  conditions 


F(x ,  y,z,a)  —  0,  ....  (1 ),  and 


dF(x,  y,  2,  a) 
da 


must  be  satisfied  at  the  same  time. 

By  combining  these  equations,  so  as  to  eliminate  first  y,  and  then 
x,  we  shall  have  the  equations  of  the  projections  of  the  required  in¬ 
tersection  on  xz ,  and  yz. 


196.  Prop.  The  surface  which  is  the  locus  of  all  the  intersections 
of  a  series  of  consecutive  surfaces,  touches  each  surface  in  the 
series. 

If  we  eliminate  the  parameter  a  between  the  two  equations 


F  (yT'i  y  ■)  z^  a}  —  0,  ....(1), 


and 


dF(x ,  y,  2,  a) 
da 


the  resulting  equation  will  be  a  relation  between  the  general  co-ordi¬ 
nates  x,  y,  2,  of  the  points  of  the  various  intersections,  independent 
of  the  particular  curve  whose  parameter  is  «,  or  in  other  words,  the 
equation  of  the  locus. 

Resolving  (2)  with  respect  to  a ,  the  result  may  be  written 

«  =  90 

and  this  substituted  in  (1)  gives 

=  o, .  .  .  .  (3), 


which  will  be  the  equation  of  the  locus. 

Now'  differentiating  both  (1)  and  (3)  first  with  respect  to  x ,  and 
then  with  respect  to  y,  we  readily  prove,  precisely  as  in  the  case  of 
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consecutive  curves,  that  the  values  of  ~  and  ~  are  the  same 

ax  ay 

whether  derived  from  0)  or  (3).  Hence  the  two  surfaces  (1)  and 
(3)  will  have  a  common  tangent  plane,  and  will  therefore  be  mutu¬ 
ally  tangent  to  each  other  at  all  points  common  to  those  surfaces. 

197.  The  surface  (3),  which  touches  each  surface  of  the  series,  is 
called  the  envelope  of  the  series. 

198.  Ex.  To  determine  the  envelope  of  a  series  of  equal  spheres 
whose  centres  lie  in  the  same  straight  line. 

Assuming  the  line  of  centres  as  the  axis  of  x ,  the  equation  of  one 
of  these  spheres  will  be  of  the  form 

(x  —  a)2  -h  y2  -f  z2  —  r2  =  0  .  .  .  .  (1), 

in  which  a  is  the  only  variable  parameter. 

Differentiating  with  respect  to  a  we  get 

—  2x  -f-  2a  ==  0  .  .  .  .  (2). 

From  (2)  a  =  xy  and  this  substituted  in  (1)  gives 


y2  -J-  z2  —  r 2  =  0. 


This  is  the  equation  of  a  right  cylinder  with  a  circular  base,  the  axis 
of  which  coincides  with  that  of  x. 

199.  When  the  equation  of  the  proposed  surface  contains  two 
parameters  a,  6,  independent  of  each  other,  we  must  have  the  three 
conditions 


F(x,yyz,a,b)  =  0  .  .  .  (1), 


dF(x,  y,  g,  a,  l) 
da 


and 


dF{x,  y,  g,  a,  b) 
db 


And  by  eliminating  a  and  b  between  (1),  (2),  and  (3),  the  equation 
ot  the  required  envelope  will  be  obtained.  Also,  if  the  proposed 
equation  should  contain  three  or  more  parameters  a ,  b,  c,  &c.,  two  of 
which,  a  and  b,  are  arbitrary,  and  the  others  connected  with  them 
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by  given  relations,  such  relations  will  enable  us  to  eliminate  the  ad¬ 
ditional  parameters  and  to  obtain  a  final  equation  between  x,  y ,  and  z. 

cc  y  z 

200.  1.  A  plane  whose  equation  is  — j-  ~  -J-  -  =  1  is  touched  in 

abc 

every  position  by  a  surface,  the  variable  parameters  a,  b,  and  c  being 
connected  by  the  relation  abc  =  m3 :  to  determine  the  equation  of 
the  surface  or  envelope. 

0C,  'll  % 

From  — hrd - 1  =  0  ....  (1)  we  obtain  by  differentiation. 

abc 

regarding  a  and  b  as  independent,  and  c  dependent  upon  them, 


x 


a* 


z  dc  _  N  _  y  z  dc 

—  0  .  .  .  .  (~),  and  —  ~  —  ‘  ^  =  0  •  •  •  •  (3). 


c2  da 


But  the  condition  abc  =  m3  .  .  .  .  (4)  gives  by  differentiation 

7  7  dc  dc  ^ 

be  4 -  ab  ■—  =  0,  and  ac  -f-  ab  =  0. 
da  db 


dc  c  dc 

.  * .  —  = - j  and  — — 

da  a  db 


c 

—  9 

b 


which  values  substituted  in  (2)  and  (3)  reduce  them  to  the  forms 


x  z  c  .  _  y  z  c 

~  "V  +  -5  *  t  —  0?  and  —  t«  +  *  r  — 


a" 


c2  a 


b2  c2  b 


whence 


x  z  n  y  z 
-  =  -  and  ~  =  - 
a  c  be 


z  z  z 

These  values  in  (1)  give  — 1 —  -1 —  =  1, 

c  c  c 


3* 


or 


—  =  1.  .  • .  c  =  3z. 


And  similarly  b  =  3 y,  a  ==  3#. 

Finally  by  replacing  a,  b,  and  c,  in  (4),  by  their  values  just  found,  we 


obtain  xyz  —  —  as  the  equation  of  the  enveloping  surface. 

/W  i 

2.  To  find  the  envelope  of  all  the  spheres  whose  centres  lie  in  the 
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same  plane,  and  whose  radii  are  proportional  to  the  distances  of 
their  centres  from  a  fixed  point  in  that  plane. 

Assuming  the  plane  of  the  centres  as  that  of  xy ,  and  the  origin  at 
the  fixed  point,  the  equation  of  one  of  the  spheres  will  take  the  form 

(x  —  a)2  •+*  (y  —  6) 2  +  z2  —  r2  =  0  .  .  .  .  (1), 

in  which  a,  b ,  and  r,  are  variable  parameters,  a  and  b  being  inde¬ 
pendent,  and  r  connected  with  them  by  the  relation 


r 2  t2(a 2  -f  b2)  .  .  .  .  (2)  where  t  is  a  constant. 

Eliminating  r  between  (1)  and  (2)  we  have 

(x  —  a)2  -+■  {y  ~  b)2  +  22  —  t2{a2  4-  b2)  —  0  .  .  .  .  (3). 

* 

Differentiating  with  respect  to  a  and  b  successively, 

—  (x  —  a)  —  t2a  =.  0  .  .  .  (4),  and  —  (y  —  b)  —  t2b  —  0  .  .  .  (5). 

*  ,  .  y 


.  '.  a 


1  -  l2' 


and  b  = 


1  -  t2 

y 


;  which  values  in  (3)  give 


(-nbH'-rh) 


,  2  /v2  _I_  o/2 

+  22  —  l2 —  0 


(i  -  py 


* .  (x2  +  y2)(t2  —  tA)  —  z2-  (1  —  t2)2  or  x2  +  y2  = 


1  -  t2 
~t~ 


This  is  the  equation  of  a  right  cone  with  a  circular  base,  its  axis 
being  coincident  with  that  of  z,  and  its  vertex  at  the  origin. 
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CURVATURE  OF  SURFACES. 

r  \ 

201.  Two  surfaces  are  said  to  be  tangent  to  each  other  when  they 
have  a  common  point,  (x,  y,  z,)  and  a  common  tangent  plane  at  that 
point. 

Let  the  equations  of  the  two  surfaces  be 
F(X,  Y,Z,)  =  0  .  .  .  .  (1),  and  cp(x,  y,  z)  =  0  .  .  .  .  (2). 


The  anal\  tical  conditions  necessary  for  a  simple  contact,  or  contact 
of  the,  first  order ,  are 


X  —  x,  Y  =  y,  Zz=z, 


dZ 

dX 


dz_ 
dx  ’ 


dZ 


dz 


dY  dij 


If  the  second  differential  coefficients,  derived  from  the  equations  of 
the  two  surfaces  be  also  equal,  viz.  : 


d2Z  d2z  d2Z  d2z  ,  d2Z  d2z 

-  -  _  _  ■■  —  ,  o  "iq  rj  .  _ _  _  - 

dX2  ~  dx2'  dY 2  ~  df  dXdY  ~  dxdy  ’ 

the  contact  is  said  to  be  of  the  second  order.  If  the  third  differential 
coefficients  be  also  equal,  the  contact  is  of  the  third  order,  &c. 

202.  In  order  to  show  that  the  contact  will  be  more  intimate  as 
the  number  of  equal  differential  coefficients  becomes  greater,  let  the 
arbitrary  increments  h  and  k  be  given  to  the  independent  variables, 
X  =  x  and  Y  —  y,  converting  Z  and  z  into  and  zl9  we  shall  then 
have  (Art.  82) 

„  dZ  h  dZ  h  d2Z  h2  d2Z  kJc  d2Z  Jc2  ,  p 

c/A  YdY  YdX2  1.2^  dXdY  1  ^  dY2  1.2^ 
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dz  h  dz  k  d2z  h2  d2z  hk  d2z  k2 

Z-,  =  z  - - - h  ■ —  •  — - - - -  H - - —  - - - —  - h  &c. 

1  dx  1  dy  1  dx2  1 . 2  dxdy  1  dy 2  1 .  2 

and  when  Z  —  z. 


&c. 


Now  the  value  of  this  difference  will  depend  (when  h  and  k  are 
very  small),  chiefly  on  the  terms  containing  the  lowest  powers  of 
h  and  k.  If,  therefore,  the  first  differential  coefficients,  derived  from 
the  equations  [A),  (i>),  and  (C),  of  three  surfaces,  at  a  common 
point,  be  equal,  and  if  the  second  differential  coefficients,  derived  from 
(A)  and  (2>),  be  also  equal,  but  those  of  [A)  and  ((7)  unequal,  the 
surfaces  [A)  and  ( B )  will  separate  more  slowly,  in  departing  from 
the  common  point  than  will  the  surfaces  (A)  and  ( C ). 

203.  The  order  of  closest  possible  contact  between  one  surface 
entirely  given,  and  another  given  only  in  species,  will  depend  on  the 
number  of  arbitrary  parameters  contained  in  the  equation  of  the 
second  surface. 

Thus  a  contact  of  the  first  order  requires  three  conditions,  and 
therefore  there  must  be  three  arbitrary  parameters.  A  contact  of 
the  second  order  requires  six  parameters ;  one  of  the  third  order, 
ten  parameters,  &c.  Hence  the  plane,  whose  equation  has  three 
parameters,  may  have  contact  of  the  first  order.  The  sphere  cannot, 
except  at  particular  points,  have  contact  of  the  second  order,  since 
its  equation  has  but  four  parameters  ;  but  of  two  tangent  spheres, 
one  may  have  closer  contact  than  the  other. 

The  ellipsoid,  hyperboloid,  and  paraboloid,  can  each  have  contact 
of  the  second  order.  • 

204.  Prop.  To  determine  the  radius  of  curvature  of  a  normal 
section  of  a  given  surface  at  a  given  point. 

Assume  the  tangent  plane  at  the  given  point  as  that  of  xy ;  the 
normal  coinciding  with  the  axis  of  z. 
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Let  OX j  be  the  trace  of  the  se¬ 
cant  plane  on  that  of  xy ,  forming 
with  OX  an  angle  6.  AOB  the 
normal  section,  and  P  a  point  in 
that  section.  Put 

OE=x,  ED—y ,  DP—z ,  OD—xx 

The  co-ordinates  of  the  curve 
AOB ,  estimated  in  its  own  plane, 
are  xx  and  z ;  and  the  general  value 
of  the  radius  of  curvature  of  a  plane  curve  where  x2  and  z  are  the  co¬ 
ordinates,  and  any  quantity  t  the  independent  variable,  is  (Art.  131.) 

3 


R  = 


r  dsi 

LdtJ 


d'lz  dxx  d2x j  dz 


dt2  dt  dt2  dt 

which,  applied  to  the  present  case,  making  t  —  x,  and  observing  that 

.  ds  dx ,  d‘Z  _  i 

at  O  — —  =  —7—  and  — —  =  0,  reduces  to 
dx  dx  dx 


R- 


r  dxx  ”| 

LdxJ 


d2z 

dx2 


.  .  .  .  (i). 


d2z 


In  this  expression,  the  coefficient  has  reference  to  those  points 

of  the  surface  wffiich  lie  in  the  curve  AOB ,  and  therefore  it  differs 

d  2z 

from  the  partial  differential  coefficient  derived  from  the  equation 

(IX 

of  the  surface,  which  latter  refers  to  the  change  in  2  produced  by  a 
change  in  x  only,  while  y  is  constant. 

Let  z  =  cp(x,y)  be  the  equation  of  the  surface  ;  then  (Art.  55) 

dz  dz  dy  dz  dz  .  .  dy  .  .  , 

=  - — | — - — — 1 — - —  tan  A  since  —  =  tan  6  in  the  pre- 

ax-  dy  dx  dx  dy  dx 


sent  case. 
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d2z  0  d2z 
dx2  "  dxdy 


tan  3  + 


d2z 

— —  tan20. 
dy2 


Also 


dxx  1 
dx  cos  3 

R  = 


Hence  by  substitution  in  (1)  and  reduction, 

1 


d2z  d2z  ,  ,  d2z  .  . 

cos2$  4*  2  - — —  cos  3  .  sin  3  4 - •  surd 


in 


dx2 


dxdy 


dr 


205.  Prop.  The  sum  of  the  curvatures  of  any  two  normal  sec¬ 
tions  of  a  curved  surface,  drawn  through  the  same  point  of  the 
surface,  and  perpendicular  to  each  other,  is  constant,  those  curva¬ 
tures  being  measured  by  the  reciprocals  of  the  radii  of  curvature. 

Let  3  and  3X  be  the  inclinations  of  the  secant  planes  to  the  plane 
of  xz ;  R  and  Rx  the  radii  of  curvature  of  the  two  sections  at  theii 
common  point.  Then,  since  the  sections  are  perpendicular  to  each 
other, 


„  1 

=  —vr  4-  6,  and 

/W 


.  * .  cos  3  =  sin  dj,  sin  3  =  —  cos  3V 


and  by  formula  [P] 


/72z  d2z  d^T 

4  =  cos2 3  4-  2  .  cos  3  sin  3  4-  .  sin20. 

R  dx 2  dxdy  dy2 

1  d2z  d2z  .  ,  d2z 

~r~  —  sin20  —  2  —— -  •  sin  3  cos  3  4-  vr,  •  cos2$. 

Rx  dx 2  dxdy  dy2 

Hence  by  addition  and  reduction 

1  1  d2z  d2z 

4~  tt  —  2  T~2  ~  a  constanl:  for  the  same  point, 

xv  (ix>  wy 

Cor.  The  normal  sections  of  greatest  and  least  curvature  at  any 
point  of  a  curved  surface,  are  perpendicular  to  each  other. 

For  since  H — is  constant,  will  be  greatest  when  -i-  is 

JSkj  JSt  ^  Jl\j 

least,  and  it  will  be  least  when  ~  is  greatest. 
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206.  The  sections  of  greatest  and  least  curvature  are  called 
principal  sections,  and  the  corresponding  radii  are  called  principal 
radii. 

207.  Prop.  To  determine  the  principal  radii  of  curvature  at  a 
given  point  of  a  curved  surface. 

By  differentiating  —  with  respect  to  5,  as  an  independent  variable, 

JAj 

and  placing  the  differential  coefficient  equal  to  zero,  we  get 

1 


d 


/■?  d2z  d 

— -  =  —  2  — „  •  cos  5  sin  5  +  2  — ~  (cos25  —  sin25) 
do  dx2  dxdy 

+  2  •  sin  5  cos  5=0. 


dif 

d.2Z 

.*.  cot25  —  + 
dxdy 


P  d2z  d2z\ 

COiLP/z~dp\  =~ 


d2z 

dxdy 


-  •  •  •  • 


(«)• 


From  which  we  obtain  two  values  of  cot  5,  viz. 
d2z  d2z 


cot  5  = 


dx2  dy2 


o 


d2z 

dxdy 


Substituting  this  value  in  the  formula  (P),  which  may  be  written 
thus 

1  +  cot25 


R  = 


d2z  d2z  d 2g’ 

'■y- o  co^  +  2  —  ■  cot  5  -( — — 

a.P  cteay  dy 2 


and  denoting  by  Rl  and  P2  the  least  and  greatest  radii  of  curvature, 
there  results 


■Si 


d2z 

dx2 


d2z  jYd2z  d2z~\ 2  ( 

+  w  +  \/ldf~d?\  +4l 


d2z  \2 
dxdy) 


(B). 


i?2  = 


-«  •  •  •  • 


d2z 
dx 2 


rf2js  /p2z  d2P| 2  t  /  P+  + 

dy2  V  Lc/y2  dx2  J  '  \<Pr/y  / 


(S). 
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208.  Prop.  To  express  the  radius  of  curvature  of  any  normal 
section  in  terms  of  the  principal  radii  Rx  and  P2,  and  the  angle  9 
formed  by  that  section  with  the  principal  section  of  greatest  curva¬ 
ture. 

If  we  make  successively  6  =  0,  and  &  =  ^  n  in  [P]  we  obtain 


dx2 


and 


R  = 


1 


and  these  will  be  the  values  of  Rx  and  P2,  if  the  planes  of  xs  and 
yz  be  supposed  to  coincide  with  those  of  greatest  and  least  curva¬ 
ture.  Thus  we  shall  have,  upon  this  supposition, 

d2z  1  d2z  1 

dx2  =  R'1’  an  dy2  ~  R 2* 


The  same  supposition  renders 


d2z 

dxdy 


—  0,  as  appears  when  we 


put  &  =  0  in  ( Q). 

These  conditions  reduce  (P),  when  6  is  replaced  by  9,  to  the  form 


R 


RxR7j 


P2cos29  -f-  P,  sin29 
the  desired  formula. 


in 


209.  Prop.  If  the  two  principal  sections  of  a  curved  surface,  at 
any  point,  have  their  concavities  turned  in  the  same  direction,  then 
every  normal  section  through  that  point  will  be  concave  in  the  same 
direction. 

In  the  formula  (P),  the  signs  of  Rx  and  P2  depend  upon  those  of 

d  2z  d  2z 

—P-  and  :  and  the  signs  of  these  coefficients  indicate  the  direc- 
dx2  dy2  5  0 

tions  of  the  curvature  of  the  principal  sections. 

In  the  case  under  consideration,  the  signs  of  R1  and  R2  must  be 

alike,  and  therefore  if  both  be  +,  the  sign  of  R  will  be  +  also; 

but  if  both  be  — ,  then  the  sign  of  R  will  likewise  be  negative. 

From  which  the  truth  of  the  proposition  is  apparent. 
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'lu.  Cor.  If  Rx  and  R2  be  also  equal,  then  R  =  Rx  =  R2  for 
tef^ery  value  of  9,  and  every  normal  section,  through  the  same  point, 
will  he vo  the  same  curvature.  This  occurs  at  the  vertices  of  sur¬ 
faces  of  revolution. 

211.  Prop.  If  one  principal  section  of  a  surface  be  concave,  and. 
the  other  convex,  it  Mill  be  possible  to  select  a  value  <pj  for  (p,  which 
shall  render  R  infinite,  or  the  section  a  straight  line ;  also,  between 
the  values  9  =  —  (px  and  9  — •  -}-  <p1?  the  signs  of  R  and  Rx  will  be 
alike ;  but  from  <p  =  qq  to  (p  — qq,  the  signs  of  R  and  R2  will 
be  alike. 

In  the  formula  m  suppose  Rx  negative,  and  it  will  become 

j) _ _  RxR2 

R2  003^9  —  Rx  sin29 

in  which  transformed  expression,  the  quantities  and  R2  are  to  be 
considered  essentially  positive. 

Now  suppose  9  so  taken  that  R2  cos 2<p  —  Rx  shAp  -=  0,  a  condition 
lhat  will  be  fulfilled  when 


Thus  there  are  two  sections  corresponding  to  the  angles  qq  and 
-  qq  which  give  straight  lines.  Also,  if  9  >  — (px  and  9  <  9X; 
then  R2  cos2  9— Rx  sin29  >  0,  and  .  • .  R  <  0. 

But  if  9  >  9j  and  9  <  <r  —  9l5  then  isljCOs29  —  Rx  sin29  <  0, 
and  R  >  0. 

Hence  the  surface  may  be  divided  into  four  parts  by  two  planes, 
and  if  the  first  of  these  parts  be  supposed  concave  the  second  will 
be  convex,  the  third  concave  and  the  fourth  convex. 

212.  Prop.  To  determine  whether  the  principal  radii  at  any  point 

have  the  same  or  contrary  signs,  the  co-ordinate  planes  not  being 

coincident  with  the  principal  sections. 

16 
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The  general  values  of  Pl  and  R2  may  be  reduced  to  the  forms 

*  = 


b2  = 


p"  +  q"  +  y/(p”  +  q"f  -  4(p"q"  -  s"2) 

2 

- _ -  -  • 

p"  +  q"  --/(/'  +  q")2  -  4(pfy'  -s"2) 


in  which 


P 


n 


d2z 
~  dx 2 


q"  — 


d2z 


and  s"  = 


d2z 


dy2  ”  ”  dxdy 

and  these  values  will  have  the  same  sign  vTheny>"g"'  —  s"2  >  0,  and 
contrary  signs  w  hen  p"qn  —  s"2  <1  0. 

213.  Prop.  At  every  point  of  a  curved  surface,  a  paraboloid 
(either  elliptical  or  hyperbolic)  can  be  applied,  with  its  vertex  at 
that  point,  which  shall  have  contact  of  the  second  order  with  the 
given  surface. 

Assume  the  point  of  contact  as  the  origin,  the  normal  being  taken 
as  the  axis  of  z ,  and  the  planes  of  xz  and  yz  coincident  with  the 
principal  sections  of  the  surface. 

Take  the  normal  as  the  axis  of  the  paraboloid,  its  vertex  being  at 
.the  point  of  contact,  and  turn  the  paraboloid  about  its  axis  until  its 
principal  sections  coincide  with  xz  and  yz.  The  equation  of  the 
paraboloid  wdien  in  this  position  will  be  Ax2  ±  By2  =  Cz , 


which  may  be  written 


x* 


r 


2  P  ~  2  P1 


C  C 

where  2 P  =z  —  and  2 Px  =  — ,  wdiich  represent  the  parameters 
of  the  principal  sections,  are  entirely  arbitrary. 

*2  2 

Take  P  =  R,,  and  P.  =  R..  Then  s  =  ~  ± 

1  2  2  Rt 


Hence 


d2z  1 
d*=R,  and 


d2Z 


1 

#2 


i  dy2 

and  therefore  Rx  and  P2  are  the  principal  radii  of  curvature  of  the 
paraboloid  also.  Then,  for  any  other  normal  section  of  the  parabo* 
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loid,  we  shall  have  R 


Rl  Rr 


Rx  sin2vp  ±  R2  cos2£ 


,  the  same  value  as  that 


of  the  radius  of  curvature  of  the  corresponding  normal  section  of  the 
surface.  (Art.  20S). 

Cor.  It  appears  that  when  the  principal  sections  of  two  tangent 
surfaces  have  contact  of  the  second  order,  every  other  normal  sec¬ 
tion  made  by  the  same  plane  drawn  through  the  same  point  will 
likewise  have  contact  of  the  second  order. 


214.  Prop.  To  determine  the  radius  of  curvature  of  an  oblique 
section  of  a  curved  surface. 

Take  the  point  of  contact  as  the  origin,  and  the  tangent  plane  as 
that  of  xy. 


Let  OXx  be  the  trace  of  the  secant  plane  on  xy,  aOb  the  section 
of  the  surface  by  that  plane,  A  OB  the  normal  section  by  the  plane 
ZOX ’  R  the  radius  of  curvature  of  AOB  at  0 ,  r  the  radius  of 
curvature  of  a  Ob  at  0.  Draw  0Z1  perpendicular  to  OXx,  in  the 
plane  a  Ob,  and  refer  that  section  to  the  rectangular  axes  OXx  and  OZv 
Put  0 d  z=z  xv  dp  =  zx,  X  =  angle  between  a  Ob  and  A  OB, 
pD  —  z,  BE  =  y,  OE  —  x. 
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Then  at  the  point  0  we  shall  have 


dx2  dx2 


d2z  d2z 

But  Zirr^COSX.  .  *  .  ~-—r  ===  -r-—  *  COS  X. 

dx 2  dx 2 


Also 


dsl  dxy ds 

dx  dx  dx 


.  • .  r  =  R .  cos  X, 


and  consequently  radius  of  the  oblique  section  =  projection  of  the 
radius  of  the  normal  section,  on  the  plane  of  the  oblique  section. 
This  result  is  known  as  Meusnier's  Theorem. 

Cor.  If  a  sphere  be  described  whose  radius  shall  be  identical  with 
that  of  the  normal  section,  and  if  through  the  tangent  to  that  section 
any  plane  be  drawn  intersecting  the  sphere  and  the  given  surface, 
then  will  the  small  circle  cut  from  the  sphere  be  osculatory  to  the 
curve  cut  from  the  surface. 


Lines  of  Curvature. 

215.  If,  through  the  consecutive  points  of  any  curve  traced  upon 
a  given  surface,  normals  to  that  surface  be  drawn,  such  consecutive 
normals  will  not  usually  lie  in  the  same  plane,  and  therefore  will 
not  intersect;  but  when  the  consecutive  normals  do  intersect,  the 
corresponding  curves  (which  enjoy  peculiar  properties)  are  called 
lines  of  curvature. 

216.  Prop.  To  determine  the  lines  of  curvature  passing  through 
any  point  on  a  curved  surface. 

Let  the  equations  of  the  normals  passing  through  any  point 
Vv  ~i)>  be 

x—xl  +  t(z—zl)=0=P  ...  (1)  and  y—y1+s(z—zl)=:0=  Q  . . .  (2), 

and  suppose  the  independent  variables  x  and  y  to  receive  the  incre¬ 
ments  h  and  k. 
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Then  the  equations  of  the  normal  in  the  new  position  will  be 

•  ■  •  (3), 


dP  h  dPk  .  . 

P-f  -  + &c.  =  0 

dx j  1  dyx  1 


And 


c  +  ^4  +  4£.*  +  &(,=  0 


(4). 


dxx  1  dyx  1 

If  these  two  normals  intersect,  the  equations  (1),  (2),  (3),  and  (4)v 
will  apply  to  the  point  of  intersection  ;  and  if  the  co-ordinates 
jc,  y,  and  z  of  that  point  be  eliminated  between  the  four  equations, 
the  result  will  be  a  relation  between  the  increments  h  and  Jc  and  con¬ 
stants,  it  being  observed  that  t  =  and  s  =  are  constant  foi 

ux  j  c by  ^ 

i  ,  .  .  _  dP  dP 

the  same  point,  and  the  same  is  true  or  — — ,  — — ,  &c. 

dxx  dyx 

This  relation  between  h  and  k  implies  a  necessary  relation  between 
the  new  values  of  x  and  y,  in  order  that  an  intersection  of  the  nor 
mals  may  be  possible ;  and  when  the  normals  are  consecutive, 

Jc  dz/ 

k  —  0,  and  k  —  0,  and  -  =  Thus  by  omitting  P  and  Q  (each 

of  which  is  equal  to  zero)  in  (3)  and  (4),  then  dividing  by  /j,  and 
finally  making  h  —  0,  those  equations  become 

dP  dP  dy,  dQ  dQ  d.y , 

+  ---yj  =  0....(5),  and  -*  +  -«. = 


dx  j  dyx  dxL 


dxx  dyx  dxx 


or,  by  forming  the  values  of  the  partial  differential  coefficients, 

dP  dP  dQ  dQ 

~dx['  If'  £?  and  df  fr0m  O  and 

dx  f  dxp  'dxxdyx  dxx  dxx  dyx  dxx 

.^(Z-Z  dfl  .dl±-dll  .^=0- 

dxxdyx  1  dyx  dxx  dxl  '  1  dyx*  dx.  dyx 2  dxx  ’ 

and  by  eliminating  z  —  putting 

dz\ _ ,  dz,  ,  d*z,  .,<1*2.  d*z, 


HT), 


dx. 


,  dzx  d2z ,  „  d2zx 

P  —  q  ,  ~y  o  =  P  ,  -T-. \  =  q  ,  and  - 

dy  j  dxf  dyxz  dxxdyx 


—  x 
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we  obtain 


dy\ 


dv  2  „ 
‘dx-f 


jV;(l  +  q'2) — p'q'q"2] 


+  ^  [y '0  +  qn)  -?"( 1  +  P‘ ^2)]  ■ -«"(1  +  p’*)  +  pW= 0  •  •  •  ( v ). 

This  is  a  quadratic  equation,  giving  two  values  of  ,  the  tangent 

iXJL  | 

of  the  angle  between  the  axis  of  x  and  the  projection  of  the  tangent 
to  the  line  of  curvature  passing  through  (xl  ])\  sq),  upon  the  plane 
of  xy.  Hence  there  will  be  two  lines  of  curvature  passing  through 
•each  point  of  the  surface;  and  if  p ',  q\  &c.,  be  replaced  in  ( U )  by 
their  general  values  derived  from  the  equation  of  the  surface,  the 
result  will  be  the  differential  equation  of  the  projection  of  every 
pair  of  lines  of  curvature  upon  the  plane  of  xy. 


217.  Prop.  The  lines  of  curvature  at  any  point  of  a  curved  sur¬ 
face  intersect  each  other  at  right  angles,  and  they  are  respectively 
tangent  to  the  sections  of  greatest  and  least  curvature. 

If  we  suppose  the  plane  of  xy,  (which  in  the  last  proposition  was 
assumed  arbitrarily)  to  coincide  with  the  tangent  plane  at  the  point 
under  consideration,  we  shall  have 


/=^=0>  and  ✓  =  £  =  «. 
Hence  the  equation  ( U )  may  be  reduced  to  the  form 


+  v,!~  q" 


dx-f 


3 


(n- 


Hence  if  and  &2  denote  two  angles  determined  by  the  condition 
that  tan  ^  and  tan  S2  shall  be  the  roots  of  this  equation,  we  shall 
have,  by  the  theory  of  equations, 


tan  tan  $2  =  —  1,  or  1  -f-  tan  6l  tan  &2  =  0, 


which  is  the  condition  of  perpendicularity  of  two  lines  in  the  plane 
of  xy  forming  angles  ^  and  62  with  the  axis  of  x.  Thus  the  tan¬ 
gents  to  the  two  lines  of  curvature  intersect  at  right  angles. 
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dy  2 

218.  Again,  if  we  divide  equation  (  V)  by  -j-~  =  tan2$  and  replace 
by  cot  d,  the  result  will  become  identical  in  form  with  equation 


tan  A 


(Q),  which  serves  to  determine  the  two  angles  formed  by  the  prin¬ 
cipal  sections  with  the  plane  of  xz ,  and  hence  the  directions  of  the 
lines  of  curvature  are  tangent  to  the  curves  of  principal  section. 


219.  Prop.  The  consecutive  normals  to  a  surface  drawn  through 
points  in  the  lines  of  curvature,  intersect  at  the  same  points  as  the 
consecutive  normals  to  the  principal  sections  to  which  the  lines  of 
curvature  are  tangent. 


Regarding  the  tangent  plane  at  the  given  point  of  the  surface  as 
still  coincident  with  that  of  xy ,  we  shall  have 


*i  =  0, 


— —  0  and  -r—1-  ==  0  and  the  equation  (7),  gives 
dx  ^  dy  ^ 


1 


tan  A 


z  — 


d*z 


1  .  (^'Z\  n  ’ 

1  +  - — T_  tan  A 


or 


d*zx  d*zx 

+  — \  •  tan  A 


dxx2  dxldy1  ~  dxldyl  '  dy-f 

Now  if  the  plane  of  xz  be  supposed  coincident  with  a  principal 

d  2 z 

section,  these  expressions  will  be  still  further  simplified,  since— — -1— 

(X  X 

will  then  be  =  0 ;  thus, 


1 

z  ~~p7x 

dx* 


or 


1 

d2zx 
dy i2 


But  these  expressions  are  precisely  the  same  as  those  previously 
found  for  the  radii  of  curvature  of  the  principal  sections,  and  hence 
the  centres  of  curvature  of  the  principal  sections  must  coincide  with 
the  points  of  intersection  of  consecutive  normals  to  the  surface 
through  points  in  the  lines  of  curvature. 


INTEGRAL  CALCULUS.  PART  I, 


CHAPTER  I. 

FIRST  PRINCIPLES. 

1.  The  object  of  the  Integral  Calculus  is  to  determine  the  function 
from  which  any  proposed  differential  has  been  obtained.  The  pro¬ 
cess  by  which  this  is  effected  is  called  integration ,  and  is  indicated 
by  the  sign  /,  the  result  being  called  the  integral  of  the  proposed 
differential. 

2.  Whenever  the  given  differential  can  be  reduced  to  a  knowr 
form,  we  may  return  to  the  function  by  simply  reversing  the  rules 
for  differentiation. 

3.  Since  d{a .  Fx)  =  a  .  d(Fx)  =  aFxx .  dir,  we  infer  that 

faFgc  .dx  —  a  f  FjX .  dx, 

that  is,  we  may  remove  any  constant  factor  from  under  the  sign  of 
integration,  placing  it  as  a  factor  exterior  to  that  sign. 

/a  i 

-  F.x  .  dx  =  -  fa.  F^x .  dx. 
a  a 

Therefore  we  may  introduce  a  constant  factor  under  the  integral 
sign,  provided  we  write  its  reciprocal,  as  a  factor,  exterior  to  that 
sign. 

5.  To  differentiate  the  algebraic  sum  of  several  functions,  we  dif¬ 
ferentiate  each  function  separately,  and  take  the  algebraic  sum  of  the 
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several  differentials.  Hence,  in  order  to  integrate  the  algebraic  sum 
of  several  differentials,  we  have  only  to  integrate  the  several  terms 
successively. 

Thus  f(adx  +  bdy  —  cdz  +  edv)  =  f  adx  -f-  fhdy  —  f cdz  +  / edv 

=  ax  +  by  —  cz  4-  ev. 

6.  Again,  since  differentiation  causes  all  constants  connected  with 
the  variables  by  the  signs  +  and  —  to  disappear,  it  follows,  that  in 
effecting  an  integration,  we  should  always  add  a  constant,  in  order 
to  provide  for  that  which  may  have  disappeared  by  differentiation  : 
thus  wre  write 

/  adx  =  ax  +  c, 

in  which  the  value  of  c  will  be  arbitrary,  unless  fixed  by  other  con 
ditions. 

Suppose,  for  example,  that  the  general  value  of  the  integral  is  AT, 
so  that 

X  =  ax  +  c ; 

and  that  for  a  particular  value  x1  of  x,  the  integral  assumes  a  known 
value  Xl:  then 

Arj  =  ax j  +  c,  and  .  * .  c  =  Xl  — axv 
And  this  value  substituted  in  the  general  integral,  gives 

X  ~  a(x  —  T“  X}. 


Integration  of  the  Form  (Fx)ndFx. 
7.  Prop,  To  integrate  the  form  (Ix)ndFx. 

1 


Here  we  have  /  (idr)  ndFx  = 


„  +  j/(B+  ~L){Fx)"dFx 


1 


n 


-  rd(Fx)n+'  =  ± — c. 

■fr  v  ;  72  +  1 


The  same  process  can  obviously  be  applied,  whenever  the  quan¬ 
tity  exterior  to  the  parenthesis,  can  be  rendered  the  exact  dif- 
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ferential  of  that  within,  by  the  introduction  or  suppression  of  a 
constant. 

H  ence  we  have  the  following  rule  for  the  integration  of  this  form, 
viz. : 

Divide  the  given  expression  by  the  differential  of  the  quantity  within 
the  (  ),  then  increase  the  exponent  of  the  (  )  by  unity ,  and  finally , 
divide  by  the  exponent  thus  increased. 


EXAMPLES. 


8.  1.  To  integrate 


ax3dx. 


f  ax3dx  =  a  f  x3dx  —  ^  / 2dx  +  c- 


2.  To  integrate 


ffb2  x4 .  ocx3dx. 
f(b 2  +  xf.  ZcxHx  =  5? .  |  f  5(42  +  xf.  4x3dx  =  |(62  +  *4  + 


8.  To  integrate  dy  —  (2a  +  obx)3dx. 
This  may  be  integrated  in  two  ways;  thus 


y  =  f(2a  +  3  bx)3dx  =.  f(Sa3  4  oGa2bx  +  54  ab2x2  4  27  b3x3)dx 
—  fSa3dx f3Cm2bxdx  -f*  f§4ab2x2dx  +  f  27 b3x3dx 

—  Sa3x  -f-  18a2^2  +  18«&2.r3  +  ~~  -f-  c . (1). 

Tc 

Again 

y  —  f(2a  -f  3 bx)3dx  f  4(2a-\-Zbx)3.  3 bdx  =  (fiaf-obxY-^-c^ 


4«4  27 

4-  8a3.r  4-  lSa2&z2  +  18«&223  -j - b3x*  +  c,. 

4  1 


3  b 


(2). 


The  formulae  (1)  and  (2)  are  identical.  For  if  y1  denote  the 
particular  value  of  y  when  x  —  0,  we  shall  have  from  (1)  yY  =  c\ 


4  &4 

and  from  (2)  y1  =  —  4  c,,  .  • .  c 

oo 


4  a4 
3  b 


4- 
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4.  To  integrate  dy  —  3(4 bx2  —  2cz2)*  (4 hx  —  3 cx2)dx 
y  —  ~  f(4bx2  —  2 cz3)^  (8 bx  —  Gcx2)dx  —  -  (Abx 2  —  2c.r3)^  +  c. 

9.  In  each  of  the  preceding  examples  the  proposed  differential  has 
Deen  brought  to  the  required  form,  viz. :  that  in  which  the  part  ex¬ 
terior  to  the  (  )  is  the  exact  differential  of  that  within,  by  intro¬ 
ducing  a  constant  factor.  To  ascertain  when  this  is  possible,  take 
the  last  example,  and  denote  by  A  the  required  unknown  factor :  then 

]  ,  1 

y  =  —  J  (Abx2  —  2 cx3)3  (12  Abx  —  9 Acx2)dx, 

and  if  this  be  of  the  required  form,  we  must  have 

d(4bx2  —  2  cx3)  =  (12  Abx  —  9  Acx2)dx 

or  8  bx  —  Gcx2  =  12  Abx  —  OAcx2,  * 

and  since  this  condition  must  be  satisfied  without  reference  to  the 
value  of  x,  we  must  have,  by  the  principle  of  indeterminate  coeffi¬ 
cients,  the  two  separate  conditions 

8 b  =  12 Ab  ....  (1)  and  —  Gc  =  —  §Ac  ....  (2). 

T,  ...  .  Sb  2  Gc  2 

lrom(l)  a  =  — and  from  (2)  A  =  —  =  -• 

The  values  of  A  derived  from  (1)  and  (2)  being  identical,  the  pro¬ 
posed  reduction  is  possible. 

The  next  example  will  illustrate  the  contrary  case. 

1 .  dy  =  (4  b2x  +  ‘Sax2) 7  (2b2  +  8  ax)dx. 

If  possible,  let  A  be  the  required  factor.  Then 

1  4 

y  —  —  f  (4  b2x  -f-  3  ax2)  (2b2  A  +  §aAx)dx, 

and  .  *.  d(4b2x  -f-  3 ax2)  =  (2b2 A  -f-  8 aAx)dx} 

Ab2  -f-  Gax  —  2b2  A  +  8  a  Ax, 


or 
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which  gives  the  two  separate  conditions 

4 b2  =  2b2  A  ....  (1)  and  Ga  =  8aA  .  . 

47,2  (\n, 

From  (1)  A  =  —  s=  2,  and  from  (2)  A  —  ~  - 

'Zb1  8a 


.(2). 


3 


These  values  of  A  being  different,  the  desired  reduction  is  impossible. 

_  adx 

dy  = 


2.  To  integrate 


y  =  ~fx~idx  = 

3. 


a 


lx 4 

/  —  ox~4dx  — 
adx 


21 

dy  = 


az-' 

ITT 


+  c  =  — 


a 


21z3 


+  c. 


xy/'6bx  -f-  4c2x2 


_i  a  -4 

y  —  a  f  x~\3bx  +  4c2x2)  *  dx  =  —  f  (3bx~l  +  4c2)  .  3bxr2dx 


2 a  .  J  2a  (35#  +  4c2^2) 

=  _  _  (36*-  +  4^2;  +  c  = - L  +  * 


4. 


dy 


axdx 


(2  bx  +  x2) 


y  —  a  f  (2 bx  +  x2)  xdx  —  a  f  (2 bx-1  +  1 )  ^  (x2)  xdx 

—  ^rS  (2 bx~l  -|-  1)  x~2 . 2 bdx  =  j  (2 bxr1  +  1)  c 


a  Y2bx  -J-  x2~\ -4 

=A-*-}  +c  = 


ax 


b^/2bx  -f-  x2 


~b  c. 


5. 


.  3.r4(*3  —  a3)  7 

dy  —  • — - -  a  a:. 


x  —  a 


y  —  3  f  x4(x2  +  a*  -f-  a2)cfa  =  3  /  (*G  +  ax5  +  a2xl)dx 

=3(j+ir+a-f)  +  c- 


CHAPTER  II. 


ELEMENTARY  TRANSCENDENTAL  FORMS. 


Logarithmic  Forms . 

_  „  .  .  .  adx  _  ad(Fx) 

10.  Frop.  lo  integrate  the  iorms  - - -  and 


x 


Fx 


Since 


.  adx  P  adx  . 

d{a  log  x)  = - .  * .  /  - =  a  log  x  +  c. 

CC 


adx 

x 


.  a.dFx  Pa.dFx 

Also  since  a  [a .  log  Fx)  =  — — —  .  • .  J  —  =  a .  log  Fx  +  c. 


EXAMPLES. 


,  ,  ,  _  .  _  adx 

11.  1.  lo  integrate  dy  =  7 — - • 

6  +  cx 

v  T^Tx  =  7] log^  +  ex)  +  °  =  loS  [(J  +  cx?~\  + 

2.  To  integrate  dy 

8  x3dx 


8x3dx 
a  +  2  a4 


/H  xJdx 

=log(a+2*4)+C'=log(«+2a:4)  +  logc=log[c(a+2*4)]. 


In  this  example  the  constant  introduced  by  the  integration  is  put 
into  the  form  of  a  logarithm  (which  is  always  admissible)  for  the 
purpose  of  simplifying  the  form  to  which  the  integral  is  finally 
reduced. 
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o.  To  integrate 


d,J  =  0 


7  xdx 


y  =  f- 


—  Ixdx  7  f 

— =  “5/1 


8a  -  o^2 
7  /*  —  Gzcfo 


t 


8a  —  o£' 


G*/  8a  —  o#2 


=  —  log  (8a  —  3z2)  +■  (7 


log 


t 

=  log  c  —  log  (8a  —  ox2) 

(8a  —  ox2) 

.  5  (3a?  —  cfiYdx 

4.  lo  integrate  dy  =  — - - - - 


i 


ex'2 


y 


=t/B 


x 4  —  10S£3a2  -f  54a?2a4  —  12.ra6  +  as)dx 


x& 


or. 


b  /’[L,  ,  _  54a4  12a6  a8l 

y  —  -  /  81#  —  108a2  -\ - - — 1 — -  dx 

c  d  L  xx2  x3J 

~a+ 


-  x2  —  108a2a?  +  54a4  log  x  + 
c  L  2  °  x 


Circular  Forms. 
12.  Prop.  To  integrate  the  form  dy  =  : 
Taking  the  upper  sign,  we  have 


dx 


y 


p  — f"  dx 

d  -^/a2  —  b2x2 


■y/ a2  —  b2x2 


r  hx 

a 


J 


C  b2x2 

V1  ~~cF 


Let  the  quantity  under  the  sign  of  integration  be  compared  with 


the  well  known  form  c?(sin— : lz)  = 


dz 


■y/T—  S2 


,  and  it  will  be  found 


identical  therewith,  provided  we  make  -x  =  z. 

a 


But 


f 


az 


—  sin_12  -be,  .  * . 


yT 


—  dx 

a  .  .bx 

-  =  sin-1 - he. 

a 


/  b2x2 


1  .  .bx  . 

y  =  -rsin-1 - }-e. 

b  a 
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dz 


Similarly,  since  f -  =  cos-1^  +  c. 

V  <}/ 1  —  Z2 


—  dx 


1  .  hx 

- =  —  •  COS' 

b  2x2  b 


1 - h  c. 

a 


dx 


13.  Prop.  To  integrate  the  form  dy  =  ±  —  70 

a1  +  blxl 

Taking  the  upper  sign,  we  have 

r  1 

4-  dx 


y 


=  /; 


a 2  -J- 


dx 


a/ 


1 


a 


1  + 


b2x 2 


a" 


J 


1  4“ 


Comparing  the  expression  under  the  sign  of  integration  with  the 

dz 


wrell  known  form  c?(tan-1£) 
bx 

making  • — ■  =  z. 


1+z 


2’ 


they  become  identical  by 


a 


But  f  =  tan-12  +  c.  .  * . 
1  +  z* 


r  h-dx 
a 


J 


1  + 


b2x2 


tan-'  -  x  4*  c. 
a 


a t 


1  bx 

y  =  —  tan-1  —  4-  c. 
ab  a 


And  similarly,  since  j* j 


•  •  •  y=f: 

v  a 


—  dz 


+ 


=  cot-12  4-  c. 


—  dx  1  .bx 

=  — r  cot-1  — 4 -  c. 


a 2  4~  b2x 2  ab 


14.  Prop.  To  integrate  the  form  dy  =  dz 


a 


dx 


Taking  the  upper  sign,  we  have 


X  -\/b2x2  —  a2 


r 


y 


1. 1 


4-  dx 


x\/b2x2  —  a 2 


-  c lx 
a 


r 


J 


x 


jb2x2  a  bx  jb2x2 

V  a2  Java2 


-  dx 
a 
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Comparing  the  expression  under  the  sign  of  integration  with  the 

dz  , 

known  form  c/(sec-1^)=  — they  become  identical  by  making 


bx 


a 


But 


/ 


dz 


zy/zZ-l 


Z-/22  —  1 


sec-1£  ~r  c.  .  * . 


a 


bx  jb2x2 


—  sec-1— +c. 


bx 

a 


a  V  <r 


1  ~lbx 

• .  y  —  -  see  —  +  c. 


And  similarly,  since  /  - 

J  i 


a 

dz 


a 


=  cosec- bz  +  c. 


V?2-  1 


—  dx  1  _  b x 

- - - =  -  cosec-1 - {-  c. 


xyb2x 2  —  a 2  a 


a 


15.  Prop.  To  integrate  the  form  dy 
Taking  the  upper  sign,  we  have 


dx 


r 


y 


f 


4-  dx 


■yj  a2  x  —  b2x2 

2b2 
a2 


2  b  _ 
— -  dx 


ya?x  —  b2x2 

r  2b2 


a* 


1 


!\b2x  4  bxx2 


a2 


dx 


J 


a 4 


a* 


J 


'4  b2x  4blx2 


a * 


aH 


dx 


2  b2xY2 


a2  / 


Comparing  the  expression  under  the  sign  of  integration  with  the 

dz 

known  form  c?(versin— : lz)  =  — - -  they  become  identical  by 


.  .  2 b2x 

making  — —  =  z. 


■y/2z  — 


°  a2 


But 


/dz 
y/2z  — 


versin-12  +  c. 


r 


2b2 


dx 


a" 


=  versin-1 


2  b2x 


a* 


+  c. 


/  (2b2x\  (2 b2x\2 

Jv2(“)-(-^) 
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1  .  ,  2L2x 

y  =  T  versin'-1  — — 
o  a 2 


+  c. 


And  similarly,  since  f —  = 


y=f- 


v* 

—  dx 


coversin-1®. 


1 


xyda2x  —  b2x2  b 


—  —  coversin' 


— i 


2  b2x 


a * 


+  C. 


EXAMPLES. 


i6.  1.  To  integrate  dy  z=z 


xdx 


■y/ a2  —  b2x 4 


r  2  bx 


y  — 


2b 


dx 


a 


J 


1  .  ,  bx2 

- =  Ki  sm - h  c- 

b2x±  2°  a 


2.  To  integrate 


dy  = 


2 

x2dx 


1  +  x16 
1  f3x2dx  1  . 

v  =  zJ  rr?  =  8ton  (*)+c' 


3.  To  integrate 


+ 

= 


82;  3dx 


2x3  —  6.i 


2 

,3 


y 


—  -y/tT 


_  2. 

8a:  3  c?a: 


r 


4y/6 


2x  3  dx 


J 


\J  2  .  6a:^  —  6 . 6a:^ 


2 . 6a:  —  6 . 6af 

=  4  y'b .  ver sin--1  (6a:  )+  c. 

17.  Since  each  of  the  trigonometrical  functions  can  be  expressed 
in  terms  of  any  other,  all  the  circular  forms  must  apply,  whenever 
one  is  applicable.  To  illustrate  this,  take  the  example 


dy  = 


x*  dx 


17 


4a:3 


•  . 
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f ~xhz 

Mr 

r* 

1 

-/2  a:  Va: 

1 

-/I  -  2a;3 

~2 

/l  -  2a:3 

o 

J 

J 

or  y  = 


1 


O 

O 


^  ^  -/2  • x 

£ 

/l  -  2a:3 


2 v  l 

'  - "  —  —  o  sin *f  c. 
/I  —  2a;3  3  v 


5  cos-1  -^/S3  _j_ 
o 


.  .  J 

Again, 

/»  a:2dfa:  1  n  12  x2dx  1 

~  //2a;3  —  4a;G  ~  ^//2.4a:3  —  (4a:3)2  ~~  6 


P  1  •  W,  OX  . 

f -  —  - —  -  versm-1  (4a:3)  -f-  c. 

\/2 . 4a:3  -  (4a:3)2  6 


J/: 


—  12a:2c?a: 
QJ  /2 . 4a:3 

i  "I  7 

/•  a:  a:  aa: 


7^-=  =  -  l  coversin— 1  (4a;3)  +  ca. 
(4a:3)2  ° 

r  i  /r 


r  VF-1 


+•* 

1 


or 


1  i  1  “3_l 

y  =  -  cosec_1\  /  ~x  -f  cc 


o 

O 


2 


Finally,  y 


HF-1) 


-i 


1 

3 


/  3  ~1  / 1  3  1  \ — J 
4*  l  a"  -1) 


dx 
~^dx 


=-itan_1\/5 


ar~3  —  1  +  c 


6> 


or 


y  =  ^  cotan—'y/i  ar-3—  1  -f-  fy# 
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Trigonometrical  Forms. 

18.  Prop.  To  integrate  the  forms  sin  xdx,  cos  xdx,  sec 2xdx, 
eosec 2xdx,  sec  x  tan  xdx,  ancl  cosec  x  cot  xdx. 

Since  (/(cos  a?)  =  — sin  £  (for,  .  *.  / sin  a?(/a?:=  —  /  — sin  x  dx-=  — cosa:-f-c. 

“  d  (sin  x )  =  cos  xdx, .  * .  / cos  xdx  =  sin  x  -f-  c. 
u  (/(tan  x)  =  sec  'xdx,  f  sec  2xdx  —  tan  x  +  c. 

“  (/(cot  x)=  — cosec 2 xdx,  f  cosec -xdx  =  —  cot  x  -f*  c. 

“  (/(sec  x)  =  sec  x  tan  xdx,  f  sec  x  tan  xdx  =  sec  x  -j-  c. 

“  (/(cosec  a;)  —cosec xcotxdx, ,fcosecxcotxdx= — cosec z-fc. 


EXAMPLES. 


19.  1.  To  integrate  dy  —  2  cos  3a; .  dr . 

2  /*  2 

y  =  f  2  cos 3 x.dx  =  -  J  cos  3# .  (Z (3a?)  =  -  sin  3a;  +  c. 

2.  o?y  =  5  sec2  (x3) .  x2dx. 

y=f  5  sec2 (^x3).x2dxz=~  f sec 2(x3)3 x2dx=^  f  sec2(a:3)  d{x3) 

O1'  O  iJ 

5 

=  77  tan  (a:3)  +  <?. 

o 

3.  dy  =  6  sec  4x .  tan  4a; .  dx 

y  —  -  f  sec  4a; .  tan  4a? .  (/(4a;)  =  -  sec  4x  +  c. 

4.  dy  =  2  sin  (a  -}-  ox)dx, 

2  /»  2  /* 

y  =  o  y  sin  (a  -f  3a;)  3(Za;  =  J  J  sin  (a  +  3a;) .  (/(a  +  3a:) 


2 


—  77  cos  (a  4-  3a;)  -f  c> 


5. 


3  _  i 

dy  =  -  cosec2(y/2a')  .  a;  a/a;. 


3  /.  , —  i  _  _l 

y  =  -^=zJ  cosec2 (y2a;)  .-y2  .  a;  2(Za; 


O 

O 


—  coty^  +  c. 
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6.  dy  =  2  cosec  ( nx ) .  cot  ( nx ) .  dx. 

y  =  -  J* cosec  (nx)  cot  (nx)  .  d  (nx)  =  —  —  cosec  (nx)  +  c. 

Exponential  Forms . 

20.  Prop.  To  integrate  the  form  dy  =  axc£r. 

Since  cfa*  =  log  a .  axG?.r,  .  * .  / f  log  a  .  axdx 

°  i  j  log  ay  & 

~b  c. 


& 

a* 


log  a 


EXAMPLES. 


21.  1.  To  integrate  dy  =  Zexdx,  where  e  is  the  Naperian  base. 

v=3 / =  - c  =  Sex  -f  c. 

J  J  log  e 


2.  =  ba?xdx , 

b 


y  =  6 fa?xdx  =  ’  J* l°g  a  •  a3xc?(3#) 


£a3x 


3  log  a 


+  c. 


3. 


=  menxdx. 


V 


m 


/7TI 

enxd(nx)  —  — enx+  c. 


n 

/■  *  /  ,  j 

The  cases  which  have  now  been  considered  include  all  the 
elementary  forms. 


CHAPTER  III. 


RATIONAL  FRACTIONS. 


22.  Having  disposed  of  the  simple  and  elementary  forms,  or 
such  as  admit  of  being  brought  to  such  by  some  veiy  obvious 
process,  we  shall  proceed  to  the  consideration  of  more  complicated 
expressions,  endeavoring  in  each  case  to  resolve  them  by  a  sys¬ 
tematic  process  into  one  or  more  of  the  elementary  forms. 

23.  The  first  form,  in  point  of  simplicity,  which  we  shall  hav» 
occasion  to  consider,  is  that  of  a  rational  algebraic  fraction,  and  ir 
such  expressions  we  may  always  regard  the  highest  exponent  of  the 
variable  in  the  numerator  as  less  than  the  corresponding  exponent  in 
the  denominator,  since  the  fraction,  when  not  given  originally  in  that 
form,  may  be  reduced  by  actual  division,  to  a  series  of  monomial 
terms  and  a  fraction  of  the  desired  form. 

24.  Prop.  To  integrate  the  form 


bxn~l  -f-  cxn~2  .  .  .  .  -f-  lx  +  &  . 

dhi  — - - - - - ax. 

ape*  4  b^xn~l  +  cxxn~2  ....  4  lxx  4  Jc\ 

ls£  Case.  When  the  denominator  of  the  proposed  fraction  can  be 
esolved  into  real  and  unequal  factors  of  the  first  degree. 

To  illustrate  this  case,  take  the  example 


ax  4  c  _  ax  4  c  T 
ay  —  -7T— — 7-  ax  ■=.  — - — : — —  -  ax. 


Assume 


ax  4  c 
x2  4  bx 


x2  4  bx  x{x  4  b) 

where  A  and  B  are  unknown 


x  x  4  b 
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constants  whose  values  are  to  be  determined  by  the  condition  that 
this  assumed  equality  shall  be  verified. 

Reducing  the  terms  of  the  second  member  to  a  common  denomi 
nator,  we  have 

b)  Bx  Ax  -f  Ab  +  Bx 
x  x2  +  bx  x 2  -b  bx 


ax  +  c  A(x  + 
x2  ~b  bx  x2  -f-  i 


Hence  ax  +  c  =  Ax  +  Ab  4*  Bx ; 

and  since  this  condition  is  to  be  fulfilled  without  reference  to  the 
value  of  x,  the  principle  of  indeterminate  coefficients  will  furnish 
the  separate  equations 

c  =  Ab,  and  a  =  A  4-  B. 


'Thus  we  shall  have  two  equations  with  which  to  determine  the  values 
of  the  two  constants  A  and  B,  Resolving  them,  we  find 


and  B  —  a  —  A  =  a  —  — 

b 


Hence  by  substitution 


ax  -}-  c 
x2  bx 


dx 


=f-dx+f- 

X  j  X 


B 


dx 


jf 


dx  ab  — 

- 1 - — 

x  b 


c  r  dx 

J  X~\-b 


p  rtl'i  _ 

—  ^  log  x  4~  ~  ^ — -  log  (x  +  b)  +  C. 

As  a  second  illustration  take  the  following  example 


Assume 


Then 


a 


dy  = 


a 


x2  4~  bx 


a 


dx. 


B 


A 

—  —  4- 
x2  4~  bx  x  x  4"  b 

A(x  4-  b)  Bx  Ax  4-  A b  4-  Bx 


+ 


x2  4 -  bx  x2  4-  bx  x2  4~  bx 


x2  4-  bx 


.  * .  a  =  Ax  4-  Ab  4*  Bx,  and  consequently  by  the  principle  of  inde¬ 
terminate  coefficients 

a  =  Ab  and  0  =  d-f  B,  whence  A  =  %  and  B  ——  A  = —  %• 

b  b 


RATIONAL  FRACTIONS. 


263 


And  by  substitution 

/adx 

HI 


f  adx  a 

y  dx  a 

f  dx 

b{x  4  b)  b*> 

'  x  bd 

x  4-  b 

j  log  x  —  J  log  {x  +  b)  +  log  e 


=  log  ( xh  )  —  log  l(x  - 1 -  b)b  ]  +  log  c 


.  (2  4-  ox  —  4 x2)dx 

Ex.  lo  integrate  dy  = - - - - - 

4x  —  x 3 


Here  the  factors  of  the  denominator  are  x,  2  x,  and  2  —  x ,  and 
we  therefore  assume 

2  4  3z  —  4 xy_A  B  C 
4x  —  x 3  x  2  -j-  x  2  —  x 

4 A  —  Ax2  4-  2Bx  —  Bx2  -f-  2Cx  -f-  Ox 2 

4x  —  x3 

% 

.  * .  2  -f-  3#  —  4x2  =  4 A  —  Ax 2  -f~  2 Bx  —  ifo2  +  2(7#  +  Cfc2, 
and  by  comparing  the  coefficients  of  the  like  powers  of  x ,  we  have 


2=44,  3  =  2B  -f-  2(7,  -4=  —  4  -  i?  4  ^ 

These  conditions  give 

A  =  I.  B  +  C=%  and  B  -  0  =  i  -  A  =  \- 
2  2  2 


.A  =  \,  B  =  %  C=- 1. 

2  2 


y 


1  /*  dx  5  f  dx  f*  —  dx 
2d  x  2d  24 -x^d  2  —  x 


—  dx 


2  4-# 

1  5 

2  loS  x  +  2  log  (2  4*  x)  4-  log  (2  —  x)  4-  c- 


25.  A  similar  decomposition  into  partial  fractions,  each  integrablo 
by  the  logarithmic  form,  will  be  possible  whenever  the  denominator 
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can  be  resolved  into  simple  and  unequal  factors.  For  if  the  num¬ 
ber  of  such  factors  be  n ,  each  constant  numerator,  as  A,  B ,  (7,  &c., 
will  be  multiplied  (in  the  reduction  to  a  common  denominator)  by 
all  the  denominators  except  its  own  ;  and  since  each  denominator 
contains  only  the  first  power  of  the  variable  x,  it  follows  that  there 
will  appear  in  the  numerator  of  the  sum  of  the  reduced  fractions 
every  power  of  x  to  the  (a  —  1  )th  power  inclusive,  and  also  an  ab¬ 
solute  term.  Hence  the  number  of  equations  formed  by  placing 
the  absolute  terms,  and  the  coefficients  of  the  like  powers  of  x  equal 
to  each  other,  will  be  n ,  and  therefore  just  sufficient  to  determine 
the  n  constants  A,  B,  (7,  &c. 

26.  When  the  factors  of  the  denominator  are  not  immediately 
apparent,  we  may  place  the  denominator  equal  to  zero,  determine 
the  roots  aq,  aq,  &c.,  of  the  equation  so  formed,  if  practicable,  and 
employ  the  factors  x  —  aq,  x  —  x2)  &c. 


Ex. 


.  _  U  +  1x)dx 
^  2x2  —  4x  —  10 


Put  2x2  —  4x  —  10  =  0  or  x2  —  2x  —  5=0. 

Then  x  =  1  ±-\Ab  and  the  factors  of  the  denominator  are 

x  —  1  +  y^T  and  x  —  1  —  i/ti. 

1  /*  (4  +  7 x}dx  _  1  /*  (4  +  7 x)dx 

‘  V  "  z2  —  2x  —  5  “  2.J  (x  _  i  _p  _  i  _  y/fy 

1  r  Adx  1  p  Bdx 

X' —  i  +  yo  ~  x  —  i  —  yo 


.*.4  +  7  x  —  Ax  —  A—  A  yo"  +  Bx  —  B  -f  i?y^ 

whence  4  =  —  A  —  A^/6  —  B  -f*  B^/Q  and  7  =  A  -f-  B, 
from  which  we  deduce 

^  =  and  J  =  _V^+». 

2  y/0  2^(5 
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:.y- 


7^6-  11 


4„ /G 


-  11  /»  dx 

r  J  x  —  1 4 


,  7-v/*5“+  11  />  dx 


4,/6 


V5 


7V^-iH]og(a._1  +  y£y+  Z3^+Hiog(*_i_v^)+fc 


4/0 


4^6 


27.  2d  Case.  When  the  denominator  of  the  proposed  fraction 
contains  equal  factors  of  the  first  degree. 

a  ~  |  -  b x  |  cx^ 

To  illustrate,  take  the  example  dy  —  — - - -  -  dx. 

'  1  (x  +  A)3 

If  we  attempt,  as  in  the  first  case,  to  resolve  this  into  three  frac¬ 
tions  having  denominators  of  the  first  degree,  by  assuming 


a  4-  bx  +  cx 2 
(x  +  A)3 

there  will  result 


A  ,  B  C. 

- 1 - L  — - , 

x  +  h  x  h  x  -A 


a  4-  Ar  4-  ta2  =  (A  4-  B  4-  C)(x  A)2, 
and  .*.  Jd CyC,  b=.(^A-\-  Id  {7)2A,  and  c=(^44"-^“}“  Cf), 

whence 


b  a 
C~2lt~hd 


Thus  the  assumed  condition  would  establish  a  necessary  relation 

between  the  constants  a ,  b ,  c ,  and  A,  where  none  such  should  exist, 

those  constants  being  entirely  arbitrary. 

It  is  easily  seen  that  such  a  result  might  have  been  anticipated : 

A  4*  B  4-  C  , 

-j  the  proposed  ex- 


,  .  A  ,  B  ,  C 

for  since  — : — -  4 - ; — -  4- 


pression 


a;  4-  A  x  4-  A  #  4-  A 

a  4  ^  4-  c£2 


^  4-  A 

can  only  be  reduced  to  this  form  when  the 


(*  4-  A)3 

numerator  is  divisible  by  {x  4-  A)2.  Hence  the  decomposition  of 
the  proposed  expression  into  three  fractions  of  this  form  is  not  usu 
ally  possible,  and  when  possible  it  is  not  necessary  because  the  form 
of  the  fraction  can  be  modified  by  reducing  it  to  simpler  terms. 
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But  if  we  put  x-\-h—z,  we  shall  have  dx=dz ,  and  by  substitution 
(a  -f-  bx  +  cx2)dx  [a  4*  b(z  —  h)  +  c{z2  —  2 zh  4*  h2y\dz 


(x  +  h)3 


-0 


a  —  bh  +  ch2  (  b  —  2 ch 

Q  1  O 


+ 


3* 


—  bh  4-  ch 2  b  —  2 ch 

+  7 - + 


( x  +  h )  3  (#4*  ^)2  x  "b  ^ 


J  cfo. 


Hence  the  proposed  fraction  can  be  resolved  into  three  fractions 
having  the  forms 

A  B  C 

7 - - — ?  -7 - }  and  - 7? 

(#  4~  A)3  (.r  4“  h)2  x  4-  h 

and  since  the  same  reasoning  would  apply  if  the  number  of  equal 
factors  were  greater,  we  may  in  general  assume 

a  -\-  bx  cx 2  .  . .  .  4-  ixn~l  A  B 


(x  +  h)n 


+  +  . + 


T 

jL 


x  -j-  A’ 


the  number  of  such  fractions  being  n. 


EXAMPLES. 


28.  1.  To  integrate 


2  —  3x 
{x—  a)2 


dx. 


Assume 


2  —  3x  _  A  B 

(x  —  a)2  {x  —  a)2  x  —  a 


2  —  3x  A  B(x  —  a)  A  4*  Bx  —  Ba 
(x  —  a)2  (a:  —  a)2  {x  —  a)2  {x  —  a)2 


.  * .  2  —  3x  =  A  4-  Bx  —  Ba,  whence  2  =  A  —  Ba,  and  —  3  =  B. 
.  * .  B  =  —  3  and  A  —  2  4  Ba  =  2  —  3a,  and  consequently 


y  =  (2  —3a)  f  - — —  —  3  f  -- - =  (2  —3a) — - - 3  log  (x— a)+c. 

J  v  JJ{x—  a)2  J  x— a  v  a — x  1 

When  the  denominator  contains  both  equal  and  unequal  factors 
of  the  first  degree,  the  two  methods  must  be  combined. 
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2. 


x2  _  4x  4-  3  7 

ay  —  — - - - —  ax. 

x3  —  Gx 2  +  9a; 


Since  x ?  —  Gx2  -f-  9a;  =  x(x2  —  Gx  +  9)  =  x(x  —  3) 2  we  assume 

B  C  A(x—S)2-{-Bx-{-  Cx(x—Z) 


x 2  —  4x  -f-  3 _ A  ^ 


+ 


x3 — Gx2  -}-9a:  x  ( x — 3)2  (a:— 3)  x3  —  Gx2  +  9a; 

.  * .  x2  —  4x  3  =  A(x2  —  Gx  +  9)  +  Bx  +  C(x2  —  3#), 
whence  3  =  9^4,  —  4  =  —  GA  +  B  —  3(7,  and  1  =  A  +  C. 


2 


.  • .  A  =  -»  C  =  ->  and  B  =  0. 


•  •  •  V  =  \j  Y  +  %/■— S  =  s  log  ^  +  1  log  (*  -  3)  +  C' 

=  n  log  x  +  \  log  (a;  —  3)2  +  i  log  c  =  ^  log  [ca;(ar  —  3)2] 

O  O  d 


clx 


(x  -  2)2(x  +  3)2 
A  B 


+ 


+ 


C 


4*  T 


D 


l 

=  log  [car  (a?  —  3)2]  . 

3.  dy  — 

t  ,  1 _  _ 

(or  —  2)2(ar  •+■  3)2  ( x  —  2)2  ‘  x — 2  1  (ar-f-3)2  1  (ar+3) 

.  ‘ .  1  =  A{x+Z)2+B(x-2)  (a;+3)2-f  C(x-2)2  +  D(x-2)2(x+3), 
or  1  —  A{x2  +  Gx  +  9)  -j-  B{x3  +  4a;2  —  3a;  —  IS) 

+  C(x2  —  4x  +  4)  +  B{x3  —  a;2  —  Sa;  +  1*2)* 

.*.0  =  B  +  B>,  0  =  A  +  4:B4-C-D,  0  =  GA-3B-4C-8D, 

4 

and  1=9  A  —  IS  B  +  4C  +  122). 

These  equations  give,  by  elimination, 


A  = 


1 

25’ 


B  =  - 


2 


125 


C  =  i  and  D  =  — 
25  125 


1  p  dx  2  p  dx  t  1  p  dx  (  2  p  dx 

‘  *  V~2l  J  (ar  -  2) 2  ~  125  J  a;-2  +  25  J  (ar+3)2  +  125  J  xA-S 


1  9. 


25  (a;— 2)  125 


-75Hlog(z-2)  - 


(x+3)‘ 
2 


25  (x  +  3)  '  125 


xA~3 
log(ar+3)+c. 
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29.  Case  3d.  When  the  simple  factors  of  the  denominator  are 
imaginary. 

These  factors,  which  correspond  to  the  imaginary  roots  of  an 
equation,  enter  in  pairs,  and  are  of  the  forms 

x  db  a  +  b  -y/  —  1 ,  and  x  ±  a  —  b  -yj  —  1. 

and  their  product  gives  the  real  quadratic  factor 

x 2  ±  2 ax  a2  b2  =.  {x  ±  a)2  -f-  b2 

Hence,  if  there  be  but  one  pair  of  simple  imaginary  factors,  or  a 
single  quadratic  factor,  in  the  denominator,  the  corresponding  partial 

fraction  will  be  of  the  form  7 — ^  jn  which  the  numerator 

(x  db  a)2  +  b 2’ 

must  consist  of  two  terms,  one  containing  the  first  powrer  of  x,  and 
the  other  an  absolute  term,  because  the  denominator  now  contains 
the  second  power  of  x ;  and,  therefore,  if  we  introduced  a  constant 
only  into  the  numerator,  wre  should  not  provide  for  having  the 
exponent  of  the  highest  power  of  x,  in  the  numerator,  only  one  less 
than  the  corresponding  power  in  the  denominator, 

But  when  there  are  several  equal  quadratic  factors,  the  denomi¬ 
nator  being  of  the  form 

[(#  ±  a)2  +  62]m, 

the  partial  fractions  will  be  of  the  forms 

;  v  ^  .  \  '  <  t  _ **'  >  '  *  *  *: 

Ax  +  B  A_-  Cx  +  D  (  Ex  +  F 

[(a;  zh  a)2  -f-  b 2\n  [(.r  ±  a)2  -f-  1  [x  db  a)2  -f-  b2 

the  number  of  such  fractions  being  n. 

That  such  a  decomposition  is  possible  in  all  cases,  will  appear 
more  clearly  by  the  following  illustration.  Let  the  proposed  frac¬ 
tion  be 

cx5  +  ex 4  4-  fx3  -f-  gx 2  -f-  hx  -f-  i 
[(#  zb  a)2  +  b 2]3 


Put 


x  zb  a  =  y, 


and  y2  -\-  b2  —  z2. 
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Then  the  fraction  can  he  reduced  successively  to  the  following 
forms 

c(y  =p  a)5  +  e(y  =F  a)4  +/(y  hF  a)3  +  g{y  =f  a)2  -f  h(y  =F  a)  +  « 

z6 

__  cy5  +  gi?/4  +/iy3  +  ffi?/2  +  hxy  +  ?1 

“  z6 

_  (gy  +  gi)(g2  -  ^2)2  +  (Ay  +  ^i)(g2  — b2)  +  Kv  +  h 

[c(a;  dr  a)  4-  ^i]  (z4-2z252  -f  -  &4)  +  [/i(#  ±  a) + 5h]  {z2-b2)  +  7q(#  ±  a) + *] 



»  1 

-  (c54  ~/l^2  hi)x  +  &4(g2±  a)c  —  f\h\9v  a)  +  ^1  ^ 

[(a:  db  a)2  +  7/2]3 

(—  2c  62  +/i)a?  —  2b2c  (g2=fc  «)  +/i(^2  =*=  a)  ,  ca;  +  c(e2  dr  a) 
[(x  dr  «)2  +  7>2]2  (#  ^  a)2  +  &2  5 

which  is  of  the  form 


Ax  +  B 


4- 


Cx  +  B 


+ 


Ex  4-  F 


[(a:  dr  a )2  +  &2]3  [(#  dr  a)2  4*  &2]2  (#  db  a)3  4*  &2 

And  a  similar  decomposition  would  evidently  he  possible,  if  there 
were  n  equal  quadratic  factors  in  the  denominator. 

30.  It  appears  therefore,  that  when  the  denominator  contains 
simple  imaginary  factors,  the  general  form  presented  for  integration, 
will  be 

[Ax  4-  Bd)dx 


dy  = 


-,  where  n  may  he  any  integer. 


Put 


[(#  dr  a)2  4*  62]1 

x  dr  a  =  z,  then 
(Az  q =  Aa  4-  B)dz 


dy  — 


•  y  -  -  f 


(z2  4-  &2)’ 


(z2  4~  62)71 

( B  q=  Aa)dz 
(z2  -j-  62)n 


A1 


2(?i  —  l)(z2  4-  62)””1’ 

,  r  Aidz 

a  (Z2  +  62)» 
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by  making  B  qp  Aaz=  Av  Thus  the  proposed  integral  is  found  to 

/A  dz 
(z2  +  b2)n 

It  will  now  be  shown  that  this  latter  can  be  caused  to  depend  on 
dz 

— ,  in  which  the  exponent  of  the  parenthesis  is 


A 


the  form  ,  .  _  ,  _, 

(. S 2  +  b2)n~V 

diminished  by  unity.  Thus  we  have 


dz 


(z2  +  b2)dz 


■?dz 


+ 


b2dz 


(z2  +  b2)n~'  (z2  +  b2)n  (z2  +  b2)n>  (z2  +  b2) 


.  f  dz 

-  1  f 

dz  1  y 

z2dz 

'  *  j  (z2  +  b2Y 

b2d  1 

(z 2  +  b2)n~l  b2  J 

{z2  -f-  b2Y 

f  rl  \ 

z 

\  dz 

2  (n  —  1 )  z2dz 

but  c\2 

+  b2)n~ 

7  ~  (z2  +  b2)"-1 

0 

(z2  +  b2)n  ’ 

p  z2dz 

1 

f  dz 

1  0 

*  ‘  J  (g2+62)« 

~  2  (n  — 

-1  )J  (; z2-\-b2Y~l 

2[n-\)  (z2-\-b2) 

(i). 


which  value,  substituted  in  (1),  reduces  it  to  the  form 

p  dz  1  p  dz  1  r  dz 

J  (Z2  4-  A2\»  -  VzJ  I 


(z2  +  b2Y  b2d  (g2  -f  b2) 


_ _ x_  f 

rt—1  2b2  in  —  ll  J  l 


262( 

+ 


)J  (z2  +  b2)n~l 
z 


2b2  {n  —  1)(22  +  b2)n~l 
o».  —  s  r  dz 


2 b2[n  —  1)(02  -f-  &2) 
dz 


2n  —6  p 

+  2/>2  ( n  — -~n  J  7 


2b2{n  —  1)  d  {z2  -}-  b2Y  1 

/dz 

piy-i  can  ren(^ere(^  dependent  upon 

/dz 

paTp  &c.,  so  eventually>  original  integral  will 

depend  on  the  form  J* - 


1  ,2 

22  +  l2  ~  b  tan  b 

31.  We  infer,  therefore,  that  the  integration  of  a  rational  fraction 
can  be  effected  whenever  its  denominator  can  be  resolved  into  simple 
or  quadratic  factors,  and  that  the  integral  will  be  expressed  in  the 
form  of  logarithms,  powers,  or  circular  arcs. 
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GENERAL  EXAMPLES. 


32.  1. 


dy  = 


dx 


x- 


Since  (x3  —  1)  =  (x2  -f-  a?  +  1)  (x  —  1),  and  x2  +  %  -f-  1 

= (x + 2  2  + 2  ~  %y~~ 3)’ 


1 


we  assume 


ud#  +  2? 


+ 


(7 


#3 —  1  #2  -J-  x  +  1  #  —  1 

.  * .  1  =  Ax2  +  Bx  —  Ax  —  B  -\r  Gx2  -f-  Ox  -f-  G, 
whence  0  =  ^4+  (7,  0  =  2>  +  <7  —  At  and  1  =  C  —  B. 


.  A  = 


1 

O 


^  and  (7 

o 


1 

3* 


H— I) 

a:2  +  £  +  1 


<2c 


<£e 


+ 


a; 


and  if  we  put  a;  +  ^  =  0,  or  a;2  -f  £  +  7  —  z2,  %  —  z  —  7  and  2#  =  cfe, 


there  will  result 


r 


1  f  dx  1 

V=sJ x—l~3 


r 


(x  4-  2)<2.r  1 


J(’  +  s) 


1\2  3  3 


log  («-  1) 


^  + 


3 


(2+i)& 


z2  -f 


o 

O 


.7 


1  .  1  I  2£ffe  1 

3logL*-l)--|  — 


r  2^ 

V3~ 


z2  + 


J 


4  z2 
~3~ 


+  1 


,  2z 

1 - b  c 


=  l  log  (.  -  1)  -  l  log  (*  +  I)  -B  tan-^_ 

1  I  1  Or  4-  1 

=  3  log  («  —  1)  —  q  log  (; x 2  4-  «  +  1)  •  tan™1  ^=-  +  c. 


2. 


= 


dx 


x(a  +  foe2)2 
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* 


Assume 


A  Bx  4  0  Dx  -f-  E 

—  - -  +  7 - , '  Z 

X 


x{a  4  bx 2)2  x  (a  4  bx 2)2  '  a  4  bx2, 

* .  1  =  A(a2 + 2 abx2  4  b2x 4)  4  Ex2  4  Cx  4  B{ax2  4  fo4)  4  -^(aa?  4  &r3), 
*.  l=Aa2,  0=24a54^4-7^4  0=A&24-7^)  0—C-\-Ea ,  0  =zEbt 

b 


■  A  =  \,  0  =  0,  D  = 

a 2  a 


a‘ 


-,  ,ET  =  0. 


Hence,  y  = 


f  xdx 

b  f  xdx 

a  (a  4  bx 2)2 

a2  J  a  4  bx2 

41°ga:+  1 


a 


1 


2  a  a  4  bx2 

1 


4 


log 


2a2 


x * 


3. 


2a  (a  4  bx2)  2 a2  &  a  4  6z2 

x2dx 


log  (a  4  bx2)  4  c . 


4  c. 


= 


z4  4  *2  —  2 


Put  x4  4  — ■  2  =  0,  and  resolve  with  respect  to  x2. 

1  3 

.  • .  x2  =  —  -  ±  ^  =  1,  or  x2  =  —  2, 

.  (z4  +  z2  -  2)  =  (z2  +  2)  (z2  -  1)  =  (z2  +  2)  (x  +  1)  (*  -  1), 

and  we  may  assume, 

^  A  ,  B  ,  Ox +  D  m  _ 

X*  +  x2  +  2  x  +  1  x  —  1  X2  +  2 

2;2=zl(z3 — a:2  4*  2x — 2)+^(a;3+a:2+2a;4-2)+  C(x3 — x)+Jj(x2 — 1). 

.  0  =  A  +  B+  C,  l  =  -A  +  B  +  D,  0  =  2A  +  2B  -  0, 

0  =  —  2  A  +  2B  —  D. 


A=-\,  B  =  ~  0=0,  B  =  \ 

o  u  o 


••  y  = 


1  r  dx  1  r  dx  2  r 
~  6  J  X  4  1+  qJ  x^—l  +  3d; 


dx 


x2  +  2 


log  (x  4  1)64  log  (x  -  1)®4  tan-1-^  4  c. 
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4.  dy  =  - - -•  Since 

1  —  xb 

—x6=(l — x3)  (l-f-#3)=:(l  —  x)  (l-j-^-f#2)  (1-j-a?)  (1  —  x-\-x2),  put 

1  A  B  Cx-\-JD  Ex  -f-  E 

1  —  a;6  ~  1  +  a:  1— -£~^l-{-£4-£2  1  —  x  x2 


• .  l  =  A  (1  —  x  -f-  x2 —  x3 4-  x 4 —  ( 1  +  a;  -f  #2-j-  %3jr  £4  +  £5) 

-f-  C{x  —  #2-f  x4— a;5)-}- D  (1  —  x  +  x3—x4)-{-E (z- \-x2—x4 — x5) 
-j-i^7(l  -f  x  —  x3  —  x4). 


.  \  A  B  B  Ey  0  =  —  A  B  +  0  —  D  -f-*  E  -f~  B\ 
0  =  A  +  B—C+E,  0  =—A  +  B  +  D  —  Fy 
0  =  A+  B+  C-  D-  E-F,  0=—A  +  B—C—E. 


■•■A=hs=h  *=4 


I  *■_! 

6’  ~  3' 


1  r  dx  1  P  dx  1  /*  (a?  -f  2)cfo  1  f  (x  ~  fydx 
^  ($d  1  -f-  x  qJ  1  —  #  6  */  1  +  #  +  6  */  1  —  &•  -f-  x2 

4  ios  u  ■ +*)  - J log  a  -*). + ^/iSS+4/ 


12*/  l-f-z-fz2  '  12*/  /  1\ 

•  H) 

1  /'(2x  —  l)dx  1  f 
12*/  1— z-4-z2  +T2</  ' 


1\2  ° 

rJ  + 


H): 


:l0g  ( 1  -h^)6  “log  (1  -Z)6  +  ^log  (1  +Z  +  X2)  —  ^  log  (1  —  X  \-X2) 


12 
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CHAPTER  IV. 


IRRATIONAL  FRACTIONS. 


33.  The  differential  form  next  to  be  considered  is  that  which  is 
still  algebraic,  but  which  involves  irrational  or  surd  quantities.  As 
the  general  mode  of  treating  such  expressions  is  the  same  in  prin¬ 
ciple,  whether  presented  in  the  entire  or  fractional  form,  they  will 
be  considered  in  the  latter,  which  is  of  very  frequent  occurrence, 
and  which  presents  some  difficulties  peculiar  to  itself. 

34.  When  an  irrational  fraction,  which  does  not  belong  to  one  of 
the  known  elementary  forms,  is  presented  for  integration,  we  en¬ 
deavor  to  rationalize  it,  that  is,  to  transform  it  into  a  rational  form 
by  suitable  substitutions.  The  following  are  the  principal  cases 
in  which  this  is  possible. 

35.  Case  1st.  When  the  fraction  contains  none  but  monomial  terms. 

As  an  example  to  illustrate  this  case,  suppose 


dy  = 


7l\  77l\ 

ax r  +  bsF 

Cl  £i 

axxc  +  b^x6 


dx. 


Put  x  =  znmce  or  x  =  zl ,  where  l  is  any  common  multiple  of 
the  denominators  «,  m ,  c,  and  e. 

n\  tii  nd 

-  - -  - *  fl  £ 

Then  xn  =  zn^mce ,  or  xn  =  zn  where  —  is  an  integer  since 

n 

l  is  a  multiple  of  n. 

mi  c\  ex 

Similarly  xm  —  xe  =  zc  inme,  and  xe  =  ze  inme. 
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Also 

Hence  dy  = 


dx  —  nmce  .  znmce~ldz. 

dZnlmre  _J_  Jj^rriince 


a  zcimiie  -f-  bxze 'nmc 
which  is  a  fraction  entirely  rational. 


( nmce .  znmce~1dz), 


Ex.  To  integrate  dy  = 


i 


2x%— 


ox  +  x 


dx. 


Assume  x  —  z12  :  then  xM  —  s6,  x  —  z 2,  x  —  zs,  x 


and 


dx  —  12 z11 .  dz. 

y  2 s6 —  3s2  24s9 —  3  6s5  7 

.  • .  dy  =  r- - — T  I2z11 .  dz  = - — - -  dz 

J  3s8  +  s9  z  +  3 

=  (24s8  -  72s7  +  21 62s  —  648s5)  dz 


243 


+  1908(s4  -  3s3  +  9s2  -  27 z  +81— 

s  +  3/ 


du. 


y  =  12 /(2s8  -  6s7  +  18s6  —  54s5)cte 

+  1908 f  Ll  -  3a3  +  9a3  -  27a  +  81  -  j+j) 


dz 


(2  3  18 

929-4*8  +  Ts’-92:C) 


G**- 


O  07  ~1 

+  1908  I  ^25-Ts4+3z3— —  23+Sl2-2431og(a+3)J+< 


+  1908 


?  +3+  -f  81+— 243  lo8 

ti 


g+5+3)] 


+c. 


36.  2d  Case.  When  the  surds  which  enter  the  given  expression 
contain  no  quantity  within  the  (  )  but  one  of  the  form  (ci-\-bx). 

As  an  example,  take 
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Put  a  -f-  bx  —  znmc  where  the  exponent  of  z  is  a  multiple  of  all 
the  denominators  n ,  m,  and  c. 

tii  m\  ci 

Then  ( a  -j-  bx)n  =  znimc,  [a  -f-  bx)m  —  zm'nc,  ( a  -f-  bx)c  ■=  zt  inm, 


and 

and  by  substitution 


,  nmc  .  7 

dx  =  •  znmc~ldz, 

b 


gTiimc  _|_  gminc 

dy  —  it'  r"nm — i — T\  * nmc  •  znmc~ldz. 


b(zc  inm  -f  h) 
which  form  is  entirely  rational. 


37.  1.  To  integrate  dy  — 


x3dx 


Assume 
•  z 2  —  1 


(1  -f  4xy 

1  -f  4x  =  z2.  Then 


*  =  — — ,  dx  =  -^,  *3  =  U(2«-324+322-l),  and  (1  +4*)A  z». 
,  1  /2®-32*  +  322-l\  j  1  l  ,  „  ,  3  1  \  , 

' ' • ' ■  <bj  =  128  ( - “? - )  **  =  128  U — °  ■ +  2-  -  F )  *■ 

1  /z3  3  1  \ 

•■•y  =  lS»U“*“  +  sW+C’ 


or  y 


2. 


JLf(i± 
128  L  S 


(1+4T) 


■3(1  +4rr)' 


O 

O 


4  + - : 

(1+4*)2  3(1+4*)' 


0 


4-  C. 


dy 


dx 


xyl-j-  x 

Put  1  x  —  z2.  Then  x  =  z2  —  1,  dx  =  2ze£z,  and  yl  -f  #  =  2 
^  2zcfz  2ofo  dz  dz 

.  • .  y  =  log  (2  —  1)  —  log  (2  +  1)  +  c, 


or 


1  Z  ~  1  ,  !  'v/M-  «  —  1  , 

y  =  logr-T-r  -f  c  =  log  \ - = - b  c, 


z  T“  1 


V1  +  x  +  1 
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38.  Case  3 d.  When  the  proposed  fraction  contains  no  surd  except 
one  of  the  form 


bx  dr  C2X2  —  Q  \  —  H - -  X  dr  X 2. 

V  c 2  c2 

When  the  last  term  is  positive,  assume 

jab  „  ,  a  b 

!  — —  -j — — 


H — -x  +  x2  =  z  +  x:  then  —  -f-  —  x  -f-  x2  =  z2  -f-  2  zx  -{-  x\ 

C*  Q2  O'1  C 2 


a  —  c2z2 


2  c2(a  —  bz  -f-  c2z2) 

•••*  =  2^?  *= - vsr=rby—d!’ 


_  /  ^ _ ^*2  ^2\ 

and 


c(a  —  bz  +  c2z2) 
2c2z  —  b 


The  values  of  x,  y/a  +  bx  -j-  c2x2,  and  dx,  being  all  expressed  ra¬ 
tionally  in  terms  of  z,  the  proposed  differential  when  transformed 
will  also  be  rational. 

Again,  if  the  term  involving  x2  in  the  surd  be  negative,  denote 
by  xl  and  x2  the  roots  of  the  equation 

_  bx  a  .  bx  a. 

— =  °;  then  x*  -  -j  -  —  =  (*  -  Xl){x  -  xt), 

and  therefore  ~  -f  ~  —  x2  =  (x2  —  x)  (x  —  xj). 


Now  assume  y/ [x2  —  x)  ( x  —  aq)  =  ( x  —  xj)  .  z. 

x2  —  x  —  [x  —  %j)z2,  whence  x  —  — 2  — 

1  + 


s2 


dx—  *22jfZ  and  y/a  +  bx  —  c2x 2  =  cz(x  —xj  = 

Hence  the  several  expressions  which  enter  into  the  proposed  dif¬ 
ferential  will  be  rational,  and  therefore  that  differential  will  become 
entirely  rational. 

dx 


39.  1.  To  integrate  dy 


- —  -  ■  ■  —  ■  • 

y/i  -f  x  -f  X2 
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Assume  y/l  +  x  +  x2  =  z  -j-  x;  then  1  x -j-  x2  =  z2 2 zx-\-x2 

dx-  2(1 -z+22)  A  ,  T  ,  I  ~g  +  ^2 

2z—  1  (ite-l)**’  d  yl+H-a--  22  - 1 

\y~- /  - - — -  x  - -t TTdz=—  /  L - r=— log(2*— 1)4-« 

u  J  1—  z4-z2  (2 z  —  \)2  J  2z—  1  oV  ' 


1 


locr 
°2z  -  1 


+  c  =  log 


2yl  +  x  4-  #2  — ■  (2#  4  1) 


+  c 


log  [2  y/l  4-  *  +  x2  +  (2a?  4-1)]  —  log  34« 


2. 


=  log  [2  y/l  4-  #  +  #2  4  2^  4-  1]  -f  C]. 

_  dx 

dy 


yl  4-  re  —  x2 

Put  1  4-  x  —  #2  =  0,  and  find  the  roots  and  x2,  thus 

x,  =  ^  -4-  i  -Jb  and  x„  =  ^  —  i  \  th  Now  assume 
1  2  2  v  2  2  v 


2-y/E~.zdz 


and  -y/l  4* x  —  x2  =  — 


(1  4-*2)2  ”  v  '  ‘  I422 

P\-\-z2  2\fh~.zdz  P  dz 

•  y=~J jr2xu+ir=  J  h^=  - 2 tan  2 + c- 


1  1 


f-c— —  2  tan-1 


1  1 


+* 
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3. 


dy 


dx 

x^ a2  -f-  b2x 2 


[rfi  ^2 

Assume  \  /  — -  4-  x2=z-j-x ;  then  -|-  x2  =  z2  4*  %zx  -f 
V  b2  b 2 


xi 


x 


a2  —  b2z2  7  2b2(a2-\-b2z2)  _  ,  —  a2-f6V 

=  — — — — ,  dx— - ;  -■  -,-0 — - dz ,  and  Wa2-\-b2x2  — — — - - 

2 b2z  ’  (2b2z)2  ’Vi  2bz 


r  2b 


2 b2z  2 bz  2 b2(a2-\-b2z2)  . 

x- — X - ^TTT^-dz 


b2z2  a2-\-b2z 2 


(26%) : 


/*  26c 

»/  a2  — 


2bdz 
b2z 2 


1  /*  bdz  ,  1  /*  —  6c%  1  _  a  —  bz  t 

— - /  ■  .  ~r  4-  —  / - r  =  —  los  — —  4- 

a  J  a  bz  aJ  a  —  62  a  a 


-f-  62 


1  a-j-6# — -t/^2 4- 6%2  1  -i/a2  -f  6%2 —  a 

—  —  log - c  =  —  log-* - - - h c . 

a  a-6^4--v/a2+62«2  a  ^ 

40.  The  other  irrational  forms  which  admit  of  being  rationalized, 
are  chiefly  those  belonging  to  the  binomial  class,  which  it  is  proposed 
to  consider  carefully  in  the  next  chapter. 


CHAPTER  V. 


BINOMIAL  DIFFERENTIALS. 


41.  Prop.  To  determine  the  conditions  under  which  the  general  form 

777 1  V\  rx 

dy  —  xm  (a  +  bxn)  r dx,  can  he  rendered  rational. 

777 |  71 x 

If  we  put  x—zmn ,  there  will  result  xm  =  zm in,  xn  —  zn^m  and 


dx  —  ran  .  zmn~ldz. 

rj 

.  * .  dy  =  zm'n{a  +  bz11'™)7  nmznm~ldz, 
so  that  the  form  will  he  equally  general  if  w*ritten  thus 


dy  =  xm(a  -f-  bxn)Pdx . (1), 

in  which  p  is  the  only  fractional  exponent. 

p 

Assume  a  -f-  bxn  =  z  •  then  x  =  ^  ^ 

777+1 


xm+1  —  and  xmdx  = 

and  by  substitution  in  (1), 


1 


777+1 


dy  = 


1 


777+ J 

nb~ 

777+1 


(z  —  a)  n  .  dzy 


•i  p 


™±i (2_a)  “  2  dz- 

nb  “ 


m  |  1. 

Hence,  if - -  he  a  positive  or  negative  integer,  or  zero,  the 

71/ 


777+1  ^ 

quantity  (z — a)  71  can  he  developed  in  the  form  of  a  series  of  mo- 
mials  (with  a  limited  number  of  terms),  a  rational  fraction,  or 
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unity,  and  thus  the  value  of  dy  can  "be  rendered  entirely  rational. 
For,  although  p  is  a  fractional  exponent,  the  expression  can  be  so 
transformed  as  to  remove  the  fraction,  by  the  method  explained  in 
the  first  case  of  irrational  fractions. 

Again,  since  xm(a  +  bxn)P  =  xm+nP{ax~n  +  b)P ,  if  we  put 
ax~n  +  b  =  z,  there  will  result, 


n 


q-m+np+l 


m-btp+1 
iZ  —  b\  -u  ' 


m+np+ 1 


.  * .  xm+nPdx  = 


a 


n 


n 

w+np+l 


m+ 1 

- - - p- 1 

(z— b)  n  dz. 


.*.  dy  — 


a 


n 


n 


ffl+i 

{z  —  b )  ,l  P  .zP.dz. 


And  this  can  be  readily  rationalized  when  m  ^  is  a  positive 


n 


or  negative  integer  or  zero. 


We  conclude,  therefore,  that  there  are  two  cases  in  which  it  will 
be  possible  to  rationalize  the  general  binomial  differential,  viz. : 

1st.  When  the  exponent  m  of  x  exterior  to  the  parenthesis, 
increased  by  unity,  is  exactly  divisible  by  the  exponent  n  of  x 
within  the  (  ) ;  or 

2d.  When  the  fraction  thus  formed,  increased  by  the  exponent  p 
of  the  (  )  is  an  integer  or  zero. 

42.  These  two  relations  are  called  the  conditions  of  integrability  of 
binomial  differentials. 

43.  1.  To  integrate  dy  =  x5(a  +  x2ydx, 

TT  -  on  -f~  1  „ 

Here  m  —  5,  n  =  2,  .  * .  — - - =  3,  an  integer, 

and  the  expression  can  be  rendered  rational. 

Put  a  -j~  x2  =  z,  .  * .  x  —  (z  —  a^,  x6  =  {z  —  a)3 

1  1  1  1  A  k  A 

x5dx=-(z  —  a)2dz ,  and  dy—-{z  — a)2  .  z3dz  =  -(z3—  2azs  ~{'a2zQ)dz 
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*  ’  *  V~\f^  ~  2az^+  a2z*)dz  =  i  3  —  |a2S+  |  a2*8)  +  c, 


3 


=  —  («  +  z2)^—  |  (a  +  s2)7,  a  +  g  (a  +  z2)3.  a2  P  c. 


2. 


Here 


cfo; 


a2(l  +  #2) 


=  £“2(1  p  x2)  * dx . 


but 


??i  =  —  2,  n  =  2,  and  p  —  —  — • 

#w 

.  • .  —  *  =  —  i  a  fraction  ; 

n  2 

m  +  1  13  .  . 

- p  =  —  -  —  -  =  —  2,  a  negative  integer, 

11  fZ  rh 


and  the  expression  can  therefore  be  rendered  rational  by  the  second 
transformation. 


Put 


x~ 2  P  1  =  z,  .  * .  X  =  (z  —  1)  a,  or"4  —  (z  —  l)2 

1 

2* 


1  1  -f 

.dx  =i  —  ~(z  —  l)cte,  and  dy  —  —  ~(z  —  l)s  c/z. 


or. 


dy  =  —~z  ^ dz  4- ~z  ^ dz . 

/w 


V=-\f  2_i&  +  i/  2  ,&=-(S!i  +  *h  +  <:- 
=  _i+i+e=_-^+j=+c=_^==(i+2a+e. 

y/2r"2  p  1  y/l  p  X2\x  J 


CHAPTER  VI. 


FORMULA  OF  REDUCTION. 

44.  When  a  binomial  differential  satisfies  either  of  the  conditions 
of  integrability,  it  is  possible  to  transform  it  into  a  rational  expres¬ 
sion  ;  but,  instead  of  applying  this  process  of  rationalization  directly, 
it  is  often  more  convenient  to  employ  certain  formulce.  of  reduction , 
which  render  the  proposed  integral  dependent  upon  others  of  simpler 
form,  or  such  as  have  been  previously  integrated. 

45.  Such  formulae  are  deduced  by  employing  another  known  as 
the  formula  for  integration  by  parts. 

Thus,  since  d{uv')  =  udv  +  vdu ,  we  have 

/  udv  =  uv  —  /  vdu . (1). 


By  this  formula,  / udv ,  is  made  to  depend  upon  fvdu ,  which 
latter  integral  may  be  more  simple. 

46.  Prop.  To  obtain  a  formula  for  diminishing  the  exponent  m 
of  x,  exterior  to  the  (  ),  in  the  general  binomial  form 

y  =  /  xm(a  +  bxn)P  dx. 


Put  (a  +  bxn)Pxn~1dx  =  dv ,  and  xm~n+l  =  u. 


(a  bxny\^^“^‘ 

Then  v  =  — — - and  du  —  (m  —  n  +  1  )xm~ndx. 

nb{p  +1) 

But  y  —  f  +  bxn)Pxn~1dx  =  f  udv  —  uv  —  /  vdu. 

xm-n+ l(a  bxn)P+ 1  m  —  71  +  1 


y 


no 


Kv  +  !) 


nb(p>  -f  1) 


-/ xm~n  (a  +  bx1l)P+ldx  (2), 
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The  formula  (2),  effects  the  object  of  diminishing  the  exponent  rn 
of  but  it  increases  by  unity  the  exponent  p  of  the  (  ),  and  as  this 
would  often  be  an  inconvenience,  we  must  endeavor  to  modify  (2). 


Now  f  xm~n{a  -f-  bxn)P+ldx  =:  / xm~n(a  +  bxn)P(a  +  bxn)dx 

—  a  f  xm~n(a  -j-  bxn)Pdx-\-b  f  xm(a  +  bxn)Pdx. 

xm-n+l  (a  bxn)P+l 


.  y  =  f  xm  (a  -f-  bxn)Pdx 


nb(p  4-1) 


(w-fl-f-lja,  .  j  .  _  m  —  n  +  1  „  ,  ,  _  .  _ 

v  ’  -  f  xm~n(a  +  bxn)Pdx - ^  |  /sm(a  +  bxn)Pdx. 


nb(p  +  1) 


n(p  +  1) 


Transposing  the  last  term  to  the  first  member  and  reducing,  we 
have 

np  -\-  m  1  „  .  ,  ,  .  a:m— n+1(a  4* 

- ; - — lT- / 4-  bxn)Pdx  = - -7 - — ~ — 

‘Cp+1)  V  '  nb(p  4-1) 


(m — ft  4-  IV..  ,  7  n  7 

—  - — — r — !— 4-  Jxm-n(a  +  bxn)Pdx. 

nlyp  4-1) 

Hence  y  —  f  xm(a  4-  bxn)Pdx 

xm~n^l(a  4"  bxn')PJrl  —  (ni  —  n  4-  l)a  f  xm~n (a  4-  bxn)Pdx  , 

-  b(np  4-  m  4-~T)  "  ( A) * 

47.  By  this  formula,  the  proposed  integral  is  made  to  depend 
upon  another  of  a  similar  form,  but  having  the  exponent  m  —  n  of 
ar,  exterior  to  the  (  ),  less  than  the  original  exponent  m,  by  n ,  the 
exponent  of  x  within  the  (  ). 

48.  Prop.  To  obtain  a  formula  for  diminishing  the  exponent  p 
of  the  (  ),  in  the  general  integral 

y  —  f  xm(a  4-  bxn)Pdx. 

Since  f  xm(a  4-  bxn)Pdx  —  f  xm(a  4-  bxn)P~\a  4-  bxn)dx 

—  a  f  xm(a  4-  bxn)P~ldx  4 ~  b  f  xmJ,’n(a  4*  bxn)P~hix ; 

and  since  by  applying  formula  (A)  to  the  last  integral,  replacing 
m  by  (in  4- ft),  and  p  by  — 1),  we  get 

xm+\a-\-bxn)P l)a  f x^a  +  bx^P-^dx 


j ' xmJrn(a  -f  bx^P—^dx  — 


b(np  4-  ni  4-  1 ) 
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y  —  f  xm{a  +  bxn)Pdx  —  a  f  xm(a  -f-  bx^P^dx  + 


xmJrl(a  +  bxn)P 


np  +  m  +  1 

(m  -f  lk  „  ,  ,  7  . 

- - - f  xm( a  4-  bxn)P~ldx 

np  4"  m  4~  1  ^  v  1 

xm+1(a  4*  bxn)P  4~  Pna  fxm(a  4*  bxn)P~ldx 

np  4-  m  4-  1  v  ' 

49.  By  the  use  of  this  formula,  the  proposed  integral  is  made  to 
depend  upon  a  similar  integral,  but  having  the  exponent  of  the  (  ) 
diminished  by  unity. 

50.  When  the  exponents  m  and  p  are  negative,  and  numerically 
large,  it  is  generally  convenient  to  increase  them,  so  as  to  bring 
their  values  nearer  to  zero,  and  hence  we  require  two  additional 
formulas,  one  for  increasing  the  exponent  of  the  variable  exterior  to 
the  (  ),  and  the  other,  for  increasing  the  exponent  of  the  (  ). 

51.  Prop.  To  obtain  a  formula  for  increasing  the  exponent  —  m, 
of  the  parenthesis  in  the  general  integral 

y  —  f  x~m{a  4-  bxn)Pdx. 

From  formula  (. A ),  we  obtain,  by  transposition  and  reduction, 

—  j  \  j  xm~n+1(a 4~ bxn)P+1  —  b{np^m^l)fofl{a-\-bxn)Pdx 

fxm  0(m  _  „  +  T) 

Now  making  m  —  n  =  —  mv  or  m  =  n  —  mx,  there  results 

f  x~mi(a  4~  bxn)Pdx 

x—mx+\ (a  ljxn'}p+ 1  —  b{np  4 -  n  —  ,???j  4-1)/ ■xrmdrn{a.  4-  bxn)Pdx 

a(  —  m1  4-1) 

or  by  omitting  the  subscript  accents  and  reducing, 

y  —  f  x~m{a  4*  bxn)Pdx 

2.-771+1  ( a-\-bxn)P+l-\-b(m  —  np — n  —  1  )fx~m+n  ( a-\-bxn)Pdx 
'  . . . . . . —  —  .  ■  ■  -  ■  ■  -  -  — ■  ■  ■  —  • 

—  a(m  —  1) 

52.  By  the  use  of  this  formula  the  exponent  —  m  of  x  exterior 
to  the  (  )  is  increased  by  n  the  exponent  of  x  within  the  (  ). 


((7). 
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53.  Prop .  To  obtain  a  formula  for  increasing  the  exponent  — p 
of  the  (  )  in  the  general  integral 

y  —  f  xm  (a  +  bxn)~Pdx. 

From  formula  (B)  we  obtain,  by  transposition  and  reduction, 

#m+1  (a  +  bxn)P  —  {iip  -f-  m  + 1 )  fxm(a  -f-  bxn)Pdx 

—  pna 

Now  making  p  —  1  =  — pl  or  p  =  1  —  p^  there  results 

fxm(a  +  bxn)~Pidx 

xm+l(a  -f-  bxn)~Pi+l  +  (nP\  —  n  —  rn  —  1 )/ xm{a  4-  bxn)~P^dx 

—  na(—p1  +  1) 

or  by  omitting  accents  and  reducing 


fxm(a  4-  bxn)P~ldx 


y  =.  fxm{a  4  bxn)~Pdx 


xm+i  ^ a  _j_  lxn)~P+ 1 4-  {rip —n  —  m  —  l)fxm{a-\-  bxn)~P^ldx 

na{p  —  1) 


54.  By  the  use  of  this  formula,  the  exponent  —  p  of  the  (  )  is 
increased  by  unity. 


Applications  of  Formulas  (A),  (B),  (C),  and  (D). 


xmdx 


-  where  m  is  an  odd  integer. 


55.  1.  To  integrate  dy  =  _ 

yl—  x * 

Put  m  successively  equal  to  1,  3,  5,  7,  &c.,  and  apply  (A).  Thus 


xdx 


==  —  —  x2  4-  C1  by  the  rule  for 


f — 'x* 

r  x3dx  1  A - -  2  r  xdx 

/-—===  ~-x2yi  —  x2  +  -  /  — = 

a  Jl  —  x2  °  °  ^/l  —  x2 


powers. 


which  m  =  3,  ?i  =  2,  and  p  =  —  -• 

A 


by  formula  (A),  in 
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=  +  fonnula  (A  in 


V1 


which  m  =  5,  n  =  2,  and  p  =  —  -• 

/W 


/ 


x^dx 


I  _  0  /*  x^dx 

—  -  «6yl  —  x2  -  j  -  ;  and  generally 


yT 


a;" 


/r3 


772  —  1  r  xm~2dx 


/.  1  _  /- - —  ,  m  —  Id 

/  -  - = - «m-Vl  —  a;2  H - / 

Ja/T—o?  m  m 


y/\—X 

Hence  by  substitution, 
x3dx 


VT 


/ 


/i  I2 


y  1  -  *' 

x5dx 


xA 


~(^x2  +  T^)dr-xZ+  °» 

/I  ,  ,  1.4  ,  ,  1.2.4\  /- - -  „ 

-(5*  +o* 


f-s/l 

/0s = -  (?- + o-  ■ 

and  generally 

/.  a;771^  ["1  .  ,  1 .  - —  1 )  1 .  (m— 3)(m  —  1) 

/  —::—  =  —  -^m-1  +  7 - --—Arm-3  +  7 - -v~ --7 — ~Xm~5  -f“  &C. 

*/  VX  _  x2  \_m  (m—2).m 

1 . 2 . 4 . 6  .  .  .  .  (m  —  3)  (m  —  1)1  r - 

IT3T5.7  .  .  .  .  (m~2)(m)  J  V  “ 


+ 


x2  +  Cm. 


2.  To  integrate  dy  = 


xmdx 


-\/l  —x 

Put  m  =  0,  2,  4,  6,  &c.,  and  apply  (H)  thus 


,  where  m  is  an  even  integer. 


dx 


/»  UjX 

Jv f= 


—  sin-1#  +  by  one  of  the  circular  forms. 


x * 


x2dx 


dx 


r_^z=lyr—^+lf 

J  y/l  —  X2  %  — 


X * 


by  formula  (^4),  in 


O  m  — .  o 

/W«  it  — .  ,v. 


,  and  p  =  —  -• 

A 


which  m 
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f -  X,'lX  -  =  -  \  *3/1  -  a?  +  ?  f -  x2Jx  ■  by  formula  (^1),  in 


•\A 


which  m  =  4,  ?7  =  2,  and  p  =  —  -• 


h S = - 1  avnr*r+ 1  fj=  i and  geiierai1^ 


-v i 

/» 

-t/rni 


—  re"1-1  v^T-  z2  + 

777 


^yT^-  a;- 

7?i  —  1  p  xm~2dx 

m  Jj\  —  x2 


1  sin-1.r  +  Co. 

2  2 


y  l  -  *2  m  "  v  ~  '  m  «/yT— x< 

Hence  by  substitution, 

fj=3L~\r*=*+ 
fjT=,  =  -  (j“’ + kij'/Tzr^+ K“''‘ +  e 

y>s -a- + +«■ 

and  generally 

/.  Xmdx  (\  .  t  1.(777  —  1)  1 . ( 777  —  3 )  ( 777  —  1  ) 

/  -===-l-Xm-'  +  - — 4w,~3  +  y - — ^ - y  ^“5  +  &C. 

t/  /j  x2  \m  (777 — 2)777  (777 — 4)(?77 — 2)777 


l  —  X2 


1. 3.5.7  ...  (777  -  3)(777  -  1) 

2 . 4 . 6 . 8  .  .  .  (777  —  2)777  X 

,  1.3.5.7  ...(777  -  3)(777  -l)  .  .  ,  _ 

+  ,,  -^—5 - 7 - - -  sm-1^  -f  Cn 

2 . 4 . 6 . 8  .  .  .  (777  —  2) .  777 


3. 


dy  = 


dx 


x 


yr+ 


=  ar-2(l  +  x)  dx. 


x 


1 


Make  m  =  -f-  2,  p  =  —  and  77  =  1,  and  apply  (C)  :  then 

£ 


h 


dx 


x~ 


>(!+*)*  +  *)"*<** 


!/l  + 


1.  (2-1) 


1.(2- 1) 


yTT*  l  /*  dx 
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Now  put  1  -f-  x  —  z2,  then  x  =  z2  —  1,  dx  —  2 zdz  and  +  x:=z. 
r  dx  r  2zdz  _  P  2dz  __  f  dz  r  dz 

’  J  „  _  /TTlTL  J  ( Z 2  —  1)^  d  z1  —  1  d  z  —  1  J  z  -\-  1 


a;  y^L  +  #  ^  (^2  1) 

z  -  1 


=  lo. 


or 


3+1 


+  <7=  la 


or 


•v/i  +  ^  —  1 

•y/T- +  #  +  1 


+  a 


Vl  x  1  i  4“  %  —  1  .  n 

- — i'°svrt7Ti+  r 


vt 


4. 


(a  +  bxY  | 

dy  — - - — —  dx  —  x~\a  +  bxydx. 


x 


O 

O 


Put  m  —  —  1,  n  —  1,  and  js?  =  and  apply  (i?)  ;  then 


/ 


4  -a 

(a  +  for)  x^ia -\- bx)“  2  „  _  .  . 4* 

- — 4 — =  4 - -  +  —/*-’(«  +  &*)**. 

^  o  o 


2  +  1-1 


Now  put  m  =  —  1,  »  =  1,  and  ^  and  apply  (Z>)  to 

the  last  integral ;  thus 

i  la 

f  x—1  (a  +  fa)**  =  +  L  JrKa  +  fa)"**. 


o  +  l-l 


2 


--  fi  O  ^/7 ^ 

Now  put  a  +  =  z2 ;  then  #  =  — - — ,  dx  =  -++  and 


■y/a  +  6#  =  z. 


b 

1 


dz 


6  ’ 

1 


:dz 


=  log 
and  by  substitution, 


z  —  V«  ,  ^ _  1  7 _ -y/ «  +  bx  — -yj a 


+  V® 


+  C  =  —  log 


VS  V®~+  bx  +  v® 


4-  G. 


19 
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2 ,  A  .  7  A  |,  y/a  +  bx—  y/a 

.  • .  y  =  -  (a  +  bx)  +  2a  (a  +•  lx)  +  a  log  v  . — - y—  +  (?.. 

3  V^Tte  +  Va  , 


5. 


dy  — 


dx 


x(l  +  2x) 


=  ^~](1  4-  2x)  2<Ar. 


O 

O 


Put  m  =  —  1,  n  —  1,  p  =  -,  and  apply  ( D ),  then 


/•  <&  z»(l'+2.r)  *  1  1  2  1  ,  -4 

J - »=■  A  \ - , - /«-’(! +2a:)  *<fe. 


3 


z(l  +  2z)'1  1 


(H 


1 

o 


But  yV->(l  +  2*)  ^dx  =  log  y 1  +  = - -  +  (7,  by  the  last 

ample. 

2  -v/l  4-  2x  —  1  p 

...  y~.  x=  +  l0g-i— : = - -+<?!. 

~f“  2x  y/ 1  4-  2a;  4"  1 


ex- 


CHAPTER  VII. 


LOGARITHMIC  AND  EXPONENTIAL  FUNCTIONS. 


56.  We  shall  now  proceed  to  the  integration  of  those  forms 
which  involve  transcendental  functions,  beginning  with  the  case  of 
logarithmic  functions. 

57.  Of  the  logarithmic  forms,  only  a  very  limited  number  can  be 
integrated,  except  by  methods  of  approximation.  The  principal 
integrable  forms  will  be  examined. 


58.  Prop.  To  integrate  the  form  dij  =  X .  log nx.dx,  in  which  A 
is  a  given  algebraic  function  of  x. 

Put  Xdx  —  dv,  and  log”#  =  it,  and  apply  the  formula  for  iute 
gration  by  parts.  Thus 


dx  » 

v  —  f  Xdx ,  and  da  =  n  .  log”-1# . — ,  and  since  j udv  —  uv  —  fvdu, 

x 


.  * .  / X .  log”# .  dx  =  log”# .  f Xdx  —  f 

or,  by  making  / Xdx  —  X1 

fX, 


n  .  log”-’#  .  j\Xdx) . 


dx 


x 


y  ~  X j  log”#  —  nj 


x 


•  log”-1# .  dx. 


If,  therefore,  it  be  possible  to  integrate  the  algebraic  form  Xdx , 
the  proposed  integral  will  depend  upon  another  of  the  same  general 
form,  but  having  the  exponent  of  the  logarithm  less  by  unity. 

£ 

x 

result  / 

J*  — ~ 1  log"-  '#  .  dx  X2  log"  -  lx  —  (n  ■ —  1 )  J  — 


r  X  .  ; 

Now  put  /  — ldx  =  X2,  and  by  a  similar  process,  there  will 
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If  n  be  a  positive  integer,  the  repeated  application  of  this  formula 

will  cause  the  proposed  integral  to  depend  ultimately  upon  the  alge- 

r  X  XX 

braic  form  J  — -  dx,  provided  we  can  integrate  Xdx,  ~  dx ,  — -  dx, 

&c.,  obtaining  in  each  an  integral  in  the  algebraic  form. 

log  x  .  dx 


Ex.  To  integrate 


dy  = 


(1  +  x)' 


Here 


(1  +  x) 


3  =  (1  +  *)-2- 


.  • .  / Xdx  ~  /  (1  +  x)~2dx  =  — 


1 


1  +  x 


xv 


« i  t  log  x  ,  r  dx 

Also,  n  =  1,  and  y  =  —  -r— b  /  — : — 

’  ’  J  1  +X  J  X  +  i 


-f-  X~ 


But 


'•y=  — 


f  dx  -  i 

f  dx  f 

j  X  +  #2  J 

x  J 

log  x  log(l  +#)  +  c  =  yfj^log  s-log(l  +*)+  o. 


dx 

T- 


59.  Prop.  To  integrate  the  form  dy  =  xm .  log”# .  dx,  in  which 
n  is  a  positive  integer. 


Put  xm  =.  X  •,  then  X1  =  f  Xdx  =  / #7”g?# 
And,  therefore,  by  the  last  proposition, 


x 


m+1 


m  +  1 


y  ■=.  J xm .  log”#.  c?#  = - -  log”# - -  /  xm .  log”-1# .  dx  : 

m  -f-  1  m  -f-  1 

and  similarly, 

Xm^  71  1 

/ #7nlog”-1#e?#  = - -  log71-1# - -  /  #mlog”-2#cfa\ 

J  &  m  +  l  °  m  +  1 J  ° 

xmXi  n 2 

f  xm\ogn~2xdx  =  — — j — -  log”-2#  — - —  /  #77llog”-3#.<Z#, 


m  +  l 


m  +  l 


&c. 


&c. 


&c. 


Hence  by  successive  substitutions. 
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1  ^2,  71  (ft  -  1  ^ 

?/—  f  Xm\o<plxdx  =  - -  I  log7*# - -log*1-1#  4—7 - —  log7*-2# 

y  J  °  m+lL  &  ?»4-l  (ffl+l)j  ° 


<4 

n(n  —  l)(w — 2) 


m-{- 1 
log71- 3#-{-&c. 


(m+ l)3 

n(n — 1)(« — 2 )(n — 3)  .  .  .  .  3 . 2 . 1"1 

- - - - I  C. 

(in- fl  *  J 


1)7 

Cor.  This  formula  ceases  to  be  applicable  when  m  =  —  1,  as  the 
terms  become  infinite  ;  but  we  then  have 

dx  lo0-7*^*1# 

/  #_11 og*# .  dx  =  /log7*#  •  —  =  /  log71# .  </(log  #)  =  ■-  °  —  -  +  & 

#  W  *y*  1 

Ex.  To  integrate  dy  =  #3  .  log3# .  dx. 

Here  m  =  3,  w  =  3,  m  -j-  1  =  4,  »  —  1  =  2,  n  —  2=1. 

.  * .  y  =/#3 .  log3# .dx—^  [log3#  —  |  log2# -f  log  #  —  -  1  j  +  C 


2. 

log5#  -f 

ay  —  — —  •  dx  =  # 

f 

# 

Here 

m  =  —  %  and 

2 

.  * .  ra  +  1  =  —  w  —  1  =  4,  ii  —  2  =  3,  7t  —  3  =  2,  —  4  =  1. 


2 


* .  y  = - j-  [log5#  -f-5.2  log4#  -f-5.4. 22log3# 

#* 


4-  5.4.3. 23log2#  4-  5 . 4 . 3 . 2 . 24log#  4-  5 . 4 . 3 . 2 . 1 . 25]  4-  C. 

Remark.  If  we  suppose  n  to  be  a  positive  fraction,  the  same 
formula  will  apply,  but  the  series  will  not  terminate. 


60.  Prop.  To  integrate  the  form  dy  = 


tive  integer. 

Put  #7n+1  =  u  and 


xmdx 

log”#' 


in  which  n  is  a  posh 


1  dx 

- - -  • —  —  dv.  then 

log7*#  # 


du  =  (in  4-  1  )xmdx,  and  v  — 


-  1 


(tt  —  1 )  log71-1# 
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Applying  the  formula  / udu  —  uv  —  / vdu,  we  obtain 

pxmdx  xm+l  m  +  1  /*  xmdx  ,  .  ..  . 

/  n — r~  =  —7 - tti - ; — h  - 7  /  ; - 7-,  and  similarly 

log7l.r  (n  —  l)log7*~bc  n  —  1 d  log**-1#  J 


© 

p  xmdx  x 771_t~1  (  m  +  1  p 

J  log71-1.?  (ft  — >2)  log"-2#  n  —  2d  ] 

/xmdx  xmJ>t 1  _  m  + 1  /*  xmdx 

log"-2#  (ft  —  d)  lc 

pxmdx  xm+1  F  1  m  -f-  1  1 

^  J  log7,.c  n  —  1  Llog”-1#  n  —  2  log” 

{in  +  1  )2 


© 
WJ+1 


x  mdx 


n  —  2  d  log7l-2.r 


,  rn  +  1  /*  xmdx 

„v  .  — r  H - 1 - 7—  &c*.&c.  &e. 

(ft  —  d)  log7*-3#  n  —  od  log7l~J.c 


x 


+ 

....  4“ 

+ 


(ft  —  2)  (ft  —  d)  log"-3#’ , 


■,  &c. 


(m  4*  l),l— 2  1  "1 

( n  —  2)  (ft  —  d)  (n  —  4)  .  .  .  3 . 2 . 1  log  a*J 

( m  4-  l)n— 1  p  xmdx 

(ft  —  J )  (ft.  —  2)  (ft  —  3)  .  . .  d  .  2 . 1  J  log  x 


The  last  integral  admits  of  only  an  approximate  determination, 
but  its  form  may  be  simplified  ;  thus, 

put  z  —  n,77S+1,  then  dz  —  {in  +  1  )xmdx,  and  {in  4-  1)  log  %  =  log  z. 

p  xmdx  p  dz 
d  lc>iT  ^  d  lo.OT 

o 


log  z 


This,  also,  can  only  be  integrated  approximately  by  expanding 
the  expression  under  the  sign  of  integration  into  a  series,  and  then 
•integrating  the  terms  separately,  a  method  which  will  be  considered 
more  at  length  in  a  future  chapter. 


3.  To  integrate  approximately  dy  = 


x*dx 

m.  ■■  ■  ■-« 

loir3# 


IJere  in  =  4  and  n  =  3,  .•1n»+l=5,  n  —  1=2,  n  —  2  =  1. 

p  x^dx  x5  r  1  5  1  "1  25  p  x*dx 

'  '  d  J  o  L  log**  1  log  xj  2d  log  a?' 

p  x4dx  p  dz 

d  log  X  d  1 


Now  put 


x5  =  z ,  then 


log 
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and,  making  log  z  —  t,  we  have  z  —  el ,  dz  =  e* .  eft. 


dt 

T 


y  =  - 


=  ]°g«  +  <  +  ^  +  &0- 

—log  [log#5]4log#5  +  — !— log2*5  +  -  J  —  Iog3#54&c. 

X  •  w  X  •  <w  •  o 

#5  5#6  25  fl  n  e\  ■  1  *  .  1  9  c 

• - - - - log  (lo£#5)  4*  logo;5  H - —  log2.*:5 

2  log2#  2  log#  2  ^  ^  '  1 . 22 

+  172. 32  Ios3;c5  +  &c^‘ 


Exponential  Functions. 


61.  To  integrate  the  form  dy  —  ax .  xm .  dx ,  when  m  is  a  positive 


integer. 


1 


Put  axdx—dv ,  and  xm—u :  then  - ‘a1  and  du—mxm~Ydx. 

log  a 

.  7  ax  .xm  m  ,  _  7  , 

.  * .  fax .  xm .  a#  =  - - - - /  a* .  #77l*^1a#,  and  similarly 

^  log  a  logo  5  J 

.  .  7  ax .  #m_1  m  —  1  „ 

/  a1 .  xm~ldx  =  — ; - - - - - /  <xr .  xm~2dx 

log  a  log  a 

„  „  7  axxm~2  m  —  2  .  .  7 

/  a* .  xm-“dx  =  - - - - - f  ax .  xm~3dx ,  &c.  &c.  &C. 

^  log  a  log  a  5 


Hence,  by  substitution, 

.  7  a1  f  mxm~l 

y  =  f  ax  ,xm  .dx  —  - -  #m  — - - 

u  J  log  a  L  log  a 

m(m — 1  )xm  2  m(m  —  l)(w — 2)>rm— 3 


+ 


log2ce  log3a 

m(m  —  1)  .  .  .  2. 1J 


+  &c. 


logma 


4“  0. 
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62.  Prop.  To  integrate  dy  =  — dx,  when  m  is  a  positive  integer. 

/g — 771+1 

Put  xrmdx=dv  and  ax—u ;  then  v  — - -  and  du  =  log  a .  axdx. 

m  —  1 


•  / 


axdx 


ax  .  Jog  a  r  axdx  . 

=  —  - — - T  +  - — — — r  / - r,  and  similarly, 

xm  (m  —  l)xm~l  m  —  \d  xm~1'  J 

/axdx  ax  log  a  f  (fdx 

xm~l  —  2)x,w'~2  m  —  2  J  xm~2 


x 

/axdx  ax  Jog  a  faxdx  B  . 

xm—~  (m  —  S)xm  • 3  m  —  3  d  xm~° 


lo£  a 


'  of  dx 


(m  -  3) 

Hence,  by  substitution, 

axdx 
x 


/axdx  cf  r 

xm  {in  —  \)xm-'L 


,  .  ^g  ci 
1+— -^  + 


log2a 


m 


-2  '  (m— 2)  (m— 3) 


x2-\-  &e, 


....  i 
+ 


3  ogm~ 


m~2a  1 

_ Xm~2‘  I 

-3)...  2.1  J 


(m  —  2)  (m  —  3) 

logOT_1a  fcfdx 

(m  —  1 )  (m  —  2)  . . .  2 . 1 J  x 

The  last  integral  can  only  be  found  approximately. 

dy  - -  ax  .  x3dx. 

Here  m  =  3,  m  —  1=2,  m  —  2  =  1.  Hence 

ax  T  3a:2  Gx  6  "j 

V  —  \ -  x  — i - b  ] — 2 — i — r  u"  ^ 

log  a  L  log  a  log2a  logdaj 


1.  To  integrate 


2.  To  integrate 


dy  =  ex .  x* .  dx. 


Here  m  =  4,  m  —  1  =  3,  m  —  2  =  2,  m  —  3  =  1,  log  e  =  1. 

.  * .  y  =  ex  (a:4  —  4a;3  +  12a:2  —  24a;  -J-  24)  -f-  C. 

3.  dy  =  e~xx2dx  =  e_ar( —  x)2dx  =  —  *( —  x)2d{ —  x). 

Here  m  =  2,  m  —  1  =  1,  loge  =  1,  and  x  in  the  general  formula 
is  to  be  replaced  by  —  x. 

.' .  y  =  fe~x  .x2.dx=  —  e~x(x 2  -p  2a;  +  2)  4* 
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4. 


ax 

dy  =  dx. 


x * 


Here 


m  =  4,  m  —  1=3,  &c. 


••■»>=  IS- *=-£[< + ! '¥• + : 

the  last  integral  being  found,  approximately,  as  in  a  previous  exam* 
pie,  by  expanding  ax. 


5.  To  integrate 


1  +  x2 

dy  —  — — : — —  ex .  dx. 


(1  -f-  x)2 

Put  1  x  —  z. 

.  * .  x—z—1,  l-f-z2=l+s2— 2s+l  —z2— 23+2,  dx=dz,  ex=ez~1. 
p  ( z 2  —  23  +  2)ez~ldz  1 

•'■y=J - 3 —  - 


=;/(■- !+i)- 


G?2 


=  7^“3/t  *  +  2/5&]. 


or  by  integrating  the  last  term  by  parts 


y 


1  /»/5Z  Z)Z  />Z~1 

-[>-2  /  _  *_2  —  +  2  /  —  cfe]  =c2'-1-2 - +  6' 

L  V  Z  V.  Jz  z 


z 

2 


-  4  -  nb)  +  ^ ^  (tt^)  +  c 


CHAPTER  VIII. 


TRIGONOMETRICAL  AND  CIRCULAR  FUNCTIONS. 


63.  Since  the  tangent,  cotangent,  secant,  cosecant,  versed-sine,  and 
coversed-sine,  can  all  he  expressed  rationally  in  terms  of  the  sine 
and  cosine,  it  will  only  be  necessary  to  investigate  formula)  for  the 
integration  of  expressions  involving  sines  and  cosines. 

64.  Pro p.  To  obtain  a  formula  for  diminishing  the  exponent  m  of 
sin  #,  in  the  general  integral 

y  —  f  sin7”#  .  cos71# .  dx ,  when  m  is  an  integer. 

Put  cos”# .  sin  x  .dx  —  dv,  and  sin771-1#  =  ti ; 


cos”-*-1# 


then  v  — - —5  and  du  =  (m  —  1)  sin771-2# .  cos#,  dx. 

n  +  1 

and  by  the  formula  for  integration  by  parts 


,  '  sin7”-1#.cos”+13  ,  m  —  1  .  _  _ 

y  =  /snim# . cos”# . dx  — - - — - - b  ----- /sin7”-2#.cos”'t'2#.a#. 


But 


n  -f-  1  n- pi* 

cos”+2#  =  cos2#,  cos”#  =  (1  —  sin2#)  cos”#. 
sin7”-1# .  cosn+1# 


’•  y  —  — 


n  -f-  1 


,  m  —  1  .  _  m — 1  . 

-j-  — 7— ;  / sin7”-2#,  cos”# .  dx - —  / sin7”# .  cos"# .  a#. 


n  +  1 J  .  n  +  1 

Transposing  the  last  term  and  reducing,  we  obtain 


.  .  7  sin7”-1# . cosn+1#  m—\  .  . 

J  sm7”# .  cos”# .  dx  — - 1 - / sin7”-2#  .  cos”# .  dx. 


m  +  n 
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And  similarly, 

. .  7  sin7”-3# .  cos”+1#  ,  m  —  3  .  ,  7 

/sin7”-2#.  cos”#.  dx— - ; - — - h  - — — - — -/sm7n_4#.cos”#.a#, 


m  -j-  n  —  S 


m-\-n — 2“ 


„  .  ,  sinfl,*"5#.cos*+1a:  ,  m  —  d  .  _  _ 

/sin”1-4#.  cos nx.dx= - - - b  — : - -/sin7”-6#,  cos”#  dx, 

m  -f -  n  —  4  4 

(  ’  ,  "  "  1 

&c.  &c.  &c. 

Hence  by  successive  substitutions, 


y  —  f  sin771# .  cos”# .  dx  —  — 


cos”+1# 


+ 


+ 


m  +  n 

(m  —  1)  ( in —  8) 

(m  +  n  —  2  )(m  +  n — 4) 


[sin7”-1?;  + 


m 


1 


m  -\-  n  —  2 
sin771-5#  +  &c. 


sin771-3# 


(in  —  1)  (in  —  3)  (in  —  5)  ....  4  or  3 
(m-\-n — 2)(wi+/i — 4:)(ni-\-n  —  0)  . . .  («-f-3)  or  (n-j-2) 

X  sin2#  or  sin  #] 


+ 


(in  —  1 )  (in  —  3)  (in  —  5)  ....  2  or  1 


(in-\~ii^(m-\-7i — 2)(m-{-n —  4) . . .  ( n -j- 3 )  or  ( n  b 2) 

X  / sin  x .  cos”# .  dx  or  / cos”# .  dx . (i£). 

65.  This  formula  renders  the  proposed  integral  dependent  upon 


that  of  the  form 


sin  x .  cos”#  .  dx  or  cos”# .  dx, 


according  as  m  is  odd  or  even,  the  effect  of  the  formula  first  ob¬ 
tained  being  to  diminish  by  2  the  exponent  in  of  sin  x,  at  each 
application. 

Also  the  first  of  these  two  final  forms  is  immediately  integrable 
by  the  rule  for  powers  :  for 

COSn+1# 

f cos”# . sin x .dx  —  —  f cos”# .  d( cos #)  = - - — 1-  C. 

J  J  v  1  n  - f-  1 

Hence  we  have  only  to  obtain  a  formula  for  the  integration  of  the 
form  cos”# .  dx,  in  order  to  effect  the  complete  integration  of  the 
proposed  differential. 
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66.  Prop.  To  integrate  the  form  dy  —  cos”# .  dx  where  n  is  an 
integer. 

Put  cos  x  .dx  =1  dv ,  and  cos7*-1#  =  u  ; 

then  v  =  sin  x  and  du  =  —  {ii  —  1)  cos”-2#  sin  x  dx. 

Hence  by  substitution  in  the  formula  / udv  =  uv  —  f vdu ,  we  obtain 
/cos”#,  cte  —  sin  x  .  cos”-1#-]-  (ii  —  1)/ cos”-2# .  sin2# .  dx 

=  sin  x .  cos”-1#-}-  ( n  —  l)/cos”— 2#(1  — cos 2x)dx 
=  sin#.  cos”-1#-}-  ( n  —  1)/ cos n~2x .dx  —  {n  —  l)/cos”#. dx. 
Transposing  the  last  term  and  reducing,  we  get 

1 


.  7  sin  x .  cos”-1#  n 

/  cos”# .  dx  — - f- 


n 


n 


/  cos”-2# .  dx,  and  similarly 


„  _  7  sin  # .  cos”-3#  n  —  3  ^  .  _ 

/  cos”-"# .  dx  — - - - 1 - -/cos”-4#.##. 


n  —  2 


n  —  2" 


/  cos”-4# .  dx  = 


sin  # .  cos”- 5#  n  —  5 


+ 


n  —  4  n  —  4 

&c.  &c.  &c. 

Hence  by  successive  substitutions, 

1 


/cos”-5#,  ate. 


.  7  sin  #r  .  n 

y  —  J  cos”#,  dx  — — - — [cos”-1#-} 


cos”-3# 


+ 


ii  —  2 

(n— l)(w— 3) 
(w  —  2)(/i — 4) 


cos”-5#  +  &c. 


(»-!) 

oS 

1 

03 

S' 

1 

...  4  or  3 

'  (»-2) 

{n — 4  )(n  —  6) 

i  ...  3  or  2 

(»-!) 

l(»-3) 

(»- 5) 

I  ...  2  or  1 

n) 

(»— 2) 

C ll~ 

4) 

cos2#  or  cos  #] 

/  cos  x  .dx  or  fdx.  .  (F), 

This  formula  renders  the  proposed  form  dependent  upon  one  of 
two  known  forms,  viz. ; 

/ cos#,  dx  =  sin#  -f-  0,  when  n  is  odd, 
or,  fdx  —  x  -f  C,  when  n  is  even. 
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67.  The  two  propositions  just  given  effect  the  complete  integra- 
tion  of  sin777# .  cos71# .  dx ,  when  m  and  n  are  integers,  by  first 
diminishing  the  exponent  m  of  the  sine,  and  then  the  exponent  n 
of  the  cosine.  But  it  is  often  preferable  to  reduce  n  first,  and  for 
this  purpose  we  require  the  following  proposition. 


68.  Prop.  To  integrate  dy  =  sin771# .  cos7*#  .  dx ,  by  first  dimin 
ishing  the  exponent  n  of  the  cosine. 

If  in  the  formula  (i?),  we  make  x  =  -cr  —  aq,  m  =  nv  and 
n  ml5  then 

sin  x  =  cos  #1?  cos  x  —  sin  #l5  dx  —  —  dx j} 
and  by  substitution  we  shall  obtain 

/ sin771# .  cos7*# .dx  —  —  / cos"^ .  sin777*#^#! 

sin777^1#!  r  ,  s  i 

= - -  COS77!-1#,  +  &c.  , 

n  j  -f-  wij 


or  by  omitting  the  accents  and  changing  signs, 

n  —  1 


/  sin777# .  cos77# .  dx  = 

+ 


sin771-*"1# 


n  •+•  m 

—  l)(a  —  3) 


[cos77-1#  -}- 


(n+m — 2)(w-f-m— 4) 


cos 


n  -}-  m  —  2 
n~5  -f  &c. 


COS77-3# 


(n  —  l)(rt — 3)  (n — 5) . 4  or  3 

(ii -f- m — 2)(/i-|-m— 4j(^  +  ^— b)  .  .  (m  +  3)  or  (m-j-2) 

X  cos2#  or  cos  x] 

(n — l)(n— 3)(n— 5) . 2  or  1 

— 2)(w-|-m— 4) .  .  (m-f-3)  or  (/iz+S) 

X  /  cos  x .  sin777#  .dx  or  f  sin771#  .dx . ( G) . 


But  f  cos  x .  sin771#  .dx  —  f  sin77*# .  rf(sin  #)  —  — — ~  +  C. 

J  J  v  1  m  +  1 

which  will  be  the  required  form  when  n  is  odd. 

We  have  therefore  only  to  provide  a  formula  for  the  integration 

of  the  form  sin771#  .  dx ,  which  will  be  necessary  when  n  is  even. 
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This  may  be  readily  effected  by  substituting  in  formula  (i^),  m 

for  n ,  and  ^  it  —  x  for  x ,  and  changing  the  signs.  Thus 
2 

„  .  7  cos  x  r  .  ,  in  —  1  . 

/  smmx .  dx  — - [smm-1£  - -  sinm-3.r 


m 


+ 


in  —  2 
(m  1  )(w  3) 


{in — 2)(m —  4) 


si  n771- 5.r  -f-  &c. 


+ 


Cm  —  \){m — 8)(??z —  5)  ...  4  or  3  .  .  . 

7 - - - f; - rr - - - —  SlllTl’  01'  Sill  X  I 

{in — 2 )(m — 4)(m  — b) ...  3  or  2 
(m  —  l)(m  —  3)(m  —  5)  ...  2  or  1 


/ sin  xdx  or  f  dx.  .  .  .  {H ). 


m{in— 2)(m — 4)  ....  3  or  2 

69.  The  formulae  ( G )  and  {II)  effect  the  same  object  as  {E)  and 
{F),  reducing  the  integral  fsinmx .  cosrt.r  .  dx  to  one  of  the  known 
forms 

f  dx  —  x-\-  C,  /  cos  x  .dx  —  sin  x-\-  C,  or,  /  sin  x  .dx  z=.  — cos  x-\~  Ct 

the  exponent  m  or  n  which  is  first  reduced  being  an  even  integer, 
and  the  other  exponent  an  even  or  odd  integer. 

But  if  in  be  odd,  {E)  alone  will  effect  the  integration,  whether  n 
be  an  integer  or  fraction;  and  similarly,  if  n  be  odd,  {G),  alone 
will  suffice. 

^  fn  .  .  „  sin^x  _  .  cosnx  _ 

70.  Frop.  lo  integrate  the  forms  - dx,  and  -7 - dx,  wrhere 


cosnx 


smOT.c 


in  and  n  are  integers. 

By  the  formula  {E)  the  first  of  these  forms  may  be  reduced  to 
dx  sin  x  .  dx 


cos”#’ 

dx 


or 


or 


cos71# 
cos  x .  dx 


and  by  (6?),  the  second  may  be  reduced  to 


sin’71#’  sin™# 

i  sin  x  .  dx  cos~n+1^ 


But  f 


„  7  P  cos  x .  dx  snrmtla:  .  ^ 

f-  (7,  and  /  • — . - -  =  - —  -f  C. 

d  sinma;  m  —  1 


in— «-H 


COS71# 


n  —  1 


Hence  there  will  remain  to  be  integrated  the  forms 


cos-71# .  dx 


(•), 


and 


sin — 1 mx  .  dx 


(2). 


TRIGONOMETRICAL  FUNCTIONS. 


303 


cos-71- lx  =.  u. 


Put  in  (1),  cos  x.  dx  =  dv,  and 
then  v  =:  sin  x ,  and  du  =  (n  +  l)cos-rt-2z .  sin  x .  dx , 
and  by  substitution  in  the  formula  for  integration  by  parts, 

/  cos- 1 nx  .  dx  =  sin  # .  cos-71-1#  —  (n  +  1)  /  sin2# .  cos-71-2# .  dx 
—  sin  x .  cos-71-1#  —  (ii  -f  1)  / cos-71-2# .  dx  4-  {n  -f-  1 )  /  cos-7l.r .  dx. 
Transposing  and  reducing,  we  get 


sin  x 


,  „  _  .  „ .  ,  - — 1 - — -  f  — —  :  and  by  analogy 

COsn+2^  (n  +  l)cosn+1.c  n  -f-  W  cosnx  J  J 


/ 

/dx  sin  x  ,  n  —  2  f  dx  .  _ 

- =  t - — - - — 1 - -  /  - — ,  and  similarly 

cosn.r  (n  —  1  )cosn-1a;  n  —  1«/  cos71  zx 

/; 


cos7t.r  (?i  —  I^cos71  1x 

dx  sin  x  ^  n  —  4  r 

j  Oi  —  S'ieos71- —  3^  i 

&c. 


COS71 

&C. 


—  3)cos7 
&c. 


COS71- 4£ 


Hence  by  substitution 


/dx  sin  xV  1  ^ 

cosn.r  n  —  1  Lcos71-1# 


n  —  2 


~b 


(n  —  3)cos7l-3a: 

(n~2)(n —  4) 

(ii —  3)(«  —  5)cos7l— ; 5x 


-b  &c. 


>  + 
+ 


(n — 2  )(n 

o 

1 

1 

. . 3  or  2  ] 

o> 

1 

zx 

O' 

1 

O' 

-v . 

.  2  or  1  .  cos2#  or  cos  x J 

( n — 2)(n — 4)(n  —  G)  ....  1  or  0 


■  0  f  dx 

— r  / -  or  f  dx.  ...  (I). 

:  1 «/  cos  x  '  ' 


(n  —  l)(w  —  3)(w  —  5)  ....  2  or  i  «/  cos# 

The  second  of  these  integrals,  / dx  =  x  -j-  C,  will  never  be  re¬ 
quired,  because  its  coefficient  is  zero,  and  therefore  we  stop  at  the 
preceding  term.  For  the  first  we  have 

cos  x .  dx 


y’  dx  r  cos  x .  dx  r  cos  x  .dx  1  /*cos  x  .dx  1  Pc 

cos  x  J  cos2#  J  1  — sin2#  2-J  1  -f-sin#  2<J  1 

=  \  log(!  x)~\  1°g(1  “sin  *)+  0  log  2  +  0 


=  log 


2  sin  | 

S'*: 

|cosj 

(t-M 

2  sin  j 

n  i  > 

—‘TV - X 

U  j 

|cos| 

(Wr) 

i 


(r+H 


+  C  =  log  tan  l-tf  T- ~£|-b  C 


«)• 
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r 


/dec 

-  / - — ,  replace  in  (I),  n  by  m, 


#  by  —  if  —  #,  and  y  by  z.  Then 
& 


/dx  cos  x  1  m- 

sin771#  m  —  lLsin771-1#  (m — 3 


+ 


( m — 3)  sin771-3# 

(m — 2  ){m — 4) 


+ 

+ 


(m — 3)(m  —  5)  sin771-5# 

(in  — 2)(m— 4)(m  —  G)  ...  3  or  2  1 

r  sin  #J 


4  &c. 


(m  —  3)(m  —  5)(m—  7)  ...  2  or  1 .  sin2#  or 
(m — 2)(m — 4)(m  —  6)  ...  1  or  0  ^ 


0  /*  a#  .  . 

-  /  — —  or  /a# ....  (A ). 
!•/  sin  a;  v  ' 


(m  —  \)(m  — 3)(m — 5)  ...  2  or  1«/  sin  a; 

The  second  integral  has  a  coefficient  equal  to  zero,  and  therefore 
will  never  be  used.  For  ti  e  first  we  have,  by  replacing  #  by 


if  —  x  in  (/j),  and  changing  signs 


fd±-  —  —  log  cot  l  x  =  log  ! 
J  sin  x  b 


2 


cot  -# 


log  tan  i  x  -f-  C. 


72.  P/  •o/>.  To  integrate 


dx 


sin77*# .  cos7‘# 


n 


where  m  and  n  are 


integers. 

Since 

p  dx  p 

^  J  sin771.?:  .  oc>Rn.r  J 


sin2#  -f*  cos2#  =  1. 

(sin2#  +  cos2#)  dx 


/dx  p  dx 

sin771-2#  .  cos71#  J  sin771# .  cos7l_: 


sin771# .  cos71# 
dx 


X 


(sin2#  +  cos2#)c?#  ,  r  (sin2#  +  cos  2x)dx 


/(sin2#  +  cos2#)a#  P 
sin771-2# .  cos71#  J 


sin771# .  cos71-2# 
2  dx 


P  dx  ^  P  2  dx  ^  P  dx 

J  sin771-4# .  cos71#  J  sin771-2# .  cos71-2#  J  sin771# .  cc 


cos”-4#  ’ 


and  by  continuing  to  introduce  the  factor 

sin2#  4-  cos2#  =  1, 
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we  obtain  finally  one  or  more  of  the  following  known  forms 

/dx  r  dx  /’sin x.dx  /*  cos x.dx  Psmx.dx  r  cos  x.dx 

sin"1#*  J  cosnx  J  cosK#  J  sin"1#  J  cos#  J  sin# 


Applications  of  Formulae  (E),  (F),  (G),  (H),  (I,)  and  (K). 

73.  1.  To  integrate  dy  —  sin5# .  cos5# .  dx. 

. '  -  -  -  y  ;  /.'v  ,  -  .  Cv  --  SA  &  7 C.\  '  '  '■  r  .1 

Here  m  =  5,  and  n  —  5,  and  since  both  are  odd  we  may  apply 
(E)  or  (6r)  with  equal  advantage.  Employing  ( E )  we  have 


cos6#  4  4.2 

y  =  - — —  sm4#  +  —  smz#  -  ■  -  f  sm  #  .  cos5# .  dx 

J  10  L  8  J  10. 8^ 

_  _  cos_#  j-sin%  +  1  sin2#]  —  cos6#  q-  C 


cos6# 

10 


J^sin4#  +  i  sin2#  +  i J  +  C ’. 


2.  dy  —  sin6# .  cos3#  .  dx. 

Here  m  —  6,  n  —  3,  and  since  n  is  odd  we  apply  (6r). 


y  = 


sin7#  „  .  2  „  .  „  ,  sin7#  /  .  2 


^  [cos2#!  4 f  cos  #  .  sin6# .  dx  =  -----  ( cos2#  -f  -f  C. 

9  L  J  9  9  \  7/ 


o 

O, 


In  (H)  make 

•  y  =  - 


<iy  =  sin6# .  <ir. 
m  —  6. 


cos  #  .  5  .  ,5.3 

—  [sm5*  +  -  sm3*  +  — 


.  ,,5.3.1 

S“]WI+C 


4. 

In  (i?)  make 
cos7#  r  . 


e/y  =  sin8# .  cos6# .  dx. 
m  =  8  and  =  6. 


7.5 


y=--Tr[sm^  +  -Sin5*  +  — - 


sin3#  -f* 


7.5.3 

12.10.8 


sin  #] 


7.5.3. i  6 

H - /  cos6# .  dx, 

^  14. 12.10. SJ  9 


20 
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and  by  applying  ( F )  to  the  last  term,  Aye  get 

cosh#  r  .  .  .  7  .  .  .7.,  ,7. 

y  —  — Y4~  Lsm  ^  +  y n  sm  *r  +  21 sm  *  +  or sin 


.  sin  #  5  Id 

+  TfNST  Lcos  ^  +  7  cos3#  +  7T  cos  + 
708  4  b 


5a; 


2048 


“h  O. 


5. 


_  sin5#  . 
dy  =  ■ — —  a#. 


In  (Z?)  make 


cos2# 

m  —  5  and  n  =  —  2.  Then 
—  1  4.2  /'sin  # .  c?# 


—  1  r  •  4.  ,4  4.2  /*; 

y  =  — - -  [sin4#  -f  -  sm2#]  +  17— r  /  • 

o  COS  #  L  1  J  3  .  W 


cos2# 


1 


3  cos  x 


-  [sin4#  -f  4  sin2#  —  8]  -f-  C. 


6. 

In  (if)  make 


dy  — 


dx 


sin5# 


m  =  5.  Then 


y  — 


cos  X 

4 

COS  £ 


p-  +  _!_l  +  Li/2 

Lsin4#  2  sin2#J  4.2*/  si 

r_L  +  3  1 

Lsin4#  2  sin2#J 
dx 


7. 

In  (7)  make 


3 .  a;  |  ... 
+  g  log  tan  -  +  C. 


dy 


COS6# 

n  —  6.  Then 


V 


=!™f  r_i_+i._i_+ c. 

5  Lcos5#  3  cos3#  3  1  cos  #J 


8. 


dy  —  — 


dx 


sin4# .  cos2# 

Introducing  the  factor  sin2#  -f  cos2#,  we  obtain 


=f 


(sin2#  -j-  cos 2x)dx 
sin4# .  cos2# 


/dx  P  dx 

sin2# .  cos2#  J  sin4# 

/dx  t  P  dx  Pi 

— 2 — /  ~r~2 — ^  ~ 
cos2#  «/  sm2#  d  si 

cos  # 


sin4# 


O 

O 


[-rV + 4-1 4-  c. 


=  tan#— cot# 


TRIGONOMETRICAL  FUNCTIONS. 


307 


74.  When  m  —  —  n,  formulae  ( E )  and  (G)  cease  to  be  applicar 
ble,  but  we  then  have 

/"sin7*#  ,  .  7  /cos7*#  / 

y  5=  / - dx  =  f tan7*#  .ax  or  y  —  /  — - a#  —  /  cot7*# «#. 

^  «/  cos7*#  J  J  sin"i  J 

To  integrate  the  first  of  these  expressions,  put  sec2  —  1  for  tan2 
and  in  the  second  put  cosec2  —  1  for  cot2.  Thus 

/ tan*a:  .dx—f  tan2# .  tail71-2#  .dx~f  sec2# .  tan"-2# .  dx — fttmn~2x.dx 

1 


n  —  1 


tan71-1#  —  /  tan71-2# .  dx 


= - tan71-1#  —  f  (sec2#  —  1)  tan71-4#  . 

n  —  i  v  ' 


dx 


1  1 

tan71-1# - -  tan71-3#  -j-  /tan71-4# .  dx 


n  —  1 
1 

n  —  1 


tan7*-1# 


n  —  o 

1 


n  -  3 


-  tan7*-3#  4 - -  tan7*-5#  —  &c., 


n  —  5 


the  last  term  being 


.  7  /si  nx.dx  _ 

J  tan  x  .dx  zxlJ  - - —  —  —  log  cos  #  +  C  —  log  sec  x  T*  (7 


cos  # 


when  /i  is  odd  or  f  dx  =z  x  - f-  (7  when  n  is  even. 


Similarly, 


/cosn#c?#  / 

- : -  =  /  ( 

Sill7*#  J 


cot7*# .  dx 


cot7*-1#  cotK— 3# 
n  —  1  n  —  o 


cot7*-5# 


n 


-f-  &c. 


The  last  term  being  /  cot  x  .dx  ~  log  sin  #  -j-  67,  or  f  dx  =  #  -j-  (7. 

75.  When  the  proposed  form  is  /sin77*#.  cosra#<7#,  in  which  m  and  n 
are  integers,  the  integration  may  be  conveniently  effected  by  con¬ 
verting  the  product  sin77*#,  cos71#  into  a  series  of  terms  involving 
sines  or  cosines  of  multi  Dies  of  #.  The  integration  can  then  be 
performed  without  introducing  powers  of  the  sines  or  cosines. 

The  proposed  transformation  can  always  be  accomplished  by  t lie 
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repeated  application  of  one  or  more  of  the  three  trigonometrical 
formula?, 

sin  a  cos  b  =  i  sin  (a  +  b)  +  ~  sin  ( a  —  b), 
sin  a  sin  b  =  i  cos  ( a  —  b)  —  ^  cos  (a  +  b ), 
cos  a  cos  b  =  i  cos  (a  —  b)  +  ^  cos  (ct  +  b). 

tii 


2 


To  illustrate  this  process  take  the  following  example. 

dy  —  sin3^  .  cos 2xdx 

...  9  f  .  No  /sin  2#\2 

sin3# .  cos~#  —  sin  #  (sin  x .  cos  xy  =  sin  x  I — — — 1 


1  . 

=  —  sin  x 

4 


(1  —  cos  4x\  1  .  1  . 

- — - )  =  -  Sin  X  —  —  sill  X  .  cos  4x 

2/0  o 


i  .  ,  i  .  „  i 

=  g  sm  a  +  yg  sm  3*  —  — 


sin  'ox. 


sin  x  +  -^7  sin  3#  —  sin  5 x\dx 
8  16  10  / 


1  1  1 

=  —  -  cos  x — —  cos  3#  -f-  —  cos  5x  +  C. 

8  48  80 

76.  Prop.  To  integrate  the  form  dy  —  bax .  sin71# .  dx. 

Put  sin# .  dx  =  dv,  and  />axsinn — =■  u,  then  v  =  —  cos  x, 
and  du  —  (n  —  l)&orsinn-2# .  cos  xdx  -j-  a  .  log  b  •  &axsinn-J# .  dx. 

y= fbaxslnnx.dxz=  —  &axsinn_1#.cos x-\-(ji  —  1 )/ 6azsin7I-2#cos2.ra?# 

% 

•{•a.  log  b.fbarsmn-lx.  cos  x.  dx. 

But,  by  applying  the  formula  / udv  =  uv  —  / vdu  to  the  last  integral, 
making  sin71-1#,  cos  x  .dx  =  dv  and  bax  =  it,  we  get 

/  Ja^sin"^1# .  cos  x .  c?#=i  sin71# .  bax — -  a  log  b  f  sin71# .  bax .  dx, 

and,  by  replacing  cos2#  by  1  —  sin2#,  we  have 

f  bax sinn-2£ .  cos2# .  dx  =  /'6azsinn“2#^#  —  / 6azsinn# .  dx. 
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Hence,  by  substitution, 

„T  7  7  a  log  b  , 

J  bax .  sin71#  ,dx  =  —  6a*sinn—1.r .  cos  x  -j - baz .  siu^x 


n 


(a  log  b): 


n 


f  sin71^ .  baxdx  +  (/?  —  1 )  /  6fl3:sinM-2.r .  dx 


—  (n  —  \)  f  baxs\\\nx  .  dx. 

Transposing,  collecting  like  terms  and  reducing,  we  obtain 

6a*sinB— hz 


/  bax s'mnx .  dx 


-f 


( a  log  b)2  +  n2 
n(n  —  1) 


(a  log  b  .  sin  x  —  n  cos  x) 


-  f  bazsn\a~2x  .dx  .  .  .  (Z). 


(a  log  6)  2  -f-  u2 

By  repeated  applications  of  (Z)  we  obtain  the  final  integral. 

bax 


/  baxdx  = 


a  log  b 


-{-  C,  when  n  is  even  ;  and  when  n  is  odd, 


J’baxsmx.  dx ,  which  is  given  by  (Z)  without  an  integration,  since 
the  last  term  then  contains  the  factor  n  —  1  =  1  —  1=0,  and 
therefore  that  term  disappears. 

77.  Prop.  To  integrate  the  form  dy  =  baxo,osnx .  dx. 

Put  x  =  xx  —  itf,  then  cos  x  =  sin  xly  sin  x  =  —  cos  xly 


TCa 


bax  =  bax'-b  “  ,  dx  —  dxv 

—klTa 

T~i7r'l^7  •  7  &  5orlsinR-1.r1/  _  .  . 

*.  y—b  f  bax^s,mnxldx1=:— - — j - — — — — [a  Joga.sm  x1  —  ncosx^) 


(a  log  b)2-\-  u2 


n(n  — 1)6  54  .  ... 

-f-  7-n - ^  f  bax'&mn-2xldxl,  and  by  substitution, 


(a  log  6)2-f-?d 

baxo,osn~lx 


f  6°zcosn.r  .  dx  = 


+ 


{a  log  6)2-f-  n2 

n[n  —  1) 
(a  log  b)2  -j- 


(a  log  b .  cos  x  n  sin  x) 


f  bax  .  cos7l~2.r .  dx  ...  .  (if). 
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bax 

Here  the  final  integral  will  be  / baxdx  =  — - - T  -f  0,  when  n  is 

J  a  log  b  ’ 

even  ;  and  when  n  is  odd,  fbnz cos#,  dx,  to  which  (M)  applies  with¬ 
out  an  integration. 

1.  To  integrate  dy  —  eax .  cos  x .  dx. 

In  (M)  make  b  =  e,  n  =  l,  log  b  =  log  e  =  1.  Then 

eax 

y  —  — -  \a  cos  x  +  sin  x\  +  C. 

J  a2  +  1  L  ] 

2.  dy  —  ex .  sin3# .  dx. 

In  (Z)  make  b  —  e,  a  =  1,  »  =  3,  log  b  —  1.  Then 


V 


ez .  sin2# 


3 . 9. 


[sin  x  ~  3  cos  x]  +  ^  r- Q2  feT's'in  x  •  dx 

1  “7“  O  1  -p  O41 

1  G  1 

—  —  cx  [sin3#  —  3  sin2#  .  cos#l  -J-  — - •  - ex(sm x  —  cos# VI- (7. 
10  L  J  1  10  2  v  ' 


1 


or,  y  =  —  ex[sin3#  +  3cos3#  -f-  3sin  x  —  Geos  #]  -f-  C. 

3.  dy  z=  e~cxsin  kx .  dx  —  —  e~axsin  kx .  dikx). 

k 

In  (Z)  make  b  =  e,  x  —  kx,  a  —  —  Then 

Jc 

e~ax[a  sin  kx  +  k  cos  kx) 


y—  — 


k 2  +  cl2 


78.  Prop.  To  integrate  the  form  dy  —  X.  sin-1#,  dx,  in  which  X 
is  an  algebraic  function  of  #. 


Put 


then 


Xdx  rr  dv ,  and  sin-1#  =  u  ; 

dv 


v  =z  f  Xdx  —  Xv  and  du  = 


•  ••  y  — 


—  Xjsin-1#  —  f 

J  -i/i  —  x 


<y/ 1  -  #2 
Xydx 
yl  —  x2 


and  the  proposed  integral  is  thus  caused  to  depend  upon  another 
whose  form  is  algebraic. 

o 
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79.  Prop.  To  integrate  the  form  dy  =  X cos-1# .  dx ,  in  which  X 
is  an  algebraic  function  of  x. 

Put 

dx 


=  c?y, 

and 

cos-1#  = 

=  X 

and 

du  =  — 

yT 


X i 


Xi  dx 


.  *.  y  =  X^os-1#  -j-  C — — - .  an  algebraic  form. 

J  y  L  —  x2 

Cor.  The  same  process  will  apply  to  each  of  the  forms 
X  tan ~lxdx,  X  cot —3#g?#,  X  sec ~lxdx,  &c., 

since  the  differential  coefficients  of  tan-3#,  cot-1#,  sec-1#,  &c., 

are  all  algebraic. 

1.  dy  =  #2sin-1# .  dx. 

Here  X  =  #2,  .  * .  Xx  =  /  Xc/#  =  J x2dx  —  ~ 

Xxdx 


and 


/ 


A 


# 


2  O' 


1  /*  #3y#  1/1  2\  A - 2 

77  —7=. ■  =  -«(o*2+  O  V1  -^2* 
y^ i  —  a;2  °\°  °/ 


a;3 


•  *  •  y  =  3- sin_1*  +  o 


JG-+5K 


1  —  x2  4*  C. 


2. 


_  #2ci?#  . 

dy  —  - — ; — •  tan-1#. 


Put  dv  =  SX.  =  dx 


1  -p  x2 
dx 


1  -f-  x2  "  1  -f-  #2’ 

.  • .  v  =2  x  —  tan-1#,  and  du  = 

xdx 


and  u  =  tan-1#. 
dx 


.  ,  .  NO  /*  xdx  ,  /*tan' 

.-.y  =  x  tan-1*  -  (tan-1*)*  -  y  ,+  /  — 


1  +  #2 
tan-1# .  e?# 


+  #? 


=  a;  tan-1#  —  (tan-1#)2  —  i  log(l  +  #2)  +  ^  (tan-1#)2  +  £7, 
=  tan-1#  (#  —  i  tan-1#)  —  log  yT  -\-x2  -f-  (7. 


CHAPTER  IX. 


APPROXIMATE  INTEGRATION. 


80.  When  a  given  differential  cannot  be  reduced  to  a  form 
exactly  integrable,  we  may  expand  the  differential  coefficient,  either 
by  Maclaurin’s  theorem,  by  the  common  binomial  theorem,  or 
otherwise ;  then  multiply  by  dx:  and  finally  integrate  the  terms  suc¬ 
cessively.  If  the  resulting  series  be  convergent,  a  limited  number 
of  terms  will  give  an  approximate  value  of  the  integral. 

81.  This  method  may  also  be  employed  with  advantage,  when  an 
exact  integration  would  lead  to  a  function  of  complicated  form. 
And  the  two  methods  can  be  used  jointly  to  discover  the  form  of 
the  developed  integral. 


EXAMPLES. 


82.  1.  To  integrate  dy  —  - — ^ —  dx,  in  a  series. 

1  -1-  x 

Expanding  ^  -  by  actual  division,  >ve  have 

1  *T“  CC 


1 


1  -j-z 


=  1  —  X  +  X2  —  x3  -f  X4 


&c 


.  * .  y  —  /(I  —  x  +  x2  —  x3  -f  x*  —  &LC.)dx. 

=  x  —  i  x2  -f  \x2  —  \  x4  -f  \x5  —  Ac.  -f  C. 
Z  6  4  5 

the  required  series. 
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Again 


Jy^x  dx  ~  1°s*-1  +  +  °l 


1111 

.  •  .  log(l  +  x)  =  X  —  —  X2  +  77  —  *7  +  r-  x5  —  &C.-f  C, 

*  o  4  O 

where  c  —  C  —  Cx. 

But  when  x  —  0,  log(l  +  x)  =  log  1  —  0,  .  • .  c  =  0, 

.  • .  log  (1  +  tf)  =  x  —  ^  x2  +  ^  x3  —  j  x4,  4-  —  x5  —  &e. 

/&  o  4  o 


a  well  known  formula. 

2. 


cly  =  «^(1  —  x2)^dx. 


i 


Expanding  (1  —  x2)  by  the  binomial  theorem, 


5 


(1  -  X2)^=  1  _Aa;2_Ia;4_:jL:c6_Ty_a;8_&c> 


1G 


128 


r  in  1  9  1 


xq 


1 

To 


xK 


~12$XS  ~ 


1  1 


—  x - x - x 

3  7  44 


1  15  5  11 

iso*  -moxi~&e-+a 


3. 


dy  = 


dx 


-\f 1  x2 

tt  1  n  i  i  1  o  .  1  3  13  5- 

Here  — - - =  ( 1  -f  £2 )  =1  x2  4-  -  x* - -  -  •  -  xe  -f 

yE+^2  v  ^  ;  2  ~  2  4  2  4  G 


r/1  1  2  ,  1  3  1  3  5  .  ,  .  ,  _ 

•••  y  =  /(!  ~^x  +2*4^  2*4*6^  +  &c>)^ 


2 

1  3  , 

=  x  —  z3  + 


1  o  i  o  r 

1.0  e  1.0.  i) 


2. 


2.4.5 


a;5  — 


2.4.G.7 


x1  +  &c.  4"  G, 


But 


A 


dx 


/r+ 


Xi 


—  log  (x  +  ^l  +  z2)4-<?r 


...  **+  &c.+  CL- 6'. 


2.4.5  2.4.G.7 
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Now  when  #  =  0,  log  (#-•}- -v/l  4“ x2)  =  logl  =0.  .  • C—  C\  —  0. 


.  • .  log  (#  +  yT+#2)— i  x3  +  ~~  x 5  —  x1  +  &c. 

ti.c 


.4.5 


2.4. 6.7 


dx 

- -  both  in  ascending  and  descending 

1  +  x2 


4.  To  integrate  dy  = 
powers  of  x. 

r \~2  =1—  %2-hx4— #6+&c.  and  — \  —  -4*  +  4r 
1-f#2  #2  -f- 1  xl 


x 4  ‘  a;6  a;8 


•  •  •  y  =f 


dx 


1  +  #2 


=  tan-1#  +  C  =■  /(I  —  #2  -f*  x*  —  x6  &c.)dx 

=  x  —  -  x3  -j-  ~  x5  —  ~  x7  -f  &c.  +  C. 
o  5  7 


Also 


y 


dx 


-  1  +  1  1  +  1  &-  -M7 


X  OX - 


iX‘ 


The  two  results  become  equivalent,  by  selecting  the  constants  C 
and  Cx  such  that  Cx—  C  =  i  tf. 

ti 

For,  the  first  series  =:  tan-1  a;  -f-  C. 

And  the  second  “  =  —  tan-1  i  +  C-,  =  —  cot-1#  -j-  C\. 

x 

.  In  order  that  the  two  series  may  be  equal,  we  must  have 

tan-1.r  C  —  —  cot-1#  -f  (?!, 


or 


tan-1#  -f  cot-1#  =  C\  —  C,  or  -  «(  =  Cx  —  C. 

tit 


5. 


dy  = 


-y/ 1  —  C2#2 


y/l  —  X2 

Expanding  the  numerator  we  have 


dx. 


4  ,  loo, 


A  A 


1 .3 


1 
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-yl/M-4  _ 

cr  u/ 


1 .° 


o 


eGx* 


2. 4  .  G 

xndx 


&c.) 


c/a: 


•j/l  — ; 


/*  XnClX 

/r - -  and  have  been 

y/1  —  a:3 

already  integrated  in  the  chapter  relating  to  binomial  differentials. 


i 


We  might  also  expand  (1  —  x2)  1  by  the  binomial  theorem,  then 
perform  the  multiplication  indicated,  and  finally  integrate  the  terms 
in  succession.  Adopting  the  first  course  we  have 

y  —  sin-1.*:  -f  —  e2  x-y/l  —  x2  —  ~  sin- 1x\ 

“  SiTi  **  [(i  X)  O  *]  &c- 

83*  Prop.  To  obtain  a  scries  which  shall  express  the  integral  of 
every  function  of  the  form  Xdx,  in  terms  of  X,  its  differential  co- 
efficients,  and  x. 

dX 

Put  X  —  u ,  dx  —  dv  :  then  du  m  — —  •  dx ,  and  v  —  x. 

dx 

% 

Now  substituting  in  the  formula  / udv  —  uv  —  / vdu  we  get 

fXdx  =  Xx-  fld£-  xdx. 
dX 


Next,  put 
then 


dx 


—  u  and  xdx  —  dv , 


7  d2X  J  1  1 

da  nr  -  •  dx  and  v  n=  - — — 

dx2  1 . 2 


x2. 


-/ 


dX  7 

- xdx _ 

dx  dx 


dX  x2 


.jL  -f 

1.2  J 


d2X  x2 


dx2  1 . 2 

e.  ,  A/2X  x2  d2X  x 3  y 

c/a;2  1.2  c/a;2  1.2  3  «/ 


c/a;. 


‘c/2X  a:2  ,  c/2X  a:3  ?d?X  x3  7  0  0 

--dx&z  c.&c. 


c/a:3  1.2.3 


By  substiution 

„  c/X  a:2  c/2X  a;3  c/3X  a* 

dx  1.2  dx2  1.2.3  dx 3  1.2. 3. 4 


-4-  &c.  +  C. 
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This  formula,  called  Bernouilli’s  series,  shows  the  possibility  of 
expressing  the  integral  of  every  function  of  a  single  variable,  in 
terms  of  that  variable,  since  the  several  differential  coefficients 


—v’  &c..  can  always  be  formed.  But  the  series  is  often  diver- 
dx  dx2  ’  J 

gent,  and  then  of  no  use  in  giving  the  value  of  the  integral  ap¬ 
proximately. 


* 


CHAPTER  X. 

INTEGRATION  BETWEEN  LIMITS  AND  SUCCESSIVE  INTEGRATION. 


84.  The  integrals  determined  by  the  methods  hitherto  explained 
are  called  indefinite  integrals,  because  the  value  of  the  variable  x, 
and  that  of  the  constant  C ,  both  of  which  appear  in  the  integral,  re¬ 
main  undetermined.  But  in  applying  the  Calculus,  the  nature  of  the 
question  will  always  require  that  the  integral  should  be  taV/i  be¬ 
tween  given  limits.  Thus,  suppose  the  integral  to  originate,  (or  its 
value  to  reduce  to  zero)  when  x  =  a  :  this  condition  will  e.r.  the 
value  of  the  constant  C.  Then,  to  determine  the  value  of  the  entire 
or  definite  integral,  we  replace  x  by  b ,  the  other  extreme  vah  e  of 
the  variable. 

Ex.  To  integrate  dy  —  ox2dx,  between  the  limits  x  =  aq  and  x  xc 
y  —  fox2dx  =  x3  +  C.  But  when  x  =  x j,  y  =  0. 

.  • .  0  =  aq3  C  and  C  =  —  aq3, 
and  by  substitution  in  the  indefinite  integral 

y  =  x3  —  aq3. 

Now  make  x  =  x2 ,  and  there  will  result 

y  =  V  —  xi> 

the  complete  or  definite  integral. 
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A  slight  examination  will  show  that  the  desired  result  will  always 
be  obtained  by  substituting  in  the  indefinite  integral  for  the  variable 
or,  first  the  inferior  limit  x1  and  then  the  superior  limit  .r2,  and  then 
subtracting  the  first  result  from  the  second.  In  these  substitutions 
the  constant  C  may  be  neglected,  since  it  will  disappear  in  the 
subtraction. 

85.  The  integration  of  3 x2dx  between  the  limits  x1  and  x2,  when  x} 
is  the  inferior  limit,  or  that  at  which  the  integral  originates,  and  x2 
the  superior  limit,  is  indicated  by  the  notation. 


86.  The  precise  signification  of  this  definite  integral  will,  perhaps, 
be  better  understood  by  the  aid  of  the  following 

/» b 

Prop.  The  definite  integral  L  Xdx,  (where  X  is  a  function  of  xs 

which  does  not  become  infinite  for  any  value  of  x  between  the  limits 
x  =  a  and  x  =  b ,)  is  the  limit  of  the  sum  of  the  values  assumed 
by  the  product  Xh,  as  x  is  caused  to  increase  by  successive  equal 
increments  (each  =  li)  from  x  —  a  to  x  —  b ;  the  value  of  h  being 
continually  diminished,  and  consequently  the  number  of  these  incre¬ 
ments  being  indefinitely  increased. 

Thus,  if  X0  Xl  X2  X3  .  .  .  Xn-i  be  the  values  assumed  by  X,  when 
x  takes  successively  the  values  a ,  a-f-A,  a-{-2h,  a-\-oh , . . .  —  1)A, 

then  will  JaXdx  be  the  limit  tothe value (X0  +  Ar'1  +  X2...-fXn_])A, 

provided  nh  —  b  —  a,  and  h  be  diminished  indefinitely. 

Proof.  Let  x  and  x  +  h  be  any  two  successive  values  of  #,  and 
denote  by  Fx  the  general  or  indefinite  integral  f  Xdx. 

Then  by  Taylor’s  Theorem, 


F(x  +  h)  =  Fx  + 


dFx  h  d2Fx  h2  d3Fx  h 3 


dx  1 


+ 


+ 


dx  1 . 2  dx  3  1.2.3 


7>  +  &C., 
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which  may  be  written,  F{x  -f-  h)  —  Fx  -f  Fh  +  PA2,  ...  (1),  where 
P  is  a  function  of  x  and  A. 

Suppose  the  difference  b  —  a  to  be  divided  into  n  equal  parts, 
each  equal  to  A,  so  that  b  —  a  =  nh. 

Now,  putting  successively  a,  a  -j-  A,  a  +  2A  .  . .  a-\-  (n  —  1  )A  for  x 
in  (1),  and  denoting  the  corresponding  values  of  P  by  PD,  Pj,  &c., 
we  get 

F(a  +  A)  =  Fa  +  X0h  +  P0A2 
F(a  +  2  A)  =  F[(a  +  A)  +  A]  =  F(a  +  A)  +  Xxh  +  Pxh2 

F(a  +  3/i)  =  F[(a  +  2  A)  +  A]  =  F  (a  +  2  A)  +  X2h  +  P2h 2 
&c.  &c.  &c. 

F{a  -f-  nh)  =  P[(a  -\-{n  —  1  )h)  +  A]  ~P[<x  +  (n  —  1  )A]  +  Xn-xh  +  Pn-Xh2 

adding  these  equations,  and  omitting  the  terms  common  to  both 
members  of  the  sum,  there  results 

F (a  -\-  nh )  —  Fa  -j-  A(ATq  -f-  -j-  A2  .  .  .  .  -{-  Xn—\) 

“h  A2(Pn  ~\r  P\  P  P2  •  •  •  •  +  P '»—])• 

But,  since  every  value  of  X  is  finite,  none  of  the  values  of  P  will 
become  infinite.  If,  therefore,  we  denote  the  greatest  value  of 
P  by  P,  we  shall  have 

P0+ -f  P2  •  •  •  +  P«-i  <  Pn,  and  sine eF(a-{-nh)=Fb,  and  nh  =  b — a. 

• '  •  Fb  —  Fa  —  A(X0  -f-  -f-  X2  .  .  .  ~h  -An— 1)  <C  (A  —  a)P .  A. 

But  b  —  a  and  P  are  both  finite,  and  therefore  by  diminishing  A,  the 
second  member  can  be  rendered  less  than  any  assignable  quantity. 
Hence  Fb  —  Fa  must  approach  indefinitely  near  to  equality  with 
Ji(X0  +  Xx  +  F2  .  .  .  .  +  Xn—i)  when  h  is  continually  diminished. 
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Successive  Integration . 


d2y 

87.  If  the  second  differential  coefficient  =  X  be  given  instead 

of  the  first,  two  successive  integrations  will  be  required  to  deter¬ 
mine  the  original  function  y  in  terms  of  x.  Thus,  multipiyingby  dx 
and  integrating,  we  get 


/ 


d2y 

dx2. 


dx  —  J  Xdx ,  or  ~  =  /  Xdx  =  -f-  Cj. 

Utv 


Multiplying  again  by  cfo,  and  integrating,  we  get 


/ 


or 


J-dx  =  f  X-fix  -f  fCidx, 

ux 

V  —  X 2  +  Oyc  -f-  (72. 

dhj 


88.  Similarly,  if  there  were  given  =  X,  three  successive  in. 

CIX 


tegrations  would  give 


1 


y  —  x*  +  y—z  Cy*  4-  o2x  +  c3. 

1  .  <v 


dny 

And  if  there  were  given  — —  =  X ,  then 

&  dxn  ’ 

__  C lxn~l 

y  ~  ^  n  +  1 .2.3777(n  —  1) 


4 


C2xn~2 


1 .2.3 ... (n  —  2) 


4  &C.  .  .  .  -j-  On— \X  4  Oi 


n, 


the  number  of  arbitrary  constants  introduced  being  n. 

89.  The  result  obtained  by  performing  the  above  integrations  may 
be  indicated  thus 

fnXdxn  =z  y : 

it  is  called  the  nth  integral  of  Xdxn. 

90.  Prop.  To  develop  the  nth  integral  fnXdxn  in  a  series. 
Employing  Maclaurin’s  Theorem,  we  have 
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fnXdxn  =  |_ fnXdxn]  +  [ fn~lXdxn~l]  -  +  [f*-*Xdx*- 2]j— &c. 

rdxi  x*+-  _ 
, .  n  L dx  J  i.2.3...(;i 4- 1 


t — 

I 

rd3xi 

|  xn+3 

L  dx2  J 

1.2.3..  (>*+2)  1 

L  dx  '3  J 

11.2.3..  (w  -f-  3) 

(n  -j- 1 ) 
&c. ...  [^^J. 


The  terms  within  the  [  ]  are  the  arbitrary  constants  C\  C2  C3 . . .  CA, 
as  far  as  [/ Xdx\  inclusive,  but  taken  in  an  inverted  order. 

91.  Prop.  To  deduce  the  development  of  fnXdxn  from  that  of  X. 
By  Maclaurin’s  Theorem,  we  have 


Tjr  _T^  VdXXx  ,  r<PXl  x 2  VPX' 

x  ~  ^  ~r  L^rJl +  LtfPJ  1 .2  +  \-<m. 


•v.3 


1  J> 

-L  • 


&C. 


and  this  may  be  converted  into  the  series  [A]  by  multiplying  each 
term  by  xn,  then  dividing  the  successive  terms  by  1 


O  Q 


o  ...  n. 


by  2.3.4...  (n  +  1),  by  3.4.5.  .  .  {n  2),  &c.,  and  finally 


annexing  terms  of  the  form 

O 


Cxxn~x 


C2xn~ 2 


1 .2.3  ...(»  —  1)  1 .2.3  ...  (n  -  2) 

,4  dx 4 


•  C». 


1.  To  develop 


/ 


>•2 


1  ° 


Here  X  =  (1  —x>)  i  =  1  + 1**  +  g  4 


.»  ,  .  1  3  5  , 

*  +5'4'(U  +  &c- 


Also  n  =  4.  Therefore  multiplying  by  a:4  and  dividing  successively 
by  1 . 2 . 3 . 4,  by  3 . 4 . 5  .  G,  &c.,  and  finally  annexing  the  terms 
containing  the  constants,  we  get 


/ 


4  dx* 


yT 


Ci+X+°^‘ 


+  XL  + 

'  1  «>  Q  ' 


X 


.4 


+ 


X 1 


■Xi 


+ 


1  '  1 . 2  '  1 . 2 . 3  ’  1 . 2 . 3 . 4  '  2 . 3 . 4 . 5 . 6 

1 . 3a:8  1.3. 5a4° 


2. 4. 5. G. 7. 8 


4  .  G  .  7 . 8 . 9 . 10 


-f  &c. 
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cfiif 

2.  What  curves  are  characterized  by  the  equations  —  0,  and 


d3y 

dx3 


=  0,  respectively  ? 


1st.  If 


d2y 
dx 2 


=  0,  then  fp-  dx  =  ^f=  <7,. 
«/  dx 3  dx 


dy_ 

dx 


/dy 

-j-dx  —  f  Cylx,  or  y  =  Cxx  -{-  C2,  a  straight  line. 


2d.  If 


d3y 

dx3 


f-  =  0,  then  f%lx  = 
3  d  dx 3 


d2y 
dx 2 


Ci 


•' •  fl^dx  =  f °ldx  or  %  =  C‘x  +  °2’ 

dx  —  f  Cxxdx  +  /  02dx  or  y  —  ~~  +  C2x  -J-  C3i  a  parabola. 
d  dx  A  •  Z 
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PART  II. 


RECTIFICATION  OF  CORVES.  QUADRATURE  OF 
AREAS.  CUBATURE  OF  VOLUMES. 


CHAPTER  I. 


RECTIFICATION  OF  CURVES. 

92.  To  rectify  a  curve  is  co  determine  a  straight  line  whose  length 
shall  be  equivalent  to  that  of  the  curve,  or  simply  to  obtain  an  ex¬ 
pression  for  the  length  of  the  curve,  in  terms  of  the  co-ordinates  of 
its  two  extremities. 


93.  Prop.  To  obtain  a  general  formula  for  the  length  of  the  arc 
of  a  plane  curve,  when  referred  to  rectangular  co-ordinates. 

Let  AB  be  the  proposed  arc,  P  a 
point  in  it,  OX  and  0  Y  the  co-ordi¬ 
nate  axes. 


Put  OP  =  x ,  DP  =  y,  AP  —  s. 


Y 


Then  since  ds  =  dx  \/  1  4- 


n/1 


dp 
dx 2 


we  shall  have  by  integration 


r(  dij2\\ 

s  —  J  i  1  -f  ydx  ....  ($),  tlie  required  formula. 

dp 

94.  To  apply  ( S )  we  replace  by  its  value,  in  terms  of  x, 

(J.%0 


deduced  from  the  equation  of  the  curve,  and  then  integrate  between 
the  limits  x  =  OE  and  x  —  OF. 
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95.  Again  if  y  be  taken  as  the  independent  variable,  we  shall  have 


f  dx2 

ds  =  dy  \  \  +  — — >  and  therefore 
J  V  dy2 

[*  [  dx2  \i 

=  J\l  +  •  •  .  ($i),  a-  second  formula. 


This  will  be  applied  by  substituting  for 


dx2 

Jy2 


its  value,  in  terms 


of  y,  derived  from  the  equation  of  the  curve,  and  then  integrating 
between  the  proper  limits. 


EXAMPLES. 

96.  1.  To  find  the  length  of  the  para¬ 
bolic  arc  AB,  included  between  the  ordi¬ 
nates  bx  and  b2. 

The  equation  of  the  curve  is  y2  =  2px. 


dx 


y 

—■> 


dy  p 

which  substituted  in  (6^)  gives 

s  -f\}  +  + 

But  by  formula  ( B ), 

J'(p2  +  y2)* dy  =  —  (p2  -f  y2Y y  +  ^p2  f  (p2  +  V2)  *  dy  ....  (1). 

i 

To  integrate  the  last  term,  put  ( p 2  -j-  y2)2  —  z  -\-  y. 


•  ‘  •  P2  +  y2  =  22  +  22y  -f  y2,  y  ==  ,  dy  —  —  1  —  cfe. 


and 


22 


2)2  —  £>2  ))2  -~2 

(F*  .p  y2)  =  2  +  ^ - —  — - 

22  22 


. ,  /(,■+«-*  *=  -/f  = 


log  2  T  6T. 


324 


INTEGRAL  CALCULUS. 


And  by  substitution  in  (1), 

/O2  +  y2)^  dy  -  i  (p2  +  y2fy  ~\p2  -  log  [(p2  +  y2)^ —  y]  +  Cv 


•  •  •  *  =  ~  •  loS  [(f*  +  2/2)^  -  2/]  +  C'l- 

&P  /w 

'  To  determine  the  value  of  (7l5  put  y  —  b-^  and  3  =  0,  since  the 
arc  is  supposed  to  commence  at  the  point  A. 

/  «2  J  /,  2\  2/  1  1 

Thus  0  =  U;-^;  )-  -1  -~p\oS[(p2  +  ^2)2-  b ,]  +  fi. 


'  •  L  =  -  ^  '  &1  +  \p  los[U2  +  bi)JS-  6il>  and  by 

substitution 


(p?  +  yrfv  (pz- n,<)\  i  + 

s_  %>•  '  2p  ° 


and 


when  y  —  b2 


(p2  +  b2)  —  bl 


_  (p2  + V)\  _ (j>» +  >,»)*&,  _ i  „ .  (p*  +  KY-h 


(?*  + V)-*i 


If  the  arc  be  reckoned  from  the  vertex  (9,  the  ordinate  bl  =  0, 

.  .  (p~  +  h2fh  i  ,  (f  +  h2t-h 

.  * .  s  =  - — — -  —  ~p  log  — - — - - 


2 p 


P 


_  {P2  +  \2fh  ,  1  ,  {p2  + 

2p  +  2 P  °  p 


X 


2.  The  cycloid  y  =  y2rx —  x2  +  »* .  versin-1  - 
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Hence  by  substitution  in  formula  (5). 

dx  —  2  *y/2 ~x  -f-  C. 

\ 

But  when  x  —  0,  5  =  0,  .  * .  C  —  0,  and  hence  s  =  2  a/%tx, 
or,  the  cycloidalarc  OP  =  2  chord  01  of  the  generating  circle. 
When  x  —  2 r,  5  =  arc  (9.ZM.  =  2  diameter  OC. 


.  ' .  arc  AOB  of  the  entire  cycloid  =  4  diameters  of  the  generating 
circle. 

3.  The  circle 


dji 

dx 


x 

y' 


.  *.  8=  f-dx  =  r 

J  y 

This  result  involves  a  circular  arc,  the  very  quantity  we  wish  to 
determine,  and  is  therefore  inapplicable. 

To  obtain  an  approximate  result,  expand  the  differential  coefficient 

(r2  —  x 2)  3  and  integrate :  thus 

1.1  z2  .  1 .3  a;4  .  1.3.5  z6 


/7l  ,1  .r2  1 . 3  a4  ,  1.3.5  xG  ,  0  \ 

=  vb  +  a'  T3+O'75+2T4T0'T  +  &C') 


dx 


fx  ,  1  x3  ,  1.3  x3  ,  1.8.5  x>  ,  „  n  _ 

“  r  Lr  +  2.3  '  2 . 4 . 5  ‘  r5  +  2 . 4 . 0 . 7  *  r7+  J  +  6* 

But  if  s  =  0  when  x  =  0,  then  C  =  0,  and  .  • .  when  x  =  r. 

/,  1  ,  1.3  ,  1.3.5  ,  .  \ 

\  2. 32. 4. 52. 4. G. 7  / 

the  value  of  the  arc  APB  of  the  quadrant. 

A  ,  ,  1  ,  ,  1  1.3  1.3.5 

And  if  r  —  1,  s  —  it  =  1  -p  — — —  +  — — - — -  -f-  — — - — — — 


2.3  2.4.5 


.4.0.7 
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4.  The  ellipse 


a 2y2  -j-  b2x2  =  a2b2. 

dy 2  b4x2 
dx2  a4y2 

dy 2  b4x2  a?(a2b2  —  b2x2)  -f-  b4x2  a2(ti 2  —  x2)-\-b2x 2 

dx2  a 4y2  a2(a2b 2  —  b2x2)  a2(a2  —  x 2)  ’ 


a2  — 


a2  -  b2 


xi 


a ^ 


a 2  —  e2x 2 


a 


2  —  x2 


a * 


x 


2  > 


where  e  is  the  eccen- 


t  ,  dy* 

01;  1  +  = 
tricity. 

/( O2  —  f*  ( 1  -  />2o»  2\^  -j. 

- dx  —  f  i dx,  by  making  -  =  xv 

{a2-x2f  (1  —  a?!2)*  a 

This  expression  has  already  been  integrated  approximately. 

5.  To  determine  what  curves  of  the  parabolic  class  are  rectifiable. 
The  equation  of  this  class  of  curves  is  yn  =  axm ,  in  which  n  and 
m  are  positive  integers. 


d  y  m 
dx  n 


1  in 


—  —  a  n  x  n 


\  •■.»  =  /[ 

and  this  can  be  rationalized,  when 

s  i  1 


0  2  2 m 
7YL 1  - 2 

1  -{ - -anxn 


(to  —  n\ 

n  / 


=  r,  an  integer,  that  is, 


.  to  1+2* 

when  • —  =  ■ - (Art.  41). 

n  2r  v 

Hence,  if  one  exponent,  n,  be  even,  and  the  other,  to,  greater  by 
unity,  the  curve  will  be  rectifiable ;  that  is,  an  exact  expression  for 
the  length  of  the  curve  can  be  obtained  in  terms  of  the  co-ordinates 
of  its  extremities. 

The  term  rectifiable  is  sometimes  restricted  to  those  curves  whose 
lengths  can  be  expressed  algebraically ,  or  without  employing  tran¬ 
scendental  quantities ;  and  with  this  restriction,  the  value  of  r  must 
be  positive,  otherwise  5  would  be  transcendental. 

Now  applying  the  other  condition  of  integrability,  we  have 

1  1  .  ,  .  n  2r  —  1 

- - h  -  =  r,  an  integer,  whence  — =  — - — • 

-'2  m  2  r 


I—-) 
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Hence,  if  one  of  the  exponents  be  an  even  integer,  and  the  other 
less  by  unity,  the  curve  will  be  rectifiable. 

Combining  the  two  results,  we  find  it  simply  necessary  that  m 
and  n  should  differ  by  unity. 

97.  Prop.  To  obtain  a  formula  for  the  rectification  of  polar 
curves. 

Here  we  have  to  express  s  in  terms  of  r  or  d,  and  for  this  pur¬ 
pose  we  must  transform  the  formula  [/S'],  by  means  of  the  relations 


ds2  dx2  dy2 
dd2  =  ~dd 2  +  ~dF 


.  .  (1).  x  —  r  cos  8,  .  .  .  (2).  y  —  r  sin  d.  .  .  (3), 


the  quantity  d  being  taken  as  the  independent  variable. 

Then  (2)  and  (3)  give 

dx  .  .  ,  .dr  _  dy  .  .  dr 

=  —  r  sm  8  4-  cos  d—,  and  —  =  r  cos  8  4-  sin  8  — • 

dd  dd  dd  dd 


^.2  (fa* 

.  * .  —  =  r2sin2d  —  2 r  sin  8  cos  8  —  +  cos2$  — 
dd2  dd  dd 2 


dr  dv*^ 

i  f2C0S2 q  2 r  sin  8  cos  8  —  -f-  sm2d 

dd  do2  _ 


Y  =r2-f- 


dr 2 
dd2 


/|>+3k 


(r). 


1.  The  logarithmic  spiral  r  =  a0,  between  the  limits  r  =  ?*1}  and 


r  =  r2. 


—  =  log  a .  ad  =  — ,  where  m  is  the  modulus. 
dd  Q  m’ 


7Y)  Wj 

.  • .  =  —  c/r,  and  by  substitution  in  (  T), 

ad  r  J  K  ' 


.  * .  s  =  f  (r2  -f-  —  dr  =  ( m 2  +  1  )2 fdr  =  (??i2  +  l)^r  +  0, 

J  \  mzJ  r 


X 


But  s  =  0,  when  r  —  r15  C  =  —  (m2  +  1)  ?V 

1  1 

5  =  (1  4*  m2)(r— rj),  and  -when  r  =  r2,  5=(l+^2)z(r2“ri)* 
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2.  The  spiral  of  Archimedes  r  =  ad.  from  the  pole  to  the 
point  r 


dr  dr 

— -  =  a,  do  = - 

do  a 


=  — J* (r2  -j-  ci2)  ^ dr . 


This  expression  is  entirely  similar  to  that  integrated  in  rectifying 
the  parabola. 


r^a2  +  i\2y  1  rl  +  (a2  -f  rf) 

•'•S  = - 2^  +2al°S - « - 


B 


f  —  a2dr  /*  F  1  1  ^  1  .or8 

' 5  ~  J  7~  IT  =  _  a  J  La5  +  +  ijTi'a™ 


(a4  —  r*)* 


+  &C']  dr’ 


which,  integrated  from  r  =  a  to  r  —  0,  gives  for  the  arc  BIA  or 
one-fourth  of  the  entire  length  of  the  curve. 

_ n  ,  1  ,  1.3  ,  i-3-5  ,  i 

L+2.5  +  2.4.9+2.4.t).13’  J 

98.  When  the  curve  is  characterized  by  a  relation  between  the 
radius  vector  r  and  the  perpendicular  p  upon  the  tangent.  To 
obtain  a  formula  for  the  rectification  in  this  case,  we  assume  the 
value  of  the  perpendicular  found  in  the  Differen.  Calculus, p.  154 viz. : 

"2  dr2  r2(r 2  — p2) 


P  = 


r 2  + 


dr2 

dd2 


whence 


9  and 
P2 , 


dd2  ~ 
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•  • 


ds 2 
'dr2 


ri  dr2  r4 

—  n — 1  TTZ  —  — X  X 


]r 


F 


d&2 


r 


r2(r2_jp2)  r2  _p2 


rdr 


((7),  the  required  formula. 


(r2  — y>2)' 

Ex.  The  involute  of  the  circle  from  p  —  0  to 
p  =  2  tfa. 

Here  the  equation  of  the  curve  is  r2  —  a2  p2. 

1,2  a2  -}■  p2 


.  »_  frlL  -  JLj_  r— 

J  a  2a 


2  a 


+ 


a 


But  when  p  —  0,  s  =  0.  .'.  C  =  —  •— - ;  and 

£ 


when 


v  —  2  lea. 


s  —  2tf2a. 


CHAPTER  II. 

QUADRATURE  OF  PLANE  AREAS. 

99.  The  quadrature  of  a  plane  curve  is  the  determination  of  a 
square  equal  in  area  to  the  space  hounded  in  part  or  entirely  by  that 
curve.  The  problem  is  regarded  as  resolved  when  an  expression  for 
the  area  in  terms  of  known  quantities  has  been  obtained,  the  number 
of  terms  being  limited. 

100.  Prop.  To  obtain  a  general  formula  for  the  value  of  the  plane 
area  ABCD ,  included  between  the  curve  PC,  the  axis  OX,  and  the 
two  parallel  ordinates  AD  and  BC,  the  curve  being  referred  to 
rectangular  co-ordinates. 

Put  OE—x,  EP—y ,  EF=h,  FP^—yx, 
and  the  area  AEPD=A. 

Then  when  x  receives  an  increment  h , 
the  area  takes  a  corresponding  increment 
EPPXF,  intermediate  in  value  between  the 
rectangle  FP  and  the  rectangle  FS. 


X 
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Bat  =  hi il  _  JO 


EZl  AjP  y  x  A  y 


2/ 


+  &c.  =  1,  when  A  =  0. 


Hence  at  the  limit,  when  A  is  taken  indefinitely  small,  the  area 
EPPXF,  which  is  always  intermediate  in  value  between  FP  and  FS , 
must  become  equal  to  each  of  these  rectangles,  or  equal  to  y  X  A. 


.  * .  dA  —  ydx ,  and  consequently 
A  =  f  ydx . (  F),  the  required  formula. 


101.  If  the  area  were  included  between 
two  curves  DC  and  DXCX, we  should  find  by 
a  similar  course  of  reasoning 


A  =  f{Y—y)dx . (V,), 

in  which  Y  and  y  denote  the  ordinates 


X 


EP  and  EPX,  corresponding  to  the  same  0  A  e  f  b 
abscissa  OE. 

102.  To  apply  ( V)  or  ( FJ,  we  eliminate  y,  or  y  and  Y,  by 
employing  the  equation  of  one  or  both  curves,  and  then  integrate 
between  the  limits  x  =  OA  and  x  —  OB. 


EXAMPLES. 


103.  1.  The  area  A  BCD,  included  between  the  parabolic  arc 
DC,  the  axis  of  x,  and  two  given  ordinates  AD  and  BC. 

Put  OA—ax,  AD—hx,  OB—a2,  BC—b2,  OE—x,  and  EP=y. 
Then,  from  the  equation  of  the  parabola, 
we  have 


A  X 

y2  =  2px,  or  y  —  (2y)  .  xz. 

.  • .  And  by  substitution  in  formula  ( F), 


0  A  E  B 
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But  A  =  0,  when  x  —  cq  and  y  —  b^  .  * .  0  = 


-r'A 


A  =  ^  (xy  —  a ^j)  =  ADPE\  and  when  x  =  o2  and  y  =  b2 


o 

o 

/W 

<) 

O 


A  =  ~  («2^2  —  ai^i)  —  ADCB. 


Cor.  If  the  area  ODCB  of  the  semi-parabola  were  required,  we 
should  have 

2  2 

cq  =  0,  £q  =  0,  and  .  * .  A  =  -  a2&2  =  -  circumscribing  UH  ; 

O  u 

and  for  the  entire  area  of  the  parabola 

4  2  2 

2A  =  -  o2b2  =  ~a2. 2b2  =  -  circumscribing  l  l. 
o  o  o 


2.  The  circle  y 2  =  r2  —  a;2,  or  its  seg- 


ment  ACD. 

c 

— 

—  r 

vs \ 

i 

Here  A  =  f  ydx  =  /(r2  —  x 2)2  cfo, 

a  f 

a  o 

X 

F  1 

or  by  employing  formula  (.5), 

3^— 

Suppose  the  area  to  be  reckoned  from  A. 

area  A  =  0  when  x  —  OA  _=  —  r. 

.  * .  (7  =  i  r2  cos_1(  —  1)  =  i  tfr2. 

&  «w 

.  * .  A  —  —  ifr2  +  —  x(r2  —  x 2)^ —  -  r2  cos-1  -• 

*/  */  '  *  V  /i« 

And  when  x  =  -f-  r,  A  =  —  tfr2  =  area  of  semicircle  ABB. 

fmt 

.  * .  area  of  entire  circle  AEBD  =  rfr2. 
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To  find  the  area  of  the  segment  A  CD ,  make  x  =  OG  =  —  a,  then 

^  =  J4C'(?  =  i«-2  -  Ufr*  -o2)  —  ij^cos-1  f-  -) 

2  2  v  '  2  \  r/ 

1  r  _  i  Q'\-i  1  /  o  _.‘i‘ 

=  —  rptfr  —  r .  cos-1 ! - \ J  — —  a(r2  —  a~) 


~r{ACB  -  CB)  -i«(r>  -  a2) 


G’(?. 

A 


.  • .  segment  CAD  C  —  r .  AC  —  a.  CG. 

3.  The  elliptic  segment  A  CXDV 
Here  the  equation  of  the  curve  is 

y  =  —  (a2  —  x2^. 
a 

b  A 

.  * .  A  =  /  yPr  =  —  f  (a?  —  x2y  dx. 

.  • .  2H  =  segment  A  C,D,  —  —  .  segment  ACD  of  a  circle  described 

1  1  a  ° 

on 

Hence  the  area  of  the  entire  ellipse  =  --area  circle  =  -•  <^a2=^ab 

a  a 

4.  The  cycloid  y  —  (2 rx  —  x2)" r  .  versin-1- 

Put  OD  =  DP  —  y. 

Then  the  area  0PZ)  =  / yc£r. 

But  since  y  is  a  transcendental 
function  of  x,  it  will  be  preferable 
to  integrate  this  expression  by  parts.  Thus 


o 


A  —  f  ydx  —  xy  —  fxdy. 
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But  from  the  equation  of  the  curve  we  have 


dy 

dx 


'2r  —  x  7  /2  r  —  x 

or  dy  —  \  / - dx. 


x  v  x 

.  ‘ .  A  =  xy  —  /  -y/2rx  —  x2 .  dx. 

Now  f  -\/2rx  —  x2dx  —  f  yxdx  where  y 2  is  the  ordinate  DP j  of 
the  generating  circle,  corresponding  to  the  abscissa  OD  =  #, 

or  f  -y/2)  •X  —  x2dx  =  area  OP-^D. 

.  • .  area  OPD  —  —  area  Oi^T),  and  when  x  ~  OC  —  2r. 

area  semi-cycloid  CM (7=  0(7  X  CM  —  area  semicircle  OPxC 

'  ^  e*  '  '  •  (\  I  K 

1  O 

=  2r .  rfr  —  —  rfr2  =  —  rfr2. 

z  z 

.  • .  area  entire  cycloid  =  Stfr2  =  3  area  generating  circle. 

104.  Prop.  To  determine  a  general  formula  for  the  quadrature  of 
polar  curves,  their  equation  having  the  form  r  =.  Fd. 

Let  QX  be  the  fixed  axis,  QP  the 
radius  vector,  forming  with  QX  an 
angle  measured  by  the  arc  (5  described 
with  radius  equal  to  unity. 

Let  &  take  the  increment  t,  convert¬ 
ing  r  into  r1  =  F(&  -f-  0?  and  adding 
the  sector  QPPX  to  the  area  QIP=A , 

previously  swept  over  by  the  radius  vector.  Now  QPP1  >  QPK , 
but  <  QP-l  0.  Also  the  ratio 


QP\0  _  2 
QPK 


1 

-ri  X  rxt 


».2 


fr +  *;.£  + ^r.2L  +  &0v 

(  +  eld  1  +  d62  1 . 2  +  ' 

_ 


-r  X  rt 
2 


i2 


_  I  _L  2  — •  t  4-  2  — _ 

+  ZiU  r  +  Z  dP  1.2 .r 


dr 2  t2 

4-  - - •  —  &c. 

^  dti2  r2 


z=  1  when  t  —  0. 
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Hence  at  the  limit,  when  t  is  replaced  by  eft),  and  QPP1  becomes 
cftl,  the  value  of  QPP\  will  be  equal  to  QKP  or  QPlO.  Thus  we 

shall  have  dA  =  ^  r2  .  (ft). 


.  * .  A  =  -  f  r2dd  .  .  .  .  ( F2),  the  required  formula. 

1.  The  spiral  of  Archimedes  r  =  ad. 

A  =  \  fr3<M=\  cp/Pdi  =  i  aH3  +  G  =  -  —  +  C. 
2  2  (5  0  a 

If  A  =  0  when  r  =  ?\,  then  C  ~  —  * 

19  0  a 


,.A  =  -( 


1  /r3  —  rp 


ee 


■)» 


and  when  r  =  r2,  H 


1  (r3  -  r,3\ 

4  «  ) 


For  the  area  of  one  convolution  estimated  from  the  pole,  we  have 
the  limits  r1  =  0  and  r2  —  2 era. 


.  * .  A  =  —  e r3a2. 

O 

2.  The  logarithmic  spiral  from  r  ==  rx  to  r  =  r2. 


Here  r  —  a  .  .  * .  dr  —  log  a  .a  . 


and  dd  — 


1  dr 


• - • 


log  a  r 


o 


.  • .  A  =  1  =  —ft—  frdr  =  -JL-  r 2  +  C. 


9  log  a 1 


4  log  a 


1 


—  t  ^(r22  —  ri2)>  between  the  limits  and  r2:  the  quantity 


m  denoting  the  modulus. 

3.  The  hyperbolic  spiral  from  r  —  r1  to  r  =  r2. 


a 


Here  r  =  —  »  eft* 

d 


add  • 

■p-’  rf!,= 


a 


,.2 


.  • .  H  i  / adr  =  —  \ar  C  =  1  ■  2-  between  the  lim- 

2J  2  2 


its  r3  and  r2. 


2 
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4.  The  lemniscata 


r2  =  a2cos  2  6. 


A  =  ±frW 


1  1 

“  a2  /  cos  2 6d6  =  -  a2sin  26  -}-  C. 
2  4 


Put  A  =  0  when  6  =  0;  then  (7  =  0,  and  ^4  =  -a2sin  25, 
which  gives,  when  r  =  0,  or  5  =  i  at,  ^4  =  i  a2, 


.  • .  Entire  area  =  a2  =  square  described  on  semi-axis. 

105.  Prop.  To  find  a  formula  for  the  quadrature  of  a  plane  curve, 
when  its  equation  is  given  by  a  relation  between  the  radius  vector, 
and  the  perpendicular  upon  the  tangent. 


Since 


d6  = 


pdr 


r  (r2  — p2) 


¥ 


and  this,  between  the  limits  p  =  0,  and  p  =  2<i ra,  within  which  the 
entire  circumference  is  unwound,  gives 


A  =  ~  irhfi. 
a 


Cor.  The  area  included  between  the  involute  APS,  the  circle, 
and  the  tangent  AS,  is  equivalent  to  that  swept  over  by  the  radius 

jp 

vector,  and  therefore  equal  to  — — 

0a 


2.  The  epicycloid  p2 


c2(r2  —  fl2) 
c2  — a2 


,  where  c  =  a  +  26,  a  and  b 


being  the  radii  of  the  fixed  and  generating  circles. 
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gives 


.  1  C,  „  *7T 

A  =  4a(°  ~ak 
=  £(“*  +  3ab  ■ 


But 


OIL  =  —  rf ab . 


1  b^it 

.  • .  IPVL  =  ^  epicycloid  =  —  (3a  +  2i), 

<W  iiCL 


and, 


IVIXLI  = 


Z»2<^ 

a 


(3a  +  26),  the  entire  epicycloid. 


If  6 
If  6 


then  epicycloid  =  4tf62  =  tfa2  =  area  fixed  circle, 
then  epicycloid  =  5tf62  =  5tfa2  =  5  area  fixed  circle. 


CHAPTER  III. 


QUADRATURE  OF  CURVED  SURFACE8. 


106.  Prop.  To  obtain  a  general  formula  for  the  quadrature  of  a 
surface  of  revolution. 


Let  AB  be  the  arc  of  a  plane  curve 
which  revolves  about  the  axis  OX ]  P  and 
Px  points  taken  on  the  curve  so  near  to 
each  other  that  the  arc  PPY  may  present 
its  concavity  to  OX  at  every  point. 


Put  OP  =  x ,  DP  —  y ,  DPi  —  h ,  P\Pi  —  y1?  AP  =  s . 


The  surface  generated  by  the  arc  PP1?  is  intermediate  in  magni¬ 
tude  between  those  generated  by  the  chord  PP1?  and  the  broken 
line  PTPV  Denoting  these  surfaces  by  C  and  B ,  we  have 


\(PD  +  TDl)2«PT+  {TDf  -  iWH 


1-{PD  +  PXDX)PPX.%, 

(2  PD  +  VT)PT+  (2  +  PlT)P1T 

(2 ~Ph  +  VPX)PPX 


(^£)('+£)1‘+»^+ 35 


T  dyh  <Py  h2 

lP+^i+™&0 


dx 2  1.2 


d2y  h 


•][a2+/KI+--&c 


dx2  1.2 


)'] 


Dividing  numerator  and  denominator  by  h,  and  then  passing  to 
22 
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jy 

the  limit,  we  obtain  — -  =  1.  And  hence  the  limit  to  the  value  of 

the  surface  C ,  generated  by  the  chord,  will  be  a  proper  expression 
for  the  elementary  surface  generated  by  the  arc  PPl5  when  that  arc 
becomes  indefinitely  small. 


But  at  the  limit,  when  h  —  dx ,  C 


— 


1  + 


df\\ 

dx 7 


c/.r. 


Hence  we  have  for  the  differential  of  the  surface, 

dA  —  2tfy^l  +  dx,  and  .  * .  A  =:  2tffy{\  +  ^—j^dx, ..(W). 
or,  A  —  2ff' /y<fs . (  TFj). 


107.  To  apply  (IF),  we  eliminate,  by  means  of  the  equation  of 


the  generating  curve,  y,  and 


dy 
dx ’ 


and  then  integrate  between  the 


given  limits.  Similarly,  we  apply  ( 1FX)  by  expressing  y  in  terms 
of  5,  or  ds  in  terms  of  y  and  dy. 


EXAMPLES. 


108.  1.  The  surface  of  the  sphere. 

Here  the  generating  curve  is  a  circle  whose  equa¬ 
tion  is 


r 


—  y2  . 


X * 


V 


A  -r  0  +r  B 


dy  x  dy 2  y1  -f-  x2  r2 

dx  y  dx2  ~  y2  y2 

.  * .  A  —  2tt  f  -  =  2tf  r/  cfo  =  2rfrx  -f-  0. 

J  y 


Put  A  —  0,  when  x  —  —  r  ;  then  C  =  2tfr2. 

.  * .  A  =  2tfr(r  +  a?),  which,  when  a:  =  -f-  ?*,  gives  for  the  surface  of 
the  entire  sphere  A  —  4 <xr2  ~  4  great  circles. 

For  the  zone  whose  height  is  h  —  x2  —  xv  we  have 


A  —  2xr(x2  —  aq)  —  2<xrh. 
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Orf  .8  3  3 

=  -k,:(2Px +^2f+  G=-r, ~r  [&px2+P2Y~  (ZpXi+P2) ]• 

OJJ  op 

O'  • 

Tf  the  surface  be  reckoned  from  the  vertex,  we  shall  have  aq  =  0. 

2<rr  # 

.  • .  ^1  =  — -  [(2^2  +  _p2f  —  i>3]. 

2.  The  surface  generated  by  the  revolution  of  the  Catenary  about 
its  axis. 

The  equation  of  the  curve  is  s2  =  x2  -f-  2a.r. 

_  (x  4-  a)dx  r~— - —  adx  adx 

.  *.  <A>  =  —  and  «y— y<zs2 — dx2  — — - - — - • 

-y/x2  +  2  ax  -y/x2  +  2<z#  s 

Now,  applying  formula  (  THj),  and  integrating  by  A- - - ?B 


PVy 


parts,  we  have 

A  —  2rff  yd?  =  2rf(ys  —  /  s<fy)  —  2^(ys  —  af  dx) 

\j 

—  2  tf(ys  —  ax)  -f-  C. 

But  when  x  =  0,  y  —  0  and  «  =  .  C  =  0. 

.  ’ .  A  —  2tt  (y  yT2  -f-  2a.r  —  aar) . 

3.  The  surface  generated  by  the  revolution  of  a  semi-cycloid 
about  its  axis. 


Here 


dy  — 


>2  r  —  x 


x 


dx  and  5  —  2-yj2rx  —  y7 8 rx. 


<Zr  —  x 


.  • .  A  =  2rf fyds  =  2^r(ys  —  / $<iy)  =  2tf(ys  —  J2^2rx\j'^~ - -•  t/.r) 

=  2#  (y  -y/diVX  —  y/s7/y/2r  —  £ .  cfc) 


3 

v3" 


+  yt5f  •  u  (^r  —  #)  J  H~  & 

O 

But  when  a;  =  0,  .4  =  0,  .  • .  C  — 


oo 


3 


TIY2. 
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_  _ 2  4  16 

.  * .  A  ==  2#  [y -y/Sr#  +  -\/^>r  •  o  a;)  <r  ^2]  > 


32 


and  when  ar  =  2 r,  ^4  —  S#2?*2 - —  “^r2,  ^e  en^'re  surface. 

O 

4.  The  surface  generated  by  the  revolution  of  the  cycloid  about 
its  base. 

In  the  formula  A  =  2 «fyds,  the  quantity  y  denotes  the  distance 
of  a  point  in  the  revolving  curve  from  the  axis  of  revolution,  and 
must  therefore  be  replaced  in  the  present  instance,  by  2 r  —  x. 


.  • .  A  —  2tf/ (2 r  —  x)ds  =  2^ f(2r  —  x)' 


2r 


x 


dx 


-  2^ y/27(4 rx  -  +  (7. 

O 

1  2  | 

But  a1=0,  when  x  =  0.  .  (7=0,  .  *.  A  =2#  \/2r(4rz  —  -x  ), 

O 

and  when  x  =  2r. 

32  64 

.  * .  ^4  =  err2  ;  and  the  entire  surface  2.4.  =  —  tfr2. 

3  o 

109.  Pro/?.  To  obtain  a  general  formula  for  the  quadrature  of  any 

curved  surface,  whose  equation  is 

referred  to  rectangular  co-ordinates. 

Let  CAPB  be  a  portion  of  the 

surface  included  between  the  planes 

of  xz  and  yz ,  and  the  planes  PPl5 

APl  drawn  parallel  thereto. 

Put  0A1  =■  x ,  OPj  =  Al1P1  =  y, 

PjP  =  2,  xl  GPP  =  -4,  and  let 

2  =  P  (2,7/) . . .  ( 1 )  be  the  equ  ation 

of  the  surface. 

Then,  since  the  value  of  A  will  be  determined  by  the  assumed  values 
of  the  independent  variables  x  and  y,  we  shall  have  A  =  <p(a:,y). 

Now  when  a;  receives  an  increment  Axax  =  A,  the  area  .*4  takes  the 
increment  AlP,  becoming 


=  cp(x  -p  7i,y)  —  A  4- 


dA  h  d2A 

dx  1  dx 2  1 . 2 


h2  d?A 
h  1? 


h 3 

1.2.3 


4-  &c. 


\ 
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Similarly,  when  y  alone  takes  an  increment  Blbl  =  k,  A  takes  the 
increment  BG ,  becoming 

k3 

t  — —  — I—  - •  •  ■  -4—  -  •  — 

dy 


,  7N  t  dA  k  d2  A  k2  d3A 

A2  =  <p(z,y  +  k)  =  A  +  —  + 


+  &c. 


dy 2  1.2  dy 3  1.2.3 

But,  when  x  and  y  increase  simultaneously,  A  takes  an  increment 
A I)  4-  BG  4-  PI,  becoming 

dA  h  dA  k  d2A  h2  d2A  hk  d2A  k2 

A3  =  A  4-—  -t  +  —  —  *  —  + 


dx  1  dy  1  dx2  1 . 2  dxdy  1  dy2  1 . 2 


f 


d3A  h3 


d3A  h2k  d3A  hk2  d3A 
+  ttt  '  v — 7  H - - ~ 


k3 


dx3  1.2.3  '  dx2dy  1 . 2  dxdy2  1 . 2  dy3  1.2.3 

.  PI  =  A3-A-(A1~  A)  -  (A2  -  A) 

d2A  hk  d3A  h2k  d3A  hk2 

■f  —7-  ‘  —  +  T-7-7--  —  +  &C. 


n  -f 


and 


dxdy  1  dx2dy  1 . 2  dxdy2  1 . 2 

k 


PI  d2A  d3A  h  d3A 
=  -r~  T“  +  7  o  ,  ~  4~ 


-,  +  &0. 


hk  dxdy  dx2dy  1.2  dx  .  dy2  1 . 2 
which,  at  the  limit  when  h  —  0  and  k  =  0,  reduces  to 

. (!)• 


PI 


d2A 


P1I1  dxdy 

Now  this  quotient,  which  results  from  dividing  the  elementary 
surface  PI  by  its  projection  P^ ,  on  the  plane  of  xy ,  is  equal  to' 

— - — ,  where  v  denotes  the  angle  formed  bv  the  tangent  plane  at  the 

point  P  with  the  plane  of  xy. 

But  from  the  theory  of  surfaces  (Diffi  Cal.,  Art.  177),  we  have 

•  1 

cos  v  — 


^  dz2  dz 2 


dx2  dy 5 


d2A  dz2  dz2 

=  \  /  1  +  ""To  + 


dxdy 


dx2 


dy 2 


d2A 


Now,  since  the  second  differential  coefficient  - — —  is  obtained  by 

dxdy 
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differentiating  the  function  A  of  x  and  y,  first  as  though  x  were 

alone  variable,  and  then  as  though  y  only  varied,  we  shall  obtain 

d2A 

the  value  of  A  by  multiplying  the  value  of  -•  ---  by  dxdy,  and  then 

CLJL  Cv  \f 

performing  two  successive  integrations  with  respect  to  x  and  y,  the 
order  of  these  integrations  being  immaterial,  since  that  of  the 
differentiations  is  arbitrary. 

This  double  integration  is  indicated  by  the  symbol  f f ,  and  the 
result  is  called  a  double  integral.  Thus 
s*  /*  /  (Hz  2  \i 

A  =  J  J  y  1  +  —  -h  dX(ly  •  •  •  •  (  Wz)i  f^e  required  formula. 

The  limits  of  these  integrations,  in  the  case  represented  in  the 
diagram,  are  y  =  0  and  y  =  OBl  =.  b,  x  =  0  and  x  =  OA1  =  a. 
But  if  the  surface  were  terminated  laterally  by  a  cylinder  (instead 
of  by  planes  parallel  to  xz  and  yz ),  the  elements  of  this  cylinder 
being  parallel  to  the  axis  of  z,  and  its  base  in  the  plane  of  xy  repre¬ 
sented  by  the,  equation  y1  =  fx ,  then  the  superior  limit  of  the  fust 
integration  would  be  y  =  yx  —  fx,  the  inferior  limit  being  still  zero. 
This  will  be  rendered  plain  by  an  example. 


110.  1.  Required  the  surface  of  the  tri-reetangular  triangle  ABC. 


The  limits  of  this  first  integration  with  respect  to  y  are  y  =  0 
and  y  —  yV2  _  f2  —  DE. 
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But  when 


y  =  o, 


y 


■y/i2  —  X 2 


=  0, 


and  when  y  —  y/r2 


xi 


y 


\A2  — 


—  =  1,  and  sin-1(l)  =  -<r. 


.  * .  A  =  -  ‘iir  fdx  =  ~  <xrx  -f-  C  =  i  tfr2 

/  £ 


2 

between  the  limits  x  —  0,  and  x  =  r. 

2.  The  axes  of  two  equal 
circular  semi-cylinders  in¬ 
tersect  at  right  angles,  form¬ 
ing  the  figure  called  the 
groin.  Required  the  entire 
surface  intercepted  upon  the 
two  cylinders. 

Assuming  the  axes  of  the 
cylinders  as  those  of  x  and 

y  respectively,  the  equation  of  the  cylinder  whose  axis  coincides 
with  x  will  be  y2  -f  z2  =  ?'2,  and  that  of  the  cylinder  whose  axis 
coincides  with  y  will  be  x2  z2  —  r2. 

The  entire  surface  to  be  estimated  is  projected  upon  xy  in  the  rec¬ 
tangle  ABCF ,  and  the  triangle  OGF  is  the  projection  of  one-eighth 
of  this  surface.  To  compute  this  portion  to  which  the  equation 


x2  -(-  z2  =  r2  applies,  we  have  A 


=//( 


! ,  d_y_ ,  *i\i 

dx 2  dy2 


^  dxdy, 


in 


which  the  limits  of  integration  are  y  =  0  and  y  =  x,  #  =  0  and  x  =  r. 
But  from  the  equation  x2  +  z2  =  r2,  we  get  —  =  —  -  =  0. 

UX  ^  \X\J 


■'■A  =ff{1  +  if  dxd,J  =//~  dxdy  =//; ldxd!' 
=  rr  vdx 

J  - 1 / 


V7 


or 


Wr 


r*  X.dx 

=  rJj*T 


between  the  given  limits. 


r“  —  x*  y'r*  —  xt 

A  —  —  ry/r2 —  x2  +  C  =  r2  between  the  limits  x  —  0  and  x  —  r. 
.  * .  SA  =  8r2,  the  entire  surface  of  the  groin. 
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111.  Prop  To  obtain  a  general  formula  for  the  volume  generated 
by  the  revolution  of  a  plane  figure  about  a  fixed  axis. 

Let  OX,  the  axis  of  x,  be  the  axis 
of  revolution,  ABCF  the  generating 
area.  Put 

OD—x ,  DP—y ,  DD^—h,  DxP^yx, 

and  let  y  —  Fx  be  the  equation  of  the 
bounding  curve  AB. 

The  volume  generated  by  the  revolution  of  the  small  quadrilateral 
PPP-^Dj  is  intermediate  in  magnitude  between  the  cylinders  gene¬ 
rated  by  the  rectangles  PE1  and  EDV  But 


cylinder  ED^  rfy2h 
cylinder  PEl  *y2h 


,  dy  h  d2y 

(?/  -| — —  .  — 1 - — 

'  dx  1  dx2 


h2 


+  &c.): 


r 


^  dx  y  dx2  1.2 .y 
=  1  when  h  =  0. 


+ 


dy2 

dx2 


h2 

-  +  &c. 
T 


Therefore  at  the  limit  the  volume  generated  by  PPP1El  =  cyl 
inder  PPV  or  dV  —  ny2dx,  and  consequently  V  =  rffy2dx  .  .  .  (X) 
the  required  formula. 

To  apply  ( X ),  we  substitute  for  y2  its  value  in  terms  of  x  derived 
from  the  equation  of  the  bounding  curve  AB,  and  then  integrate  be 
tween  the  given  limits. 
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112.  1.  The  sphere. 

Here  the  equation  of  the  circle  which  hounds  the  generating 
area  is  x2  4-  y2  —  r2. 

.  • .  V  =  f  tfy2dx  =  rf  f  (r2  —  x2)dx  —  <x(r2x  —  ^  x3)  -f*  C. 

O 

Put  V  —  0  when  x  =z  —  r, 


then  C 


=  _c(>r3_,3)=^,3. 


1  2  4 

.  * .  V  —  <it  (r2x  —  77  x3)  +  —  <xr3  and  when  x  =  -j-  r,  V  =  -  rfr3. 

o  o  o 

2.  The  ellipsoid  of  revolution,  generated  by  the  revolution  of  the 
semi-ellipse  about  its  greater  axis  2a. 

J)2  b2ttf  b2tf  1 

Here  y2—  —  (a2— x2).  .  •.  V=— —  f(a2—x2)dx—  —7(a2x —  -;z3)-f-  C*, 

which  gives  between  the  limits  x  —  —  a  and  x  =  a. 

4  2  2 

F  =  -  vlra  —  —  (2a  .  rfb2)  =  —  circumscribing  cylinder, 
o  o  o 

3.  The  paraboloid  of  revolution 

y2  =  2p.r.  F  =  2tfp  f  xdx  =  tfpx2  -j-  (7. 

If  F  =  0  when  #  =  0  ;  then  C  =  0  and  F  =  tfpx2 ; 

which  becomes,  when  x  —  xl  and  y  =  y2, 

F  =  tfjyx2  —  i  xx .  rfyi2  =  i  circumscribing  cylinder. 

/V 

4.  The  parabolic  spindle  generated  by  the  revolution  of  the  para¬ 
bolic  area  A  QB  about  the  double  ordinate  AB. 

Put  OQ  —  a,  OA  z=z  6,  0D  z=  .r,  DP  =  y,  Then  QC  —  a  —  y. 

/*  /  ^2  \  2  ^  f 

x2=  2p  (a — y)  and  V=<n J  yi —  —  j  dx—  -^/(4a2p2  —  4ay.r2-j-.r4)o?.r, 

’■) 


X' 


.  * .  F  =  rf  (a2x  —  77—  + 

\  op  20p2 


+  (7. 
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But  if  F  =  0  when  x  —  0,  then  0  =  0 ;  and  when  a;  =  Oyi  =  6. 


F 


=  -  -  jjT  + 


3p  '  20 p2 


J5  \ 

2(p/; 


or  since 


IA_ 

2? 


=  a. 


(2  1  \  8 

1  —  —  +  7  j  =  —  =  volume  A  Q  0. 

1 G 

.  * .  volume  A  QB  =  —  rfa2b. 

1 1) 

5.  The  volume  generated  by  the  revolution  of  the  cycloid  about 
its  base. 

Put  0  V  =  2r,  OD  —  x,  DP  =  y,  IV  =  2  =  2r  —  y. 

Then  from  the  equation  of  the  cycloid, 

-J  ,  and  since  dz  =  —  dy. 

Y 


dx  1 

'2  r  —  z\ 

1 

1 

k  -  i 

1 

5^>  1 
^  , 

(2  r  -  z 

dy  ' 

l  *  . 

_  ( 

f  y 

—  1 

l  Or  —  ■»/ 

)‘ 


. • .  V=*fy2dx  =  —  qr/y2^— —*fy2(2r—y)lsdy. 

But  by  formula  (tI), 

5  _i  1  6 

„  ■<>  ,  It?, 


fy\2r-y)  2dy-  —  ^{2r-yf+^r/y2(2r-y)^dy 

o  o 


fy^(2r—y)  2dy=—^-y'2{2r—y)1*+^rfy2(2r—y)  * dy 

&  A 


fy^{2r—y)  2dy=—y^(2r—y)2  +  rfy  *(2 r—y)  ^ dy . 


1 

2 


Also  f  y  2  (2 r  —  y)  ^ dy  —  j — 


dy  .  ,  y 

_ — - =  versin  1  — 

V*nj  —  y2  r 


__  4/1  4  5  f  5  4  \  5  0  .  ,  y 

.  F  =^(2r— y)“^-y2  +  -y^’+ -y2r2j— -<7rr3. versm-1  ^  f  C. 


5_i 
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5 


Pat  V  =  0  and  y  —  2 r.  Then  C  =  -rbr2,  and  when  y  —  0. 

/W 


V  =  -  r3#2  =  volume  B  V 0. 
2 


5 


.  *.  volume  B  VA  —  5 r3n2  =  2 tfr  —  tfr2  =  -  circumscribing  cylinder. 


G.  The  volume  generated  by  the  revolution  of  the  cycloid  about 
its  axis.  (See  last  Pig.).  * 

Put  VI  —  x,  IP  =  y,  F 0  —  2 r,  and  to  facilitate  the  integration, 
introduce  the  variable  angle  VCE  =  <1. 

Then  a:  =  r(l  —  cos  d),  y  =  r(sin  d  -j-  d),  dx  —  r .  sin  dcD. 

.  * .  V  =.  rff  y2dx  —  <ifr2  f  (sin3d  -j-  2d  .  sin2J  +  d2 .  sin  6)dc 5. 

1  2  4 

But  /sin3d . c7d  = — -sin2d.cosd — -cosd  — from  d  =  0  to  d  =  <r. 

o  o  o 


2 /d .  sin2d  .d)  =  /J  .  c?d  —  /d  .  cos  2dci?d 


=  5«*' 


1  1 

-  d  sin  2d  -|-  -  /sin  2d .  c?d  by  integrating  by  parts. 

A—J  A— I 


=  id2  —  i  d  sin  2d  —  i  cos  2d  —  \  v2  from  d  —  0  to  d  =rf, 
2  2  4  2’ 

and  /d2.  sin  d .  d)  =  —  d2  cos  d  -f-  2  /d  .  cos  d<id 

—  —  d2  cos  d  +  2d  sin  d  —  2  / sin  dc?d 
=  —  d2  cos  d  4~  2d  sin  d  +  2  cos  d 
=  rf2  —  4,  from  d  =  0  to  d  =  k. 


.  * .  Entire  volume  =  n rr3 


113.  Prop.  To  obtain  a  general  formula  for  the  volume  of  all 
solids  which  are  symmetrical  with  respect  to  an  axis. 

Such  solids  may  be  generated  by  the  motion  of  a  plane  figure,  as 
ABCD ,  of  variable  dimensions,  and  of  any  form,  whose  centre  G 
remains  upon  the  axis  OX ,  its  plane  being  always  perpendicular  to 
OX ,  and  its  variable  area  X  being  a  function  of  x,  its  distance  from 
the  origin. 
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By  a  method  entirely  similar  to 
that  applied  to  solids  of  revolution, 
we  may  show  that  d  V  =  Xdx, 

and  .  • .  V  =  f  Xdx  ....  (X^, 

the  required  formula. 

To  apply  (X)  we  must  express  the 
value  of  the  area  X  in  terms  of  x ,  and  then  integrate  between  the 
proper  limits. 

Cor.  The  same  formula  is  applicable  to  any  solid  generated  by 
the  motion  of  a  section  of  variable  dimensions  parallel  to  a  given 
plane,  when  the  area  of  the  section  can  be  expressed  in  functions  of 
its  distance  from  the  fixed  plane. 

114.  1.  The  ellipsoid  with  three  unequal  axes. 


Here  we  have 


t+£-+^  =  i, 


a 2  b 2  e2 


or  b2c2x 2  +  a2c2y2  +  a2b2z2  —  a2b2c2. 

Make  CC^  —  x ,  and  put  successively 

y  —  0  and  z  =  0. 

Then  when 

y  —  0,  z  —  ^ y/a2  —  x 2  =  BlC1\ 
and  when 

z  —  0,  y  —  --y/a2  —  x2  =  B1C1. 


<rrbc 


.  * .  area  BlDlFxEl  —  X  =  — —  (a2  —  x2)  ; 


and  this  value  substituted  in  (Xx)  gives 


V  —  f  (a2  —  x 2)  dx  =.  (a2x  —  -  x3)  -j-  C. 

CL  ^ 


ac 


vhc  2 


Fut  V  =  0  when  x  =  —  a  ;  then  C  =  .— -*-a3,  and  when  #=-1-0 


a 2  o 


V  —  —rfbca  =  entire  ellipsoid  —  ~  circumscribing  cylinder. 
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2.  The  elliptical  paraboloid  cz 2  +  fy/2  =  a2x. 
Put  successively  y  =  0  and  2  =  0 ; 


then 

CB  =  a 

Then 

X  = 

©*■ 

rfa2x 

■  • 


and  CD  =  a 


And 


F  = 


/*  1  n ra2x2 

j  X  .dx  =  —  — 7Z=T  +  (7. 


2 


If  F  =  0  when  X  =  0,  then  (7=0,  and 


1  <7ra2£2 

2^T' 

.  • .  When  a  =  OA-x1  V  = 

cylinder. 

«/ 


=  —  circumscribin 
2  ]  1  2 


o 

» 


3.  The  groin  or  solid  formed  by  the  intersection  of  two  cylinders 
whose  axes  are  perpendicular  to  each  other. 


But  F  =  0  when  x-  =  0,  .  • .  (7=0,  and  when  x  =  r, 

V—  -  r3=  ^  r .  2r .  2r=  ^  circumscribing  parallelopipedon. 
o  o  o 


2d.  Let  the  bases  be  unequal  parabolas. 

Then  the  generating  section  will  be  a  rectangle. 

OG  =  a,  GE=b,  E A  —  bv  OGl  =  x,  GXEX  =  y,  EYA^  —  y3 
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Then  y2  —  2px,  y p  =  2ppc.  .  * .  X  =  2 y .  2yl  =  8 xyfppY. 

V  :z=.  f  Xdx  —  8  \Zpp~i  f  xdx  =  Ax2^/ppl  —  2x .  yyx,  and  when  x  =  a. 

V  —  2 abbx  —  .  2b .  2bx  =  i  circumscribing  parallelopipedon. 

/V  /w 

4.  The  Conoid,  with  a  circular  base. 

Put  DA  =  a,  DE  =  2 r,  DG  =  x,  GI  =  y. 

Then  the  generating  triangle  IFH  —  X  —  ay 

—  ay2rx  —  x 2. 

.  * .  V  =  f  Xdx  —  a  J  -y /2rx  —  x2.  dx 

~  a  .  segment  DGH. 

and  when  x  =  2r,  V  =  a  •  (semi-circle  DUE). 

or  volume  conoid  =  ~  volume  circumscribing  cylinder. 

2  °  ^ 

Cor.  A  similar  result  will  be  obtained  if  we  suppose  the  base 
to  have  any  other  form,  the  generating  triangle  being  still  perpen¬ 
dicular  to  the  base. 

115.  Prop.  To  obtain  a  general  formula  for  the  volume  of  a  solid 
bounded  by  any  curved  surface,  whose  equation  is  referred  to 
rectangular  co-ordinates. 

First  suppose  the  volume  bounded  by  the  co-ordinate  planes  of 
xy ,  xz,  and  yz,  by  planes  parallel  to  xz  and  yz ,  respectively,  and  by 
the  curved  surface  Calb,  whose  equation  is 

z1  =  F  (x,y). 

Put  OAx  —  x ,  OBx—AxPx  =  y, 

Pi  Pi  =  PiP  = 

Axax  —  dx,  P1  Gx  —  dy,  pxp  —  dz. 

Let  the  volume  be  intersected  by 
planes  AGX  and  alx,  parallel  to  yz, 
and  including  between  them  the 
lamina  or  slice  AXI :  let  this  la¬ 
mina  be  cut  by  planes  blx  BDX,  &c., 
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dividing  it  into  prisms  such  as  PIV  &c.  ;  and,  finally,  let  each  prism 
he  subdivided  into  elementary  paralleiopipedons,  such  as  zxd  by 
planes  parallel  to  xy,  the  successive  planes  being  at  distances  from 
each  other  denoted  by  dx,  dy ,  and  dz,  respectively.  Then  the 
volume  of  one  of  these  elementary  paralleiopipedons  will  be 
expressed  by  dxdydz ;  and  if  this  be  integrated  with  respect  to  g, 
regarding  x  and  y  as  constant  between  the  limits  z  =  0  and 
z  =  zx  =  PXP  —  F (x.y),  the  result  obtained  will  represent  the  sum 
of  all  the  paralleiopipedons  contained  in  the  prism  PIV  A  second 
integration,  with  respect  to  y,  between  the  limits  y  —  0  and  y—A^G^ 
will  give  the  sum  of  the  prisms  contained  in  the  lamina,  AIX ;  and  a 
third  integration,  with  respect  to  x,  between  the  limits  x  =  0  and 
x  —  Oci-l,  will  give  the  sum  of  the  laminae,  which  constitute  the  entire 
volume. 

Henc^  the  required  formula  is 

V  =  Iff  dxdydz . (1). 

The  symbol  /// denotes  three  successive  integrations,  with  respect 
to  the  variables  x ,  y ,  and  g,  and  the  result  is  called  the  triple  integral 
of  dxdydz. 

Cor.  If  the  volume  were  bounded  on  every  side  by  the  curved 
surface,  the  same  formula  (1)  would  apply,  but  the  limits  of  inte¬ 
gration  would  be  different,  those  of  the  first  integration  being 
z  =  gj  and  g  =  g2  where  gx  and  z2  are  the  two  extreme  values 
of  g  corresponding  to  the  same  values  of  x  and  y,  and  derived  from 
the  equation  of  the  surface ;  those  of  the  second  integration  being 
y  —  yx  and  y  =  y2,  the  extreme  values  of  y  corresponding  to  the 
same  value  of  x ,  and  derived  from  the  equation  of  the  section  per¬ 
pendicular  to  OX ;  and,  finally,  those  of  the  third  integration  being 
xx  and  x2,  the  extreme  values  of  x. 

116.  1.  The  tri-rectangular  spherical  sector. 

Here  the  limits  of  the  integration  are  g=0  and  PXP  =  yr2-- x2— y2, 
y— 0  and  y—D^E—  yV2— x2,  x—0,  and  x=  OA—r. 
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.  • .  V  =  i  rff(r2  —  x2)dx  —  rf  ^  r2x  —  —  £3^  =  -  tfr3 


between  the  limits. 


2.  The  volume  cut  from  a  paraboloid  of  revolution,  the  equation 
of  whose  generating  curve  is  y 2  =  2p>x,  by  a  right  cylinder  with  a 
circular  base,  its  axis  passing  through  the  focus,  and  the  diameter  of 
its  base  being  equal  to  p. 

The  equation  of  the  paraboloid  being  y2  +  £2  =  2 px,  and  that  of 
the  cylinder  y2  —  px  —  x 2,  the  limits  of  integration  in  the  present 
case  will  be 


2=4-  -y/2px  —  y2  and  2  =  —  -y/2px  —  y2, 

y  =  -y/px  —  x2  and  y  —  —  -y/px  —  x2, 
x  —  0  and  x  =  p. 

*.  V — ff fdxdydz— f fzdxdy = / f2(2px—y2)^dxdy. 

dy 


But  f{2px— y2)^dy=~7y(2px— y2)^  -{-px j^= 


x—y* 


=  \y(2px  —  y‘z)^Jr  vx  • sin_1  "7= 
z  y2px 


=  x-yf p2  —  x2  4-  2 px .  sin-1  \  — — — -  between  the  limits. 

V  2 p 
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(Pidx  -f-  Qxdy)  -f  (P2dx  -f  Q2dy)  =  0 . (2), 

and  let  z1  and  z2  be  the  factors,  which  will  render 

Pxdx  +  Qxdy  and  P2dx  -j-  Q2dy  separately  integrable. 

Put  zx{Pxdx  -f-  Qxdy)  —  dux  and  z2(P2dx  +  <22dy)  —  du2 

Then  zlFlu1  and  z2F2u2  will  also  be  suitable  factors  to  render  the 
two  parts  separately  integrable.  If  therefore  we  can  so  select  Fxu, 
and  F2u2zs  to  fulfil  the  condition 


zxFlul  =  z2F2u2, 

either  of  those  factors  will  render  the  entire  equation  integrable. 
167.  1.  To  find  the  primitive  of 


adx  bdy  cxndx 

-  +  — - T  — —  0 

x  y  yb 


(!)• 


This  can  be  resolved  into  the  two  parts 

adx  bdy  ,  cxndx 
- b  —  and  — 


b  ’ 


x  y  y* 

the  first  of  which  is  an  exact  differential,  and  therefore  zx  —  1  ;  and 
the  second  can  be  rendered  exact  by  the  factor  yb  —  z2. 

=  a  log  x  +  b  log  y  —  log  ( xa .  yb) . 

/T  (  cx'.dxW 

“*  =J  Pi — yn\  =f  (- cxHx >  =  t+t 

Hence  we  must  endeavor  to  satisfy  the  condition  zxFxux  —  z2F2u2 ,  or 
1  X  Fx  [log  (*«/)]  =  '/■ 

(£-£n+l\ 

- -j-yj  =  Xk'*n 

in  which  k  and  kx  are  undetermined  constants.  Then 

yko.ykb  —  ybyk\n^ 


25 
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a  condition  which  will  be  satisfied  by  making 

kb  —  b  and  ka  =  or  k  =  1  and  —  — • 

n 

Hence  xayb  is  the  required  factor. 

Now  multiply  (1)  by  xayb,  and  there  will  result 

axa~l  ybdx  -f-  bxayb~l  dy  —  cxa+n  dx  —  0, 

which  is  exact,  since 

d{axa~l  yb  —  cxa+n )  d(bxayb~l ) 

dy  dx 

and  the  required  solution  is 

^a+n+l 


xayb  — 


a  +  w  +  1 


+  a 


2. 


i  arafy  —  ydx  —  i  acta1  =  0. 


This  can  be  resolved  into  i  xdy  —  ydx ,  and  —  ^  adx ,  of  which  the 

first  will  be  rendered  exact  by  the  factor  zx  =  — ,  and  the  second 

xy 

is  already  exact,  giving  z2  —  1 . 

•  ‘  =fiy  (I xdy  ~ ydx)  =flj  -Jr  =  l0s  r 


lie 


=  /(  —  ^ adx)  -  —  -ax, 


and  wre  must  satisfy  the  conditions 

£ 

/ 

xy 


i 


Assume  .F,  (loS  7)  =  Jr  •  =^> 


•••^(-5“)  =  1 


xc 


and 


also. 
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1 


Hence  — -  is  the  proper  factor. 


x 


1  xdy  ydx  1  odx 


o 

/V 


X 


.3 


X c 


x- 


= 0 , 


which  is  exact,  and  the  solution  is 


+  o  '  pi  +  0  =  0  Gr  V  +  0x2  +  2  “  °* 


168.  Prop.  To  determine  the  factor  necessary  to  render  a  differ¬ 
ential  equation  exact,  when  that  factor  is  a  function  of  one  variable 
only. 

Let  Pdx  +  Qdy  =  0  .  .* .  .  (1)  be  the  given  equation,  and  z  =  Fx 
the  required  factor. 


.  • .  zPdx  +  zQdy  =  0  will  be  exact,  and  therefore 


d(zP) _ d(zQ) 

dy  dx  5 


or  since  z  does  not  contain  y,  and  therefore 


dP  __  dQ  dz 

dy  Z  dx  dx 


’  *  2  ~  Q  L  dy  dx  J 


Here,  by  hypothesis,  the  first  member  does  not  contain  y,  and 
therefore  the  second  member  must  be  independent  of  y  also.  Con¬ 
sequently 


logs 


dQ~\  dx 

dx  J  Q 


=  cpx  and 


the  required  value. 


169.  1.  Given  ydx  —  xdy  =  0  ...  .  (1). 
Suppose  z  to  contain  x  only. 


dP 

dy 


(hJ  1 
dy 

dQ  

d(—x) 

dx 

dx 

r  dp 

d  dx 

2  dx 

L  dy 

dx  J  Q 

X 

.  * .  log  z 


P2dx  1 

J  —  =  l0S^2  and  2  = 


X* 
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Multiplying  (1)  by  —  we  get 


ydx  —  xdy  '  y  „ 

—  =  0  and  -  —  6  or  y  =  Cx. 


x* 


x 


2.  The  linear  equation  dy  -f*  Xydx  —  Xydx  —  0. 


«  dP  d(Xy  —  Xj)  ,  dQ 

dy  dy  dx 

.  • .  log  z  —  fXdx  and  z  —  efxdx,  the  factor  sought. 

Multiplying  (1)  by  this  factor,  we  have 

«.  efxdz.dy  -}-  efxdx  Xydx  —  efxdz  Xydx  —  0,  which  is  exact. 


0. 


Remark.  The  value  of  0  found  by  the  method  just  explained,  was 
obtained  by  assuming  that  a  factor  containing  x  only  can  be  dis¬ 
covered ;  but  since  such  factor  may  not  exist,  it  will  be  proper  to 
apply  the  test  of  integrability  to  the  transformed  equation. 


170.  Prop.  To  determine  the  factor  necessary  to  render  a  homo¬ 
geneous  differential  equation  exact. 


1  Let  Pdx  -f  Qdy  —  0 . (1) 


be  a  homogeneous  differential  equation,  the  coefficients  P  and  Q 
being  each  of  the  nth  degree ;  and  let  the  factor  z  be  of  the  rnth 
degree.  Then 

zPdx  +  zQdy  —  0 


will  be  exact,  homogeneous,  and  of  the  ( m  +  n)th  degree. 

Hence,  by  the  rule  for  integrating  homogeneous  exact  differentia? 
expressions,  we  have 


f(zPdx  +  zQdy)  — 


zPx  +  zQy 

■  ■  ■  ■-  . .  . • 

m  -J-  n  +  ] 


zPx-\-zQy  (m  +  w-f  l)d 

*  *  — T — TTT  ~  ”  and  2  =  5 

m  n  - f-  1  Px  +  Qy 

or,  since  C  is  arbitrary,  we  may  put  (vz  +  n  -j-  1)  C  =  1. 
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.  *.  z  = 


1 


is  a  suitable  factor. 


Ex. 

Here 


Ex  -f  Qij 

(xy  +  y2)dx  —  (x2  —  xy)dy  =  0 . (1). 

xy  y2  —  P  and  —  x 2  -f*  %y  —  Q* 

i  r 


.  *.  z  = 


Px  +  Qy  2  xy2 


-r  i  •  .  \  i  dx  ,  dx  xdu  ,  d\f  . 

Multiply  (1)  by  — -^1+^  =  0. 


••  l'r  +  5los*  +  5losy=  c>  or  +  los (*y)  =  °i- 

y  -w  // 


Geometrical  Applications  of  Differential  Equations  of  the 

first  order  and  degree. 

171.  1.  Determine  the  curve  whose  tangent  PT  is  a  mean  pro¬ 
portional  between  the  parts  A  T  and  BT 
of  its  axis,  intercepted  between  the  tan¬ 
gent  and  two  fixed  points  A  and  B. 

Place  the  origin  at  B ,  and  put 

BD  —  xx  DP  yl  BA  —  a. 

di/ 

The  equation  of  the  tangent  is  y  —  y1  —  — — .  ( x  —  xx), 


in  which  when 

and 


_  dx.  ^ 

y=0’ 

dx 

xx-  yi—D  =  BD  +  DT  =  BT, 
ay  i 

•  *  •  AT  —  xx  yx 


dxx 

dyx 


a, . 


PT2=zPD2+DT 2  =  yi‘+y? 


dx 2 
dy2 


And 
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Hence,  by  the  conditions  of  the  problem, 

PT 2  =  BT  X  AT,  or  y x2  +  V\ 


2  rfrl 2 


= (*>  - 2/1 6)  (*>  - 2/1 S  -  “•)• 

Reducing,  and  omitting  accents,  we  get 

y2cly  =  a;2c?y  —  2  xydx  —  a.rc/y  -J-  aydx , 

which  is  the  differential  equation  of  the  required  curve. 
This  may  be  written 

_  2  xydx  —  x2du  ydx  —  xdy 

cbj  +  - - - l  =  aJ- - ~ - d-  ; 

2/2  3/2 

and,  since  both  members  are  exact,  we  get  by  integration 


y  +  - —  =  a — f-  C7,  or  #2  +  2/2  —  a#  —  Cy= 0 ;  or,  finally, 

%J  %) 

{*-\°-Y  +  {y-\cY  =  \(°?+  t'2), 

which  is  the  equation  of  a  circle  whose  radius  is  i  y*a2  +  6'2 ;  and 

the  co-ordinates  of  whose  centre  are  ^  a  and  ^  C\  the  latter  co-ordi* 
nate  being  arbitrary. 

2.  Find  the  curve  in  which  the  subtangent  is  constant. 

Let  x1y1  be  the  co-ordinates  of  the  point  of  contact. 


x 


Then,  subtangent  =  —  y1 


dxx 

d'J\ 


—  —  a. 


dx 

a 


.  * .  log  cy  =  — ,  cy  —  ea . 

This  is  the  equation  of  the  logarithmic  curve. 

o.  To  find  the  curve  in  which  the  subtangent  is  equal  to  the  sum 
of  the  abscissa  and  co-ordinate. 

The  differential  equation  of  the  curve  will  be 
dx 
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.  • .  y2  -f-  2ry  —  P,  a  hyperbola. 
4.  The  curve  in  which  the  subnormal  is  constant. 

Subnormal  =  y~  —  a.  .  *.  ydy  —  adx. 

.  • .  y2  =  2 ax  +  C,  a  parabola. 


172.  Prop.  To  find  the  equation  of  a  trajectory  or  curve  which 
shall  intersect  all  the  curves  of  a  given  family  in  the  same  angle. 

Let  $(x.y,a)  =  0 . (1) 

be  the  equation  of  a  class  of  curves,  in  which  the  parameter  a  may  take 
any  value ;  and  let  t  —  tang  /3, 
where  /3  represents  the  con¬ 
stant  angle  of  intersection. 

Suppose  a  to  take  a  parti¬ 
cular  value,  al  and  let 
be  the  particular  curve  in  the 
general  class  resulting  from  this  supposition.  Then,  if  xlyl  denote 
its  general  co-ordinates,  its  equation  will  be 


9 0*i,  3T,  ai)  =  0.  .  .  .  (2), 


and  the  differential  coefficient 


dy  i 
dxj 


derived  therefrom,  will,  when  ap¬ 


plied  to  the  point  P,  express  the  trigonometrical  tangent  of  the  angle 
PTX  or  Vj,  included  between  the  tangent  P  T  and  the  axis  of  x. 
Also,  if  x  and  y  denote  the  general  co-ordinates  of  the  required 

trajectory  CPD,  the  differential  coefficient  given  by  its  equation, 

Cl  tC 

will,  when  applied  to  P,  give  the  tangent  of  PLX  or  v. 


But  13  =  ^ 

or  by  substitution, 


—  v.  .  • .  tan  /3  — 

dy  i  dy 
dxx  dx 

~  1  q.  d-f/i  .  di/ 
dxl  dx 


tan  i\  —  tan  v 
I  -f*  tan  vx  tan  v 


•  •  •  • 


(3). 


392 


INTEGRAL  CALCULUS. 


Now  at  the  point  P,  where  the  curves  A lBl  and  CPD  intersect, 
xl  ~  x  and  yx  =  y.  Hence  can  be  expressed  in  functions  of 
x ,  y ,  and  ax,  and  therefore  (3)  may  be  written  thus 

F{x>  %,  «i)  =  0 - (4)- 

But  (2),  when  applied  to  P,  gives 

<?(*,  V,  «i)  =  0  .  .  .  .  (5). 

If  then  oq  be  eliminated  between  (4)  and  (5),  the  resulting  equa¬ 
tion,  being  independent  of  the  position  of  the  particular  curve  AXBV 
will  apply  to  all  points  in  the  required  curve  CPD. 

173.  1.  Determine  the  curve  which  cuts  at  right  angles  all  straight 
lines  drawn  through  a  given  point. 

Let  x2y2  be  the  co-ordinates  of  the  given  point. 

The  equation  of  one  of  the  straight  lines  passing  through  that 
point  will  be  of  the  form 

Vi-y2  =  «i(*i  -*2)- 

.  * .  cp(xlyla1)  z=Vl-y2  —  ax(xx  -  x2)  =  0  and  =  av 


Also  t  —  tan  ^  cr  —  go. 

.■w 


dyx  dy 
d. i\  dx 

x  j  dyx  dy 
dxx  dx 


—  go.  and  consequently 


t  ,  dV\  dy  dy 

1  - —  =  0  or  —  •  ax  =  —  1  .  .  .  .  ( 1 ). 

dxx  dx  dx 

Also  at  the  point  of  intersection 

y  —  y2  —  ai  {x  ~~  *r2)  =  o . (2). 

Now  eliminating  ax  between  (1)  and  (2),  we  get 
dv 

x  ~~x2  + 1 ^  (y  —  2/2)  =  °?  or  xdx  —  x2dx  -f  ydy  —  y2dy  =  0, 


which  is  the  differential  equation  of  the  curve. 
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And  by  integration  i  x2  —  x2x  -\-\y2  —  y^J  —  Q 

/W  /V 

or  (x  —  x2)2  +  (y  —  y2)2  =  2  C  +  x2  +  y22. 

Hence  the  curve  sought  is  a  circle  whose  centre  is  at  the  point  x2,  y2 , 
and  the  radius  arbitrary. 

2.  The  curve  which  cuts  at  an  angle  of  45°  all  straight  lines 
drawn  through  the  origin. 


Here 


<p(*i>  y»  «i)  =  Vi  —  aix\  =  o. 

.  * .  ~~  =  a,  also  t  =  tan  45°  =  1. 
dx1 


dy  dy 

•'•l  +  a'tx  =  a'~Tx 


(1),  and  y  —  axx  0 


(2). 


^  y  dy  y  dy  _  _  _ 

Eliminating  av  1-1 —  •  —  =  - -  or  xdx  +  ydy  —  ydx  —  xdy. 

X  X  (XX 

This  being  a  homogeneous  equation,  it  will  be  rendered  exact  by 

multiplying  by  — — — — —  =  — - -• 

1  -  &  J  Px  +  Qy  x2  +  y2 


xdx  -f-  ydy  ydx  —  xdy 


„  ,  „  •  .  ‘ .  log 

x 2  +  y 2 


pe2  +  y2jj-_  _ 


tan- 


-i  i. 

x 


x2  -f  y2 

Put  y  —  r  sin  x  —  r  cos  (yr  —  $)  —  —  r  cos  .  * .  r  =  (x2  -}-  y2) 

?/  r 

and 


i 


y  .  ,  r  .  _  o 

-  =  —  tan  6.  .  • .  log-  =  d  and  r  =  ce  , 

x  c 


the  equation  of  the  logarithmic  spiral. 

3.  The  curve  which  cuts  at  right  angles 
all  parabolas  having  a  common  vertex  and 
coincident  axes. 

Here  <p(aq,  y1?  <q)  =  y?  —  2 aqaq  =  0. 

.  dj/i  __  <*i  _ 

‘  dx1  ~  yx  ~  y 

Also  t  =  CD.  .*.  1  +  —  •~=z0.... 

y  dx 


(1), 


894 


INTEGRAL  CALCULUS. 


and 


y 2  —  2 axx  —  0  .  .  .  .  (2). 


?/  du 

Eliminating  a,,  1  -j-  -d— .  _y-  —  0  or  2 xdx  +  ydy  =  0. 

2x  ax 

1  x 2  Ip 

■  +  =  ci,  or  —  +  -^  =  h 

O  /Sr  1/ 

This  is  the  equation  of  an  ellipse  whose  axes  have  the  ratio  1:^2. 


CHAPTER  III. 

DIFFERENTIAL  EQUATIONS  OF  THE  FIRST  ORDER  AND  OF  THE 

HIGHER  DEGREES. 


174.  These  equations  contain  the  several  powers  of  the  coefficient 
d  ?/ 

—  to  the  nth  power  inclusive  where  n  denotes  the  decree  of  the 
dx  L 

equation.  The  most  general  form  of  such  an  equation  is 

...  +  s^+r=o....  (i), 


dyn  _  dyn~l 

4-  P 


dxn 


d(in~ 2 

*F I  +Qd^  +  &c- 


which  equation  can  be  derived  from  its  primitive  only  in  attempting 
to  eliminate  the  nth  power  of  a  constant  c  between  the  primitive 
and  its  direct  differential.  For  the  direct  differential  contains  only 

the  first  power  of  and  therefore  cannot  be  identical  with  (1)  ;  but 

C LJu 


if  we  suppose  the  primitive  to  contain  several  powers  of  the  same  con¬ 
stant  c ,  as  c1,  c2,  c3  •  •  •  •  cn,  and  resolve  with  respect  to  c ,  there  will 
result  n  values  of  c ,  from  each  of  which  c  will  disappear  by  differen¬ 
tiation  ;  and  each  of  the  resulting  differential  equations  will  contain 

di/ 

only  the  first  power  of  each  being  a  factor  of  (1 ),  Hence  by  multiply- 
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mg  together  these  n  equations,  we  shall  produce  (1).  If  therefore 

dy 

we  resolve  (1)  with  respect  to  — ,  thereby  ascertaining  its  n  con- 

tUb 

stituent  factors  of  the  first  degree,  then  integrate  each,  annexing  the 
same  constant  c  to  every  result,  and  finally  multiply  the  results  to¬ 
gether,  the  complete  primitive,  which  includes  all  these  separate 
results,  will  be  obtained.  It  will  be  obvious,  that  in  order  to  render 
this  method  applicable  to  all  equations  of  the  first  order,  it  would 
be  necessary  to  have  a  process  for  the  solution  of  equations  of  all 
degrees. 

Unfortunately  no  such  process  is  known. 

175.  1.  To  find  the  complete  primitive  of  the  equation 

d y2 


dx2 


er 


(i). 


dy 


Resolving  with  respect  to  — r— ,  we  get 

tlJu  , 

^=+a....  (2),  and  ~  =  —  a  .  .  .  .  (3). 

Integrating  (2)  and  (3),  and  annexing  the  same  constant  to  each, 
we  have 

y  =  ax  +  c  .  .  .  .  (4),  and  y  —  —  ax  c  ...  .  (5), 

either  of  which  satisfies  the  given  equation  (1).  It  is  also  satisfied 
by  their  product. 

(y  —  ax  —  c)  {y  -f-  ax  —  c)  =  0, 
or  y 2  —  2cy  —  a2x2  -f-  c2  =  0 . (0). 

For,  by  differentiating  (6), 

2ydy — 2cdy — 2a2xdx=0 ,  and  c=y- 


a2x 


This  value,  substituted  in  (G),  gives 

y 


2a2xy  2a2xy 

2  —  - y 2  d — j — ■  —  a2x2  -j-  y2 - j — ■  + 


dy 

dx 


a^x2 


dy 

dx 


dy  dy‘4 


=  0; 


dx 


dx< 
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or,  by  reduction, 

which  is  identical  with  (1). 


dy2 
dx 2 


=  a2. 


2. 


dx 2 


ax  ...  .  (1). 


%=+aK*  and  £  =-«*«*. 
aa;  aa; 


0  13 

^  2 


9.  4  i 


.  •.  By  integration  y  —  -a x'  c,  and  y  =  —  -  ax  +  c. 


2  J-  £ 


•  *  •  (y  —  — c)  (y  +  u  c)  =  °5 

o  o 


or 


3. 


(y  —  e)2  =  -  aa:3  the  complete  primitive  of  (1). 

t J 

Jjt  +  »/!.  -  v  -  o  m 

J  d^+  dz  y~  —  > h 


dy  x  (y2  +  a;2): 
dx  ~ 


.  • .  ya:  =  ± 


y 


y 


aryar  +  yt/y 

V*H-  y2 


i  1 

*.  a:  =  4*  (^2  +  y2)  +c,  and  a:  = — (a:2+y2)  +  c* 


.  * .  (a;  —  c  —  y/x2  -f  y2)  (a:  —  c  -j-  ya.-2  -f  y2)  =  0,  or  y2  =  c2  —  2car 
4.  Determine  the  equation  of  the  curve  which  has  the  property 

s  =  ax  +  £>y. 


Here 


ds  _  ,  ^y2"|i_ 

^  L  ^  y.r2J 


a  -f-  b 


dy_' 

dx 


,  dij2  dy  ,  52y?/2 

•  ’  •  1  +  -jp  =  a2  4*  v — b  ■  /  2  • 

a.c2  dx  aa:2 

yy2  ,  2a  6  y?/  1  —  a2  _ 

+  To — r  *  ~r  =  - r>  and 


ya:2  &2  —  1  dx  b2  —  1 
dy  ab  -y/a2  +  b2  —  l 


dx  1  —  b2 


b2  —  1 


=  m  =fc  n. 


.  ‘ .  y  —  ??aa:  wa;  +  c,  and  y  =  ma  —  ??#  -f  c. 
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.  * .  y2  —  m2x2  —  n2x 2  -f-  2 cmx  -j-  c2. 

This  is  the  equation  of  two  straight  lines,  which  intersect  on  the 
axis  of  y ,  and  which  become  imaginary  when  a2  +  b2  <  1.  Suppose 


a  =  \  /  ~  and  b 


a2  +  b2  =  1,  ab  —  i  and  1  —  b2  —  i 


o 

/W 


v; 


.  * .  in  —  1  and  n  —  0,  .  • .  y  =  #  +  c, 

and  the  two  lines  become  a  single  line,  inclined  to  the  axis  of  a;  in 
an  angle  of  45°. 

176.  When  the  proposed  differential  equation  cannot  be  resolved 
with  respect  to  its  primitive  may  still  be  found  in  certain  cases, 

WiV 

the  principal  of  which  will  be  examined. 

Case  1st.  When  the  equation  contains  only  one  of  the  variables, 

and  the  solution  with  respect  to  that  variable  is  possible. 

Let  x  be  the  variable  which  enters  into  the  equation.  Put 
dy 

dx 


jcq,  and  resolve  with  respect  to  x.  The  result  will  be  of  the  form 


x  —  (ppx  ....  (1). 

But  since  dy  =.  pxdx,  an  integration  by  parts  will  give 

y  —  pxx  —  f  xdpx  ....  (2). 

Eliminating  x  between  (1)  and  (2),  we  get 

y=Pi-  Pih  -  S  VP  1  -dpi . (3), 

in  which  the  last  term  is  integrable  as  a  function  of  a  single  variable. 
Effecting  the  integration,  we  may  unite  the  result  thus 

y  =  FPi . (4)« 

Then,  eliminating  px  between  (1)  and  (4),  we  obtain  the  desired 
relation  between  x  and  y. 

177.  This  method  may  sometimes  be  applied  advantageously 
even  when  the  more  general  method  is  applicable,  provided  the 

dy 


differential  equation  can  be  solved  more  easily  for  x  than  for 


dx 
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Ex.  To  find  the  primitive  of  the  differential  equation 

dy2 


Here 


x 


X  z=. 


dx2 


+  x  —  1  =  0. 


1 


1  *f  Pi 


=  <PPi - (!)• 


dpi 


■  ■■y=  ft®  -  fm  ■  ~fi  + 


Pi 


tan-^j  -p  C 


1  +  p2 

But  from  (1),  Pi  =  x  anc^  ^  + 


(2). 


Pi 


2_i 

“s’ 


and  these  values  reduce  (2)  to 

y  ~{x  —  x2')1  —  tan-1^- - -^+  CJ. 

178.  When  the  equation  (still  supposed  to  contain  x  only),  cannot 
be  resolved  either  for  x  or  p 1?  we  may  substitute  xz  for  p lf  and  we 
can  then  divide  every  term  by  a  power  of  x ,  thereby  depressing  the 
degree  of  the  equation,  except  in  the  case  where  there  is  an  absolute 
term.  If  then  the  depressed  equation  can  be  solved  for  x  or  z,  we 
shall  have  either 

!  dy 

x  =  cpz,  and  p1  =  ~  =  zyz, 

Cl  X 

.  • .  dy  —  z.cpz.d(<pz).  and  y  =  / z.q>z.d(cpz),  ....  (5), 


or, 


dy 


z  —  (px,  and  jtq  =  =  zyx, 

Cl  %/\j 


.  *.  dy  —  x.vx.dx,  and  y  —  f  x.cpx.dx . (6). 

In  the  first  case  we  eliminate  z  between  (5)  and  x  =z  opz.  In  the 
second,  the  desired  relation  is  found  in  (6). 


Ex. 


*3  +  dP 

do:3 


ax 


dy 

dx 


=  0. 


Put  p^  =;  xz ,  then  x3  -(-  x3z3  —  ax2z  =  0,  and  x 


az 


1  + 


:;3) 


dy 


az2 


dx  1  -f-  z3' 


az 2  T  az  “I  a2(z 

r+73  c  Ll  +  zU  “  "77 


■zb) 


(i  + 


dz • 


dy 
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2z 3 


*  =  o“(T+P)i 


L  +  I0*_L_ 

+  a  i  +  23 


4*  c. 


This  relation,  together  with  x  ■=.  j- — ^  expresses  the  relation  be¬ 

tween  x  and  y. 

179.  Case  2d.  When  the  equation  is  homogeneous  with  respect 
to  x  and  y. 

Let  n  denote  the  degree  of  the  equation  in  x  and  y,  and  put 
y  ~  xz ,  then  the  equation  will  be  divisible  by  xn ,  and  if  the  trans¬ 
formed  equation  can  be  solved  for  z,  we  shall  have  a  result  of  the 
form 

2  =  (pPv  .  ' .  dz  —  d(yp^).  But  y  —  xz,  .  • .  dy  =  xdz  +  zch. 


or, 


dy  =  x  d  (ypi)  +  ypydx, 


dx 

x 


d($Pi) 

Pi  ~  9Pi 


and 


or,  pxdx  =  xd{ypi)  -f-  cppxdx, 


\oSx=  f =  Fp 
J  Pi  —  <PPi 


15 


This  combined  with  y  =  x$px,  gives  the  desired  relation  between 
x  and  y. 

Ex.  y  —  xp1  =  px2  .  x. 

Put  y  —  xz,  substitute  and  divide  by  x,  then 

Z  —p1=  yT+yq2,  Z  =  pl  -h  yT+  p x2,  dZ  —  dp j-j - ^~=z. 

V^+Pi2 

pxdx  —  dy  —  xdz  -f  sdx  —  xldpx-\ - — +  V^l  +  P^)dx, 

v  yi  +  px2/ 

dx  dp-i  P\dPi 

x  ~  yr + p2  1  +  Pi 

_  4 

.  log  x  —  —  log(^j  +  yi  +  Pi)—  log(l  4-  Pi2Y  4-  log  c. 

i 

c  c 

.  * .  x  =.  — -■  — - but  y  —  xz  z=.  ■ — - , 

yi  4-pi2(pi  4-  yr+Pi2)  vi  4-  p? 

^ /^2  .  .  y  t‘2)  _ 

.  • .  Pi~  — - ,  and  x{c  4-  y c2  —  y2)  —  y2, 

%/ 

the  desired  relation. 
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180.  Case  3 d.  Let  the  form  be 


»  =  'l+’(s>  •••(■)• 


in  which  does  not  contain  x  or  y. 

By  differentiation,  dl  =  Pl  =  Pl  +  x  &  +  ^  •  %'■ \ 
^  ax  ax  dpx  dx 


( 


<bfpAdPl  _ 
dpx  j  dx 


This  is  satisfied  either  by  making 
x  +  =  0,  .  .  .  .  (2),  or, 


dPi 


<¥1 

dx 


=  0 . 


(3). 


dflh 


Now  the  differential  coefficient  --  in  (2),  contains  only  jtq,  since 

< does  not  contain  x  or  y,  and  therefore  (2)  contains  only  x  and 

pv  If  then,  we  eliminate  p:  between  (1)  and  (2),  the  result  will  be 
a  relation  between  x  and  y.  But  this  relation  cannot  be  the  com¬ 
plete  primitive,  because  it  contains  no  arbitrary  constant.  We 
must  then  refer  to  the  condition  (3),  which  gives  by  integration 

Pi  =  C,  a  constant. 

It  appears  then,  that  in  the  proposed  equation,  which  is  known  as 
ClairauUs  form,  the  complete  primitive  is  obtained  by  simply  re¬ 
placing  —  by  an  arbitrary  constant. 

Cl  vC 


Ex.  1.  To  find  the  primitive  of 

dy 2 


y  —  x 


<■)• 


dy 


Replacing  the  differential  coefficient  —  by  (7,  we  have. 

Cl  *v 


y 


Cx  =  0.(1  +  C2) _  (2). 
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The  separation  of  the  variables  is  possible  in  several  cases. 

140.  Case  Let  the  form  be 

Ydx  +  Xdy  =  0, 

in  which  the  coefficient  of  dx  contains  only  y ,  and  that  of  dy  contains 
only  x. 

Divide  by  XY \  the  product  of  the  two  coefficients,  and  there  will 
result 

cl^c  du 

-==  +  -==  =  0,  in  which  the  variables  are  separated. 

Jl  Y  •  * 

•  V  .*7  •  o.' ..  .  t.  v  u.  \  « \ft  > 

141.  Ex.  Given  (1  -f  y2)dx  —  $dy  =■  0,  to  find  the  primitive 

relation  between  x  and  y. 

i 

Divide  by  (1  +  y2).r  ,  then 
dx  dy 


x 


\  i  -Hr 


=  0,  .  * .  2x2  —  tan-1?/  =  <7, 


which  is  the  required  relation. 

142.  Case  2d.  Let  the  form  be 

XYdx  +  Yxdy  =  0, 

in  which  each  coefficient  is  the  product  of  a  function  of  x  by  anothei 
function  of  y. 

Divide  by  X1  Y, 

Xdx  ,  Y.dy  .  _  .  .  . . 

.  * .  — 1 - -  =  0,  and  the  variables  are  separated. 

xi  r 

143.  Ex.  Determine  the  primitive  of 

(1  —  x)hydx  —  (1  -f  y)x2dy  =  0. 

Divide  by  x2y , 


(1  —  x)2  1  +  y  ,  ^  dx  2 dx 


dx 


x 4 


y 


dy  =  0,  or,  — 


X 


-\-dx — —  —  dy  =:  0, 


V 


1 


.*. - 2  log  x-\-x—  log  y  —  y  =  C. 

x 


24 
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144.  Case  3 d.  Let  the  proposed  equation  be  homogeneous,  or  of 
the  form 

( xnym  4-  axn+lym~l  +  bxn+2ym~ 2 . +  p>xn+cym~c)dx 

4-  ( exnym  d~fxn+1ym~l  +  gxn+2ym~2 . qxn+sym~s)dy  =  0. 

Put  y  =  xz ,  then  dy  =  xdz  +  zdx, 

and  by  substitution 

xn+™{zm  -p  as”1-1  -f  bzm~2  ....  +  pzm~c)dx 
+  xn+m(ezm  +  fam~l  +  gzm~ 2  ....  4-  qzm~s)(xdz  -f  zdx)  =  0. 


dx  , 

•  '  • - b 


(: ezm  -f-  fzm~l  -f  gzm~2  .  .  .  .  +  qzm~s)dz 


x  zm-\-azm"1  -f  bzm~2. .  p-pzm-c  4-  ezm+1  + fzm-\-g.zm-1. .  +  qzm~s 


0  and  the  variables  are  separated. 

145.  Ex.  To  find  the  primitive  of 

x2dy  —  y2dx  —  xydx  —  0. 


Put 


y  —  xz,  then  dy  =  xdz  +  zdx. 

.  * .  x2  {xdz  +  zdx)  —  x2z2dx  —  x 2zdx  ~  0, 


dx  dz 

■■■  = 


a?  £2 


and 


V 

or,  by  restoring  the  value  of  z  — 

JC 


log  x  +  -  =  C; 
& 


x 


log  x  +  -  =  C. 

y 


2. 


y  -  xz, 


dx 

x 


xdy  —  ydx  =  dxy/x2  —  y2. 
then  x{xdz  +  zdx)  —  xzdx  —  x{\  —  z2)‘2dx, 
dz 


k 


.  * .  log  x  —  sin-1^  4-  C. 


(i  -  *y 

146.  The  same  method  of  transformation  may  be  extended  to 

V 

such  differential  equations  as  involve  any  function  of  -  unmixed  with 


x 
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the  variables,  provided  the  equation  would  be  otherwise  homo¬ 
geneous. 


v 


Ex . 
Put 


xydij  —  y2dx  =  (x  +  y)2<J  Xdx. 

V 


y  =  xz, 


or, 


=  z. 


x2z(xdz  +  zdx)  —  x2z2dx  =  £2(1  +  z^e^dx, 

ez 


dx  ezzdz  ^  , 

*=(T+ If  and  logx 


1  +  Z 


4-  G. 


V 

JX 


.  log# 


1  4- 


y 

X 


C  — 


xe 


x+y 


+  C. 


147.  Case  4/A.  Let  the  form  be 

(a  -j-  bx  +  cy)dx  +  (oq  +  bye  +  cyy)dy  =  0. 

Put  a  -j-  bx  4*  cy  =  v,  and  a j  4-  bye  +  cyy  —  u. 

Then  dv  —  bdx  +  cdy ,  and  da  —  bxdx  4-  cxdy, 

and  by  elimination 

\ 

•  \ 

cxdv  —  edn  .  bdu  —  bylv 

dx  —  — - r — ,  and  similarly  dy  —  — - - —y — -  * 

bcx  —bxc  J  J  bcx  —  bxc 

.  ' .  By  substitution  v{cxdv  —  cdu )  +  u(bdu  —  bxdv)  =  0, 

which  is  a  homogeneous  equation. 

148.  This  method  fails  when  bcx  —  by  —  0,  because  the  attempt 
to  eliminate  either  dx  or  dy  causes  the  other  to  disappear 

b  c 

also.  But  since  we  then  have  <q  =  ~,  the  proposed  equation 
reduces  to 

b  c 

(a  -(-  bx  -f-  cy)dx  4-  (cq  4~  bye  4 — jy- y)dy  —  0 . (1). 


t~.  7  .  z  —  cy  dz  —  edif 

Put  bx  -r  cy  —  z,  then  x  ~  — - — — ,  and  dx  = - - - -  ; 
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and.  by  substitution  in  (1), 

,  .  dz  —  cdy  l  h.z  \  _ 

(a  -f  «) - £ - f~  ( < ai  +  —y j  —  0. 

,  (a  + 

.  * .  ay  == - ; - - - t — • 

ca  +  cz  —  axb  —  bxz 

an  equation  in  which  the  variables  are  separated. 
149.  Ex.  Find  the  primitive  of 

(1  +  x  -f  y)dx  +  (1  +  2x  +  3 y)dy  =  0. 
Put  1  -f •  x  -j-  y  =  v,  1  -f  %x  -+■  3y  =  u  ;  then 


dx  +  dy  =  dv ,  and  2c£r  -{-  Sdfy  =  eftq 


.  * .  cfa  =  3  Jy  —  du,  and  =  dw  —  2dv. 

.  * .  y(3c/y  —  du)  +  u(du  —  2 dv)  =  0. 

Now  put  u  —  rv,  then  du  =  rdv  +  vdr,  and,  consequently, 
v{odv  —  rdv  —  vdr)  -f-  rv{rdv  - f-  vdr  —  2 dv)  =  0, 


dv 

v 


( r  —  l)c?/* 
r2  —  3r  +  3 


=0,  or 


dv 

- b 

v 


or  1  og  ( 1  -f  -  x  -+-  .r2'+  3#y -f* 3 y 2 


=  a 


150.  Case  5th.  Let  the  form  be  dy  -j-  Xydx  =  Xxdx . (1),  in 

which  X  and  Xl  are  functions  of  x. 

The  peculiarity  of  this  form  is  that  no  power  of  y  except  the  first 
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enters  into  it,  and  for  this  reason  it  is  usually  called  a  linear 
equation.  Its  solution  is  always  possible. 

Put  y  —  X2z  where  X2  is  an  arbitrary  function  of  x,  which  ma 
be  so  assumed  as  to  facilitate  the  integration  ;  and  z  a  new  an. 
undetermined  variable.  Then  ' 

dy  —  X2dz  -f  zdX2,  and  (1)  can  be  reduced  to  the  form 
X2dz  -f  zdX2  +  XX2zdx  —  Xxdx . (2). 

Now  let  X2  be  determined  by  the  condition 


zclX2  ~  Xxdx . (3), 

and  (2)  will  become  X2dz  4*  XX2zdx  —  0. 


dz 


—  —  Xdx  and  log  z  =  —  f  Xdx ,  .  * .  z 


-/Xdr, 


This  value,  substituted  in  (3),  gives 

e~fXdxdX2  =  Xxdx  or  dX2  —  e  fxdxXxdx. 

.* .  X2  =  f  edxdxXxdx,  and  y  =  zX2  =  e-fxdxfefxdxXxdx  .  .  .  (4), 

which  is  the  required  relation  between  x  and  y. 

151.  Let  there  be  now  taken  the  more  general  form 

dy  -f  Xydx  —  Xxymdx . (5). 

This  is  easily  reduced  to  the  linear  form  (1).  For  put 

m  =z  n  4-  1  and  z  ■=.  y~n. 


Then 


dz  —  —  ny~K~ldy  or  dy  —  — 


ymdz 


n 


Substituting  this  value  of  dy  in  the  equation  (5),  and  reducing^ 
we  get 

- r  "f"  * — —  Xxdx,  or  dz  —  nXzdx  —  —  nXxdx  ....  (G), 

n  yn 

which  becomes  identical  with  (1)  when  we  replace 

z  by  y,  —  nX  by  X  and  —  nXx  by  Xx. 
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.  • .  z  —  —  =  —  nevfXdx f  2 \e~71fXdxdx . (7). 

yn  '  ' 


Cor.  In  forming  the  integral  fXdx ,  it  will  be  unnecessary  to  add  a 
constant  C.  For  if  we  replace  fXdx  by  X3  -j-  C ',  the  formula  (41 
will  become 


y  —  e~X3  ~cfexi  +  cXxdx  =  erx*e—cfe x*  ec.  Xydx  —  e~Xi  JeXz  Xxdx, 

in  which  the  constant  C  has  disappeared. 

152.  1.  To  determine  the  primitive  of  (1  -f  x2)dy  —  yxdx  —  adx. 


yxdx 


a 


Here  dy - - -  — - -  dx,  which,  compared  with  the  lineaT 

1  ■■}—  x  1  — J—  x 

form,  gives 


x 


a 


x=~i+ *  and  xi  =  T+J? 
JXdx  =  -  J- 


xdx  ,  1 

=  ion 


+  X1 


■y/1  +  x2 


efXdx  _  e  log  [(x+x*)~]-  (!  _j_  ^pand  e-/xdz  _  (i  _j_ 


.  ■ .  JXfSX**.  dx  =  f  J. 


adx 


ax 


+  •*■ 


(l+*2)  (1-fz2) 


+  C. 


■>*[- 


ax 


y  =  {\  +x’-f\  — — — f+  c\  =  ax+  C(l  +  x?)'\ 
■(l  + 

dy  -f  ydx  =:  xy3dx. 


2 


Here  X  =  1,  X1  =  x,  ym  =  ?/3,  or  m  =  3,  and  n  =  2, 
and,  by  substitution  in  (7), 


y 


1  1 

=  —  2e2fdx.  fxe~ 2fdx .  dx  =  e2x[xe~2x  -J-  -  e~2x  C\. 


or 


1  =  [ Ce2x  +  x  -f  y2. 


a 


dy  —  - - —  ydx  —  bdx. 

1  “ 


3. 
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Here  X 


=  j-X  *1  =  *•  •  •  •  fXdx  =  =  log  (1  - 


efXdx  —  g-Og  (1.  ~x)a  __  ^ 

fXyef*** .  dx  =  /6(1  —  x)a  dx  — - -  (1  —  a:)5-1"1  +  C. 


*•  v  = 


c 


TT11—* 


(1  —  x)a  a 
4.  Find  an  expression  for  the  sum  of  the  series 


x  xJ 


x- 


x‘ 


y  =.  — j - 1 - 1 - 

J  1  r1.3~l.o.5~1.3.5.7 
Differentiating,  wc  obtain 


+  &c. 


<ty_ 

dx 


,2 


A 


y-5 


- 1  +  7  +  O  +  I^+&c-=1+*(*+O  +  i^5  +  &0,) 

.  -  •  *  .  I 

=  1  -f-  xy.  .  • .  dy  —  xydx  —  dx ,  a  linear  equation. 


Also 


fXdx 


f  xdx  —  —  -x2. 


•i-  X2  —  A  a:2 

y  —  e  (fe  dx),  the  desired  expression. 


153.  Case  G/A.  Let  the  form  be 


dy  -f-  by2dx  —  axmdx . (1). 

*'*■**•  11  '  w 

This  form,  which  is  called  Riccati’s  equation,  involves  only  the 
second  power  of  y.  Its  integration  has  been  effected  for  certain 
values  of  the  exponent  m,  but  a  solution  applicable  to  all  values  of 
m  has  not  been  discovered. 

154.  It  is  obvious  that  when  m  =  0  the  equation  (1)  will  be  inte- 
grable,  for  then 

dy  -j-  by2dx  z=z  adx.  .  * . - - -  =  dx, 

a  —  by * 

and  the  variables  are  separated. 
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Thus  we  have  2a^&2  dx  =  -  ^ 


b  dy 


i  i  i  x 

7  2  ,2  7  2  ,  2 

b  y  +  a  by  —  a 


n  i  ■>  $ y  4"  a‘  ,  n 

.  * .  2 a  b  x  —  log  .rj - 1  T  C. 

by  —  a 

Next  suppose  m  to  have  some  value  other  than  0. 

\  z 

Assume  y  =  - - 1 — — ,  where  2  is  an  undetermined  variable,  but 

bx  x2 


obviously  a  function  of  x.  Then 


dy  —  — 


dx  2zdx  .  dz 


+ 


x 


.2  ’ 


and 


5  (k 


bx 2  x 2 

Substituting  these  values  in  (1),  it  becomes 


22 

4-  Tv  4- 


b2x2  bx3 


flV 

x*J 


rl  <y 

—  H — —  axmdx  or  dz  4 — -r  dx  —  cixm+2dx  ....  (2). 


z2 


X*  X 4 

Now  this  equation  (2)  will  be  homogeneous,  and  therefore  inte¬ 
grate  when  m  —  —  2,  and  thus  a  new  integrate  case  is  found. 
Again,  if  m  —  —  4,  the  variables  x  and  2  can  be  separated,  for  then 


dz  4-  b  —  dx  —  ax~2dx. 


( h 


dx 


x “ 


a  —  bz2  x2  ’ 


which  is  a  third  integrate  case. 
155.  To  obtain  others,  put 


--  =  yi  and  a,,n+3  =  xv 


Then 


and 


dz—d  —  = 
Vi 


dx 
~~2 


dy *-  ***&=  dx' 


V\ 


m  4-3 


x 


711  +  3  *l 


'w-j-3 


d. r2. 


Hence  by  substitution  in  (2), 

m- f-4 


4- 


V\  (m  -f  3 )yi 


2*1 


m  +  3  ,  Odx i 

a*,  = 


•  •  •  • 


m  +  3 


(3). 


♦ 
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Now  put 


a 


o  =  «i» 


in  4*  4 

—  ox,  and - — -  =  m, 


m  +  3 


m  4-3  17  m  +  3 

and  (3)  will  become,  after  reduction, 

dy1  4-  b1yl2dxl  =  ....  (4), 

which  is  identical  in  form  with  (1).  Hence  (4)  must  be  integrable 
when  the  exponent  ml  has  either  of  the  three  values  0,  —  2,  or  —  4. 
Moreover  when  a  relation  has  been  obtained  by  integration  between 
xl  and  yx,  a  simple  substitution  will  give  the  desired  relation  be¬ 
tween  x  and  y. 

We  have  therefore  to  examine  whether  by  assigning  either  of  the 
values  0,  —  2,  or  —  4  to  hny  new  values  of  m  will  arise. 

m  -f-  4  _  3 iTi-i  4“  4 

But  in- ,  = - -•  .  *.  =  — m — 4,  and  m= - - — — » 

m  +  3  1 

.  * .  when  ml  =  0,  m  =  —  4,  a  case  before  considered ; 

and  when  m,l  =  —  2,  m  —  —  2, 


u 


u 


« 


but  when 


.  8 

m1  —  —  4,  in  =  —  — ,  a  new  case. 


O 


8 


Hence  Riccati’s  equation  is  integrable  when  m  =  —  ^  also. 

156.  In  a  manner  entirely  similar  to  that  by  which  (1)  was  trans¬ 
formed  into  (4),  may  we  transform  (4)  into  a  new  equation 

dy%  +  b2y2dx2  =  a2x2m!  dx2 - (5), 

•  i  •  v.  ~I"  4  i  ,i  c  om2  4-  4 

in  which  = - - - and  therefore  m,  — - - - . 

2  mx  -f  3’  1  m2  4-  1 

And  by  repeating  the  process,  a  series  of  such  equations  may  be 
formed ;  so  that  it  will  be  possible  to  find  a  relation  between  x  and 
y  when  any  one  of  the  following  quantities  or  exponents  shall 
be  =  —  4  ;  viz. : 


m,  or  m1  — 


m  4-  4 
m  4-  3 


O,  0r  m2  = 


™>i  + 4  ^2  +  4 

or  mr,  =  —  — — -7-V),  &c. 


in1  4- 


*>’ 


Wo  + 
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But 


m 


mi  =  “  «» 


m2  =  - 


8 

O 

8 

O5 

8 

8’ 


—  when  =  —  4  ] 

“  m2  =  —  4  ^  &c. 


a 


m3  -  -  4 


Hence  by  successive  substitutions, 


12 


m  — — ,  when  m9  —  —  4 

5 


??z  =  — 


16 
7  ’ 


r  &c. 


«*3  —  —  4 


Thus  Riccati’s  equation  is  integrable  for  all  values  of  m  included  in 
the  series. 

8  12  16  20  24 


4  _  _  _  _  _  _ _ 1  _  _  X-rn 

’  S’  5  ’  7  ’  9’  11’ 


157.  The  general  formula  for  these  numbers  is 


An 


,  jn 


2  n  -  1 

which  n  is  any  positive  integer. 

To  prove  this,  suppose  one  of  the  numbers,  as  «?8,  to  be  of  the 

An 


form  required 


;  then  will  the  adjacent  terms  mn  and  m{ 


2 n  -  1 7  .  J  “  "'9 

be  of  the  same  form,  with  the  number  n  increased  or  diminished  by 
unity.  For  wre  shall  have, 

An 

An  -f-  4  4(a-fl) 


7/1 7  =z  — 


SmB  +  4 

wo  4-  1 


4-3 


1  — 


2  n  -  1 
An 

In  —  1 


2n  +  1  2(n+l)  — 1 


and 


m9  = 


An 


+  4 
+  3 


2  n 


An  —  4 


3  - 


An 


2  n 


O 

O 


A(n  —  1) 

2(a  —  1)  —  1 


2  n  -  1 


both  of  which  forms  are  similar  to  that  given  above  as  the  general 
form. 
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But  we  have  seen  that  one  integrable  case  is  that  in  which 


m  = 


8  4.2 

- = - -  which  being  of  the  required  form,  the 

«)  4)  •>  1  °  U  7 

O  •  rW  1 

12 

adjacent  numbers  —  4  and - —  are  also  of  that  form  ;  and  thence 

the  same  reasoning  can  be  extended  to  the  other  numbers  in  the  series. 
158.  Second  Transformation  of  Rice  at?  s  Equation. — In  the  given 


equation 

k  '  y  •  > 

dy  +  by2dx 

1 

put 

y  =  — 

V\ 

then  dy  = 

—  —  J,  xmdx 

in 


dx,  n  xx  m+[dx, 

- r  , ,  and  dx  =  -f — — -  • 

in  +  J  (m  +  1) 


Also,  y 2  =  — r,  and  therefore  by  substitution  in  (1), 


V\ 


m 


dyl  bxl  rn+\ixl 

•>  “b 


a 


y  I  (in  4-  1  )y  I  rti  +  1 


dx 


a 


b  - 


or. 


m 

m+. i. 


Now  make 


<7?/i  H - rVfdx,  = - -x,  m+ldx,. 

m  +  1  yi  1  in  +  1 

b 


(8). 


a 


- =  A, - 

in  - 1-  1  in  -p  1 


in 


=  a 


15 


in  -j-  1 


=  m 


15 


(9). 


and  the  equation  (8)  will  reduce  to 

dy i  -j-  bxyfdxx  —  a^xf'dx^.  .  . 

which  is  of  the  same  form  with  (1). 

The  equation  (8)  will  evidently  be  integrable  whenever  m1  has 
any  one  of  the  values  included  in  the  series  before  found,  that  is. 


when  m1  or  its  equal  — 


in 


in 


m  +  1 
An 


has  the  form 


4  n 


in  +  1 


and 


2ft  —  1 

.  ’ .  m  —  — 


2ft  —  1 

,  then  2jftft  —  in  =  Amn  -f-  An, 


But  if 


An 


4) 


ft  -f-  1 
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Hence  we  have  a  new  series  of  integrable  cases  corresponding  to 

all  values  of  in,  included  in  the  formula  —  - - -•  Thus  Riccati’s 

Zn  +  1 

equation  is  integrable  whenever  the  exponent  in  can  be  expressed  in 

the  form  — the  quantity  n  being  a  positive  integer. 

It  appears  also,  that  whenever  the  given  value  of  in  is  found  in 

4/i 

the  second  series,  the  terms  of  which  have  the  form  —  - — - — an 

Zu  -j~  1 

application  of  the  second  transformation  will  transfer  in  to  the  first 
series,  and  then  the  repeated  application  of  the  first  transformation 
will  eventually  reduce  in  to  the  value  —  4. 

159.  1.  To  integrate  the  equation 


dy  +  y2dx  =  a2x  dx 


Here 


(!)• 

4  n 


4  4.1 

m  _  —  -  -  2  1  +  j—  “  2ll/  +  1’ 


and  m  is  found  in  the  second  series. 


Put 


y  —  — ,  and 

Vi 


_4x! 
3  '  1 


X 


ri 


—  x  —  xv 


X 


x~: 3,  dx  =  —  oxf^dx 


n 


x  dx  =  —  3  dxL,  and  dy  — 
Hence  by  substitution  in  (1), 

dyx 


<tyi' 

Vi 


o 

o 


— - - -  x,~Adx,  =  —  3 a2dx,, 

V\  Vi 


or,  dyl  —  oa2yl2dxl  =  —  ox^dxv  .  . .  (2). 

/ 

Now  put  —  3a2  =  blf  and  —  3  =  ax, 
then  dyY  +  b^j^dxx  —  a^—' idx1 . (3). 


Here 


4.1 


=  4  =  sTT— ~i = 


4  n 


Zn  -  V 
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rf  t  dv  d~  1  O  j>  /.  o  2 

.  • .  dH  =  -  -  «  +  ±j,  8*,*  =  -L  +  ±L1  +  6‘“1 


Hence  by  substitution 


x. 


x. 


dzy  byZy2dXy  OydXy 

—4  4.  JL1 - 1  —  _1 _ i  or 

/j.  2  *  /v.  4  r  4  ’  ’ 


bxx2  xx3 


dzx  dxx 


ai  ~  biz\ 


X 


2  } 


or,  by  replacing  ax  and  bx  by  their  values 


dzx 


dxx 

3(a2zx2  -  1)~YX 


or 

..  2’  U  5 


3  odxx 


2 


adzx 


^  adzx 


Xy 


azx  —  1  azx  +  1 


M  =  5  log(«*i  +  U  -  l  log(«*i  -  1)+  0  =  lo 


X 


ah. ±i"j 

azx  —  1 J 


.  T  /3  a2xx2yx  +  xx  +  8cT] 

=logL  cv^1+i,  -rid- 

S6„.i_  C2  |~3A  3+?/(3«  +  ^  b~l  _  -,r3A  *+y(1+3gz*)~j, 

or.c  ^  v(x  3 —  3 a?x  3+y(l — oax3)3 


*  or. 


=  Cx  =  e~ 


-6  ax3 


-1  4 

i[~3  a2x  +  ?/(l  +  oax) 

3 a2x  ^  +  y{\  —  3a£3) 


[ 


] 


-f 


dy  4-  y2dx  —  4x  dx.  .  .  (1). 


Here  m  —  —  —  =  — 

O 


4 n  1  ,  zx  1  z. 

toZZi  •••  Put2/  =  te  +  ^  =  5+A 


Then 


dzx  +  zx  x~2dx  —  4x  ^dx. 


1  --+i  1 

Now  make  zx  —  — ,  and  x  3  —  x3=x,.  Then 

Vi 

■  —2  +  —2  •  —  12 dxx,  or  dyx  -j-  12 yx2dx  =  ox{~*dxx.  .  (2). 

V\  V\  x\ 

Repeating  the  process  of  substitution  as  in  the  last  example,  we 


get 


dz2  -j-  \2z22xx~2dxx=  Sxx~2dxx  or, 


3  dxx 


dz n 


Xy 


4z22  -  1 
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the  integral  of  which  is 


12 

x 


i  _  r2za-n  19  -i  p2z2  +  n 

rloseL^+iJ  or>  ‘  Uv=n J = 


or. 


912x 


12x 


%i+  -  jo  *0  +  i 

1_ 


-  -2*  14' 

2 x3(yx2  —  a;)-1  —  -x3  1 


2  x3(yx2 


z)-1  —  \x3~  1 


or. 


c  =  ei2 -  1  +  3  -  12a;  s- 


r 


o 

JgL 

3> 


•y{x  +  Gx“)  —  1  -  Gx  “  -  12a  Sj 


ft 

t 


160.  If  the  proposed  form  he  dy  +  by2xrdx  —  cxsdx ,  which  differs 
from  the  form  just  considered,  in  having  a  power  of  x  in  the  second 
term  of  the  first  member,  it  may  be  readily  reduced  to  the  simpler 
form  by  making  xrdx  =  dz.  For  then 


S+ 1  3+1 

r+L  r+1 


xr+l  =  (r-f  1)2,  and  a;s+1  =  (r  -f-  l)r  .  2r  . 

s  —  r 

.  •  .  xs dx  —  [(r  +  l)z]r+ldz,  and  dy  -}-  by2dz 


s—r 


==  c[(r  +  1  )0]7'+1cfe  =  azmdz, 
the  form  in  which  Riccati  equation  has  been  integrated. 


Of  the  Factors  necessary  to  render  Differential  Equations 

exact , 

161.  The  cases  examined  above  embrace  the  principal  forms  in 
which  the  integration  is  possible  by  a  separation  of  the  variables. 
We  now  proceed  to  consider  those  in  which  the  first  member  of  an 
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equation  Pdx  Qdy  —  0  can  be  rendered  an  exact  differential  by 
the  introduction  of  a  suitable  factor. 

162.  If  the  equation  Pdx  -f-  Qdy  =  0  has  been  obtained  by  direct 
differentiation,  it  will  satisfy  the  test  of  integrability,  viz.  : 

dP  dQ 

dy  dx  ’ 

but  if  it  has  resulted  from  the  elimination  of  a  constant  between  the 
direct  differential  and  its  primitive,  that  condition  will  not  be 
satisfied,  although  the  same  relation  between  x  and  y  will  be  implied 
by  the  two  differential  equations. 

163.  Pro}).  To  show  that  an  indirect  differential  equation  can 
always  be  rendered  exact 

Let  Pdx  4-  Qdy  =0 . (1) 

be  the  given  equation  which  has  resulted  from  the  elimination  of  a 
constant  c  between  the  primitive  and  its  direct  differential ;  and  let 

t  •  • 

the  primitive  be  solved  with  respect  to  c,  giving  a  result  of  the 
form 

c  =  F(x,y) . (2). 


by  the  introduction  of  a  suitable  factor. 


Differentiating  (2),  c  will  disappear,  and  we  shall  obtain  an  equation 
of  the  form, 

Pydx  -f  Qxdy  =  0 . (3). 

Now,  since  (1)  and  (3)  contain  the  same  constants,  combined  with 
x  and  y,  and  since  the  same  relation  connects  x  and  y  in  the  two 

dv 

equations,  the  differential  coefficient  —  must  be  the  same,  whether 
derived  from  (1)  or  (3). 

dy P~ 

dx  Q 


Pi  P  P  i  -i 

e?  or  c=  eT  and 


.  Px  _Qi 
'  P~  Q 


Hence,  if  we  multiply  (1),  the  first  member  of  which  is  not  an 

P  Q 

exact  differential  by  —  -~t  we  shall  convert  it  into  (3),  which  is 

Q 


exact. 
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Cor .  If  it  were  possible  to  determine  this  factor,  the  integration 
of  every  differential  equation  of  the  first  order  and  degree,  could  be 
effected  without  serious  difficulty,  but,  unfortunately,  the  difficulty 
of  discovering  this  factor  is  usually  insuperable. 

164.  Prop.  To  exhibit  the  condition  or  equation,  the  solution  of 
which  would  give  the  factor  necessary  to  render  any  proposed 
differential  equation  exact. 

Let  Pdx  +  Qdy  =0  be  the  given  equation,  and  z  the  required 
factor. 

Then  Pzdx  +  Qzdy  —  0,  and  the  first  member  will  be  exact. 

dPz  dQz  . 

.•.  — r—  =  — - — ,  the  required  condition. 
dy  dx 

No  general  method  of  resolving  this  equation  is  known.  There 
are,  however,  several  particular  cases  in  which  the  factor  can  be 
found. 

165.  Prop.  To  show  that  when  the  factor  which  renders  an 
equation  integrable  has  been  found,  an  indefinite  number  of  suck 
factors  can  be  discovered. 

Let  z  be  the  factor  first  found.  Put 

Pzdx  +  Qzdy  —  du. 

t 

Multiply  by  Fu,  an  arbitrary  function  of  u ,  and  there  will  result 

Fu .  Pzdx  +  Fu .  Qzdy  ■=.  Fu .  du  ; 

and,  since  the  second  member  is  exact,  (containing  u  only)  the  first 
member  must  be  exact  also. 

.  • .  z .  Fu  —  z .  F  f  ( Pzdx  -|-  Qzdy )  is  a  suitable  factor. 

166.  Prop.  To  explain  the  process  for  finding  the  required  factor, 
when  the  equation  can  be  separated  into  two  parts,  for  each  of  which 
a  separate  factor  can  be  found.  Let 

(1)  be  divisible  into  the  two  parts. 


Pdx  +  Qdy  —  0 
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{Pxdx  -f-  Qxdy)  +  (P2dx  -f  Q2dy)  =  0 . (2), 

and  let  z1  and  z2  be  the  factors,  'which  will  render 

Pydx  -j-  Qxdy  and  P2dx  -f-  Q<ydy  separately  integrable. 

Put  z^Pydx  -f-  Qxdy)  =  dux  and  z2(P2dx  -f-  Q^dy)  =  du2 

Then  z1F1u1  and  z2F2u2  will  also  be  suitable  factors  to  render  the 
two  parts  separately  integrable.  If  therefore  we  can  so  select  F^u-, 
and  F2h2sls  to  fulfil  the  condition 

Z\F \Ul—  2u2i 

either  of  those  factors  will  render  the  entire  equation  integrable. 

167.  1.  To  find  the  primitive  of 


adx  bdu  cxndx 

—  -f  —  —  =  0. 

.r  y  yb 

This  can  be  resolved  into  the  two  parts 


(i). 


adx  bdy 
- 1 - -  and 


cxndx 


x  y  yl 

the  first  of  which  is  an  exact  differential,  and  therefore  zx  —  1  ;  and 
the  second  can  be  rendered  exact  by  the  factor  yb  =  z2. 

A  U+t)] -/(-?+ t) 

=  a  log  x  -f  b  log  y  =.  log  (xa.ijb). 

■f  [ft  (-  Fr)\  =/(-  cx"dx) 


n-hl' 


u2  = 


yu  /  J  '  '  '  n  +  1 

Hence  we  must  endeavor  to  satisfy  the  condition  zxF,uY  —  z2F2u2)  or 

(C£»+l\ 

- I  =  Xkl* 

n  T*  1/ 

in  which  Jc  and  Jcx  are  undetermined  constants.  Then 

rgJc dylc b  -  yb 


25 
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a 


a  condition  which  will  be  satisfied  by  making 

kb  =  b  and  ka  =  k\n ,  or  k  —  1  and  k,  —  — < 

n 

Hence  xaijh  is  the  required  factor. 

Now  multiply  (1)  by  xayb ,  and  there  will  result 

axa~l  yhdx  -j-  bxayb~l  dy  —  cxa+n  dx  =  0, 

which  is  exact,  since 

d(axa~l  yh  — cxa+n)  d(bxayb~l ) 

dy  dx  9 

and  the  required  solution  is 

^a+w+l 


xayb  — 


a  +  n  -f  1 


+  C. 


o 


^  xdy  —  ydx  —  ^  adx  —  0. 


This  can  be  resolved  into  i  xdy  —  ydx ,  and  —  ^  adx ,  of  which  the 


first  will  be  rendered  exact  by  the  factor  z,  —  ■ — ,  and  the  second 

xy 

is  already  exact,  giving  z2  =  1. 

i 


•  ‘  =fij  (I xdy  ~ ydx)  =flj  ~f 

u2  =  f{  \  adx)  =  -  \ax, 


dx 

x 


\ogy-. 

C  X 


and  we  must  satisfy  the  conditions 


Assume 
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Hence  — -  is  the  proper  factor. 


x 


1  xdy  ydx  1  odx 


O  /».3 

/V  *C 


x- 


2  x 


.3 


=  0, 


which  is  exact,  and  the  solution  is 


x*  2  *  P  C  ~  °  °r  2/  +  ^'2  +  2  “ 

168.  Prop.  To  determine  the  factor  necessary  to  render  a  differ¬ 
ential  equation  exact,  when  that  factor  is  a  function  of  one  variable 
only. 

Let  Pdx  -f  Qdy  =  0  ....  (1)  be  the  given  equation,  and  z  =  Fa. 
the  required  factor. 

.  • .  zPdx  -f-  zQdy  —  0  will  be  exact,  and  therefore 


d(zP)  =  d(zQ)' 
dy  dx  ’ 


or  since  z  does  not  contain  y,  and  therefore 


dP 

2  -  —  Z 


dy 


dQ 

dx 


T*  Q 


dz 

dx 


■  d±  _  ±r —  -  pd\dx 

'  '  z  ~  qVdy  dx  J 


Here,  by  hypothesis,  the  first  member  docs  not  contain  y,  and 
therefore  the  second  member  must  be  independent  of  y  also.  Con¬ 
sequently 


=  an<^  Z  ~  re9ll*re(^  va^ue* 


169.  1.  Given  ydx  —  xdy  =  0  .  .  .  .  (1). 
Suppose  z  to  contain  x  only. 
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Multiplying  (1)  by 


1 

—  we  get 

X" 


ydx  —  xdy 
x2 


and 


-  =  0  or  y  —  Cx. 
x  J 


2.  The  linear  equation  dy  -j-  Xydx  —  Xydx  —  0. 


q  „  dP  d{Xy  -  X,)  dQ 

dy  dy  dx 

\  • .  log  z  —  fXdx  and  0  =  efxdx,  the  factor  sought. 

Multiplying  (1)  by  this  factor,  we  have  * 


=  0, 


efxdz.dy  +  e  fxdx  Xydx  —  e  fxdx  Xydx  =  0,  which  is  exact. 

Remark.  The  value  of  z  found  by  the  method  just  explained,  was 
obtained  by  assuming  that  a  factor  containing  x  only  can  be  dis¬ 
covered  ;  but  since  such  factor  may  not  exist,  it  will  be  proper  to 
apply  the  test  of  integrability  to  the  transformed  equation. 

170.  Prop.  To  determine  the  factor  necessary  to  render  a  homo¬ 
geneous  differential  equation  exact. 


Let  Pdx  -j-  Qdy  =  0 . (1) 

be  a  homogeneous  differential  equation,  the  coefficients  P  and  Q 
being  each  of  the  nth  degree  \  and  let  the  factor  z  be  of  the  mth 
degree.  Then 

zPdx  +  zQdy  —  0 


will  be  exact,  homogeneous,  and  of  the  (in  -f  n)th  degree. 

lienee,  by  the  rule  for  integrating  homogeneous  exact  differentia? 
expressions,  we  have 


/ (zPdx  -f  zQdy)  = 


zPx  +  zQy 
■  ■  ■  —  - - • 

m  -J-  n  -f-  1 


.  yp+zQy_r  ,  ...  (m  +  ro  +  l)P. 

m  +  n  1  ’  Px  Qy  3 


or ,  since  C  is  arbitrary,  we  may  put  ( m  -}-  n  1)  C  —  1. 
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Z  = 


is  a  suitable  factor. 


Px  +  Qy 

Ex.  {xy  -j-  y2)dx  —  (;r2  —  x ?j)dy  =  0 . (1). 

Here  xy  -j-  y2  =  P  and  —  x2  +  xy  —  Q. 

1  1 

.  * .  z  — 


Px  +  Qy  2  xy2 


„  ,  dx  ,  dx 

Multiply  (1)  by  z.  .  — - b 


2x 


xdy  ^  dy  __  Q 


9  3/2 

~y 


9 


y 


57  +  5I°SI  +  51<lSJ=  <?>  or  y  +  1°S  W  =  Ci. 


Geometrical  Applications  of  Differential  Equations  of  the 

first  order  and  degree. 

171.  1.  Determine  the  curve  whose  tangent  PT  is  a  mean  pro¬ 
portional  between  the  parts  AT  and  BT 
of  its  axis,  intercepted  between  the  tan¬ 
gent  and  two  fixed  points  A  and  B. 

Place  the  origin  at  B,  and  put 

BD  =  xi  DP  —  yx  BA  ~  a. 


The  equation  of  the  tangent  is  y 


dy ,  , 


in  which  when 

and 


y  —  0,  X  —  xl  = 
dx  j 


.v,  4^-  =  DT7 


xi  Vi 


dlJi 

.  *.  AT  —  xx 


1  Ei 

=  BD  +  DT=  BT. 


dx, 

V\  ~3  *  — 
cfyi 


PT2=PD2+DT2  =  yd+Vi2 


dx72 

dy2 


And 
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Hence,  by  the  conditions  of  the  problem, 

(7  T  2 

PT*  —  BT  X  AT,  or  y2  +  y2  — 

=  (*>  -  £)  (*>  -  y>  S  -  “•)■ 

Reducing,  and  omitting  accents,  we  get 

y2dy  =  x2dy  —  2xydx  —  axdy  -f-  ciydx , 

which  is  the  differential  equation  of  the  required  curve. 

This  may  be  written 

7  2  xydx  —  x2di/  ydx  —  xdy 

dy  +  — — ^ - -  =  «- - 2 — - ; 

y2  y2 

and,  since  both  members  are  exact,  we  get  by  integration 

y  +  ^—  =  a-  +C',  or  x2  -f-  y2  —  —  Cy= 0 ;  or,  finally, 

'll  y 

(*  - 1  «)2  +  (y  -  \cy  =  l  («2  +  o2\ 

which  is  the  equation  of  a  circle  whose  radius  is  C2 ;  and 

1  1 

the  co-ordinates  of  whose  centre  are  -  a  and  -  C ,  the  latter  co-ordi- 
nate  being  arbitrary. 

2.  Find  the  curve  in  which  the  suhtangent  is  constant. 

Let  xlyl  be  the  co-ordinates  of  the  point  of  contact. 

.  dx,  d/j  dx 

ihen,  subtangent  =  —  y,  =  —  a,  or  —  =  — 

’  °  Jldy,  y  a 


1  X 
.  • .  log  cy  =  — , 

CL 


cy  =  ea . 


This  is  the  equation  of  the  logarithmic  curve. 

3.  To  find  the  curve  in  which  the  subtangent  is  equal  to  the  sum 
of  the  abscissa  and  co-ordinate. 

The  differential  equation  of  the  curve  will  be 
dx 


—  y 


dy 


x  -f-  y,  or  xdy  +  ydx  +  ydy  =  0. 
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.  * .  y2  +  Zxy  =  C,  a  hyperbola. 
4.  The  curve  in  which  the  subnormal  is  constant. 


Subnormal 


dy  , 

=  yTx--=a-  .-.ydy 


adx. 


.  • .  y2  2 ax  -f  0,  a  parabola. 

172.  Prop.  To  find  the  equation  of  a  trajectory  or  curve  which 
shall  intersect  all  the  curves  of  a  given  family  in  the  same  angle. 

Let  ${x.y,a)  =  0 . (1) 

be  the  equation  of  a  class  of  curves,  in  which  the  parameter  a  may  take 
any  value ;  and  let  t  —  tang  /3, 
where  /3  represents  the  con¬ 
stant  angle  of  intersection. 

Suppose  a  to  take  a  parti¬ 
cular  value,  aL  and  let  AXBX 
be  the  particular  curve  in  the 
general  class  resulting  from  this  supposition.  Then,  if  xlyl  denote 
its  general  co-ordinates,  its  equation  will  be 

Vi ?  ®i)  —  0  ...  .  (2), 

di/ 

and  the  differential  coefficient  derived  therefrom,  will,  when  ap- 

(LX  j 

plied  to  the  point  P,  express  the  trigonometrical  tangent  of  the  angle 
PTX  or  Vj,  included  between  the  tangent  PT  and  the  axis  of  x. 

A1  so,  if  x  and  y  denote  the  general  co-ordinates  of  the  required 

trajectory  CPD ,  the  differential  coefficient  — ,  given  by  its  equation, 

(IX 

will,  when  applied  to  P,  give  the  tangent  of  PLX  or  v. 

But  (3  =  vx  —  v.  .  * .  tan  /3 

or  by  substitution, 

dy1  dy 


tan  i\  —  tan  v 
1  +  tan  v1  tan  v 


t  = 


dxx  dx 


1  + 


dy  i  dif 
dxx  dx 


(3). 
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Now  at  the  point  P,  where  the  curves  A1Bl  and  CPD  intersect, 
aq  x  and  yx  —  y.  Hence  can  be  expressed  in  functions  of 
z,  y ,  and  av  and  therefore  (o)  may  be  written  thus 

y,  j~x,  <*i)  =  ° - (4). 

But  (2),  when  applied  to  P,  gives 

9{x>y>ai)  =  0  ...  .  (5). 

If  then  aj  be  eliminated  between  (4)  and  (5),  the  resulting  equa¬ 
tion,  being  independent  of  the  position  of  the  particular  curve  AXBV 
will  apply  to  all  points  in  the  required  curve  CPD. 

173.  1.  Determine  the  curve  which  cuts  at  right  angles  all  straight 
lines  drawn  through  a  given  point. 

Let  x2y2  be  the  co-ordinates  of  the  given  point. 

The  equation  of  one  of  the  straight  lines  passing  through  that 
point  will  be  of  the  form 

Pi  —  y2  =  «i(^i  —  ^2)- 


.  • .  cpfay^)  =  yx  —  y2  —  —  x2)  —  0  and 


d?h 

dx^ 


= 


Also  t  —  tan  ^  =  go. 


dy 1  d.y 
dxx  dx 

1  j  d,Ji  dy 
dxl  dx 


00.  and  consequently 


.  dyx  dy  dy 

l  +  dlT'di  =  0  or  T/a 

U  A  |  U/iV 

Also  at  the  point  of  intersection 

y  —  y2  —  a  1  —  *^2)  =  0 . (~)* 

Now  eliminating  al  between  (1)  and  (2),  we  get 
x  —  x2  +  —■  (y  —  y2)  =  9,  or  xdx  —  x 2dx  -|-  ydy  —  y2dy  =  0, 


which  is  the  differential  equation  of  the  curve.  . 
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And  by  integration  \x2  —  x2x  -\-\y2  —  y2y  =  C , 


or  —  x2f  -f  (y  —  y2)2  =  2  C  +  x2  -f  y22. 

Hence  the  curve  sought  is  a  circle  whose  centre  is  at  the  point  x2 ,  y2, 
and  the  radius  arbitrary. 

2.  The  curve  which  cuts  at  an  angle  of  45°  all  straight  lines 

o  o 

drawn  through  the  origin. 

Here  <p(*1?  y1?  ax)  =  yx  —  a1x1  =  0. 

.  * .  C-~  —  a,  also  t  =  tan  45°  =  1. 
dxx 


i  .  dy  dy 

■  -  l  +  a'Tx-a'~Tx 


(1),  and  y  —  axx  0 . (2). 


,  y  dy  y  dy  _  , 

Humiliating  al5  1  4 —  •  —  =  - -  or  xdx  +  ydy  —  ydx  —  xdy. 

x  ciM  x  ax 

This  being  a  homogeneous  equation,  it  will  be  rendered  exact  by 
multiplying  by 


Jr'x  +  Qy  X2  +  y2 

xdx  4-  ydy  _  ydx  —  xdy  _  1 
‘  +  if"  =  x2  +  y2  '  °S 

Put  y  —  r  sin  6,  x  =  r  cos  (<r  —  0)  =  - 
and 


L  c2  J  x 

-  r  cos  S.  .  • .  r  =  (x2  +  y2) 


\  ■ 


V  .  i  r  _  o 

-  —  —  tan  5.  .  • .  log-  =  Q  and  r  =  ce  , 


a:  c 

the  equation  of  the  logarithmic  spiral. 

3.  The  curve  which  cuts  at  right  angles 
all  parabolas  having  a  common  vertex  and 
coincident  axes. 

t 

Here  cp(xx,  yx,  ax)  =  y-f  —  2«1a,1  =  0. 
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and 


y 2  —  2 axx  —  0  .  .  .  .  (2). 


Eliminating  a,,  1  +  -—  •  4^  =:  0  or  2 xdx  -f-  yrfy  =  0. 

1  X 2 

•  ••*2  +  jjys  =  c2>  or  ^  +  ^  =  1- 

This  is  the  equation  of  an  ellipse  whose  axes  have  the  ratio  Uy/2. 


CHAPTER  III. 

DIFFERENTIAL  EQUATIONS  OF  THE  FIRST  ORDER  ■  AND  OF  THE 

HIGHER  DEGREES. 


174.  These  equations  contain  the  several  powers  of  the  coefficient 

(ly 

--  to  the  nth  power  inclusive  where  n  denotes  the  degree  of  the 
ax 

equation.  The  most  general  form  of  such  an  equation  is 


^+P^i+Q^+&  c. 

n  dxn~L  dxni 


dx 


+  T  ~  0  *  •  *  •  (*)> 


which  equation  can  be  derived  from  its  primitive  only  in  attempting 
to  eliminate  the  nth  power  of  a  constant  c  between  the  primitive 
and  its  direct  differential.  For  the  direct  differential  contains  only 

the  first  power  of  — ,  and  therefore  cannot  be  identical  with  (1)  ;  but 


if  we  suppose  the  primitive  to  contain  several  powers  of  the  same  con¬ 
stant  c,  as  c1,  c2,  c3  •  •  •  •  cn,  and  resolve  with  respect  to  c,  there  will 

% 

result  n  values  of  c,  from  each  of  which  c  will  disappear  by  differen¬ 
tiation  ;  and  each  of  the  resulting  differential  equations  will  contain 

di/ 

only  the  first  power  of  each  being  a  factor  of  (1 ),  Hence  by  multiply- 
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mg  together  these  n  equations,  we  shall  produce  (1). 

dn 

we  resolve  (1)  with  respect  to  — -,  thereby  ascertainin 


If  therefore 
g  its  n  con¬ 


stituent  factors  of  the  first  degree,  then  integrate  each,  annexing  the 
same  constant  c  to  every  result,  and  finally  multiply  the  results  to¬ 
gether,  the  complete  primitive,  which  includes  all  these  separate 
results,  will  be  obtained.  It  will  be  obvious,  that  in  order  to  render 
this  method  applicable  to  all  equations  of  the  first  order,  it  would 
be  necessary  to  have  a  process  for  the  solution  of  equations  of  all 
degrees. 

Unfortunately  no  such  process  is  known. 

175.  1.  To  find  the  complete  primitive  of  the  equation 


d,j 1  _  .  (i) 


dx2 


dy 


Resolving  with  respect  to  -j— ,  we  get 

Cl  Jl/ 


(2),  and 
dx 


dy 

dx 


a 


Integrating  (2)  and  (3),  and  annexing  the  same  constant  to  each, 
we  have 

y  =.  ax  +  c  .  .  .  .  (4),  and  y  —  —  ax  -f-  c  .  .  .  .  (5), 

either  of  which  satisfies  the  given  equation  (1).  It  is  also  satisfied 
by  their  product. 

(y  —  ax  —  c)  (y  +  ax  —  c)  =  0, 
or  y 2  —  2cy  —  a2x2  -f-  c2  =  0 . (C). 


For,  by  differentiating  (G), 

2ydy — 2cdy — 2ct2xdx=0,  and  c—y 

This  value,  substituted  in  (G),  gives 


a2x 
■  -  > 

dy 

dx 


V 2  —  2  y2  + 


2  adxy 
dy 


—  a2x2  -f-  y2 


dx2 


t 


dx 


dx 
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or,  by  reduction, 

which  is  identical  with  (1). 


dy2 

dx2 


=  a 2 


2. 


dy2 
dx 2 


ax  ...  .  (1). 


dd  =  +  aK\  and  ±  =  -  «D, . 
ax  dx 


2  i  3 


_  _  o  {  I 

.  * .  By  integration  y  =  ^a2x2  +  c,  and  y  =  —  ~  a2x 2  -f  c. 

o  o 


/  2  \  - 
•  •  VJ  —  « 


9.^  3 


<0  0/  +  o  a  «  —  0  =  9, 


or 


{7J  —  r)2  =  —  ax 3  the  complete  primitive  of  (1). 

t/ 


3. 


dx 


^!  +  2x^- 
70  o? 

i 


Vdx*  +  ~xdx  y~° - ^ 


®  (. y 2  +  ^2) 
y~  y 


.  '  .  cfo  =  ± 


a:c£r  +  yc/y 
- - • 

y#2  +  y2 


*.  a;  =  +  (x2  -{-  yrf+c ,  and  x— — {x2-\-y2)2  +  c. 


,  * .  (x  —  c  —  y#2  +  y2)  {x  ~  c  +  y^Ty)  =  0,  or  y2  —  c2  —  2c«. 
4.  Determine  the  equation  of  the  curve  which  has  the  property 

s  —  ax  +  by. 
ds 


Here 


dx 


cfa; 


.  i  +  ^!-a2  +  2«i^  +  ^. 
a^2  ota:  dx 2 

da 2  2a6  tfy  1  —  a2  _ 

4-  77 — -  •  —  =  7- - r,  and 


dx2  '  b2  —  1  dx  b2  —  1 

cZy  y«2  +  62  —  1 


dx  1  —  62 


b2  -  1 


=  ± 


.  * .  y  —  mx  nx  c,  and  y  —  rnx 


nx  -f  r. 


DIFFERENTIAL  EQUATIONS. 


397 


.  * .  y2  —  m2x2  —  n2x2  -f-  2cmx  -f-  c2. 

This  is  the  equation  of  two  straight  lines,  which  intersect  on  the 
axis  of  y,  and  which  become  imaginary  when  a2  +  b2  <  1.  Suppose 


a2  +  b2  =  1,  ab  —  ^  and  1  —  i2  —  -• 

/W  Z 

n  =.  0,  .  * .  y  nr  X  +.  c, 


and  the  two  lines  become  a  single  line,  inclined  to  the  axis  of  x  in 
an  angle  of  45°. 

176.  When  the  proposed  differential  equation  cannot  be  resolved 

with  respect  to  its  primitive  may  still  be  found  in  certain  cases, 

the  principal  of  which  will  be  examined. 

Case  1st.  When  the  equation  contains  only  one  of  the  variables, 

and  the  solution  with  respect  to  that  variable  is  possible. 

Let  x  be  the  variable  which  enters  into  the  equation.  Put 
dy 

j-  —  y>1;  and  resolve  with  respect  to  x.  The  result  will  be  of  the  form 

x  =  cpp1  ....  (1). 

But  since  dy  =  pYdx,  an  integration  by  parts  will  give 

y  =  pxx  —  fxdp1  ....  (2). 

Eliminating  x  between  (1)  and  (2),  we  get 

V  •  <PPi  “  fm  -dPi . (3), 


in  which  the  last  term  is  integrable  as  a  function  of  a  single  variable. 
Effecting  the  integration,  we  may  unite  the  result  thus 

V  =  FP\ . (4)- 

Then,  eliminating  p1  between  (1)  and  (4),  we  obtain  the  desired 
relation  between  x  and  y. 

177.  This  method  may  sometimes  be  applied  advantageously 

even  when  the  *more  general  method  is  applicable,  provided  the 

dy 

differential  equation  can  be  solved  more  easily  for  x  than  for  -j— 

LLJC- 
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Ex.  To  find  the  primitive  of  the  differential  equation 

1  =  0. 


dy 2 

x  —nr  4*  x 


dx2 


Here 


1 


X  =z 


1  + 


— -  9iff  ••••(!)• 


'O  f*  cLy) 

•  •  •  y  =  pm  ~  sm  ■  dp>  =  r+4?  ~  J  t+j? 

2  -  tan-^q  +  C  .  .  . 


iff 


iff' 


(2). 


/I  _  1 

But  from  (1),  p 1  =  I - j  ,  and  1  4- iff2  =  -, 

\  J  CY/ 


and  these  values  reduce  (2)  to 

y  =(x  —  x2)2 —  tan-1^- - 


+  C. 


178.  When  the  equation  (still  supposed  to  contain  x  only),  cannot 
be  resolved  either  for  x  or  jp1;  we  may  substitute  xz  for  jtq,  and  we 
can  then  divide  every  term  by  a  power  of  x,  thereby  depressing  the 
degree  of  tiie  equation,  except  in  the  case  where  there  is  an  absolute, 
term.  If  then  the  depressed  equation  can  be  solved  for  x  or  2,  we 
shall  have  either 

dy 


x  =  93,  and  pl 


dx 


zpz, 


.  * .  dy  =  z.(pz.d(cpz),  and  y  =  f z.(pz.d((pz),  ....  (5). 


or, 


qpx,  and  p1 


dy 

dx 


=  xyx, 


(C). 


.  • .  dy  —  x.vx.dx ,  and  y  =  f  x.yx.dx.  .  . 

In  the  first  case  we  eliminate  z  between  (5)  and  x  =  (pz.  In  the 
second,  the  desired  relation  is  found  in  (6). 


Ex. 


.  dy 3  dy 
K 3  +  ~  -  ax-f 
dx 3  dx 


0. 


Put 

li 

§ 

then 

x 3  4“  #32:}  —  «£22  =  0, 

and 

dy 

az2 

d>!  -  .  d\  az  1 

* 

cr2 

•  F  i 

dx  1 

+  g3’ 

J  1  4-  23  *  Ll  4  zffj 

az 


1  + 


s-3j 


(j  -f  sf 


dz 
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1 


0-3 

& 


y  isa  (i  +  z*y 


1  ,  1  2 

-  +  -  «2 


1  +  z3 


-f  C. 


oz 

This  relation,  together  with  x  =  — - — 3  expresses  the  relation  be¬ 
tween  x  and  y. 

179.  Case  2d.  When  the  equation  is  homogeneous  with  respect 
to  x  and  y. 

Let  n  denote  the  degree  of  the  equation  in  x  and  y,  and  put 
y  =  xz,  then  the  equation  will  be  divisible  by  xn,  and  if  the  trans¬ 
formed  equation  can  be  solved  for  z,  we  shall  have  a  result  of  the 
form 

z  =  <ppl9  .  • .  dz  —  d(yp^).  But  y  =.  xz,  .  • .  dy  =  xdz  +  zdx. 


or,  dy  =  xd(yp^)  -j-  cppydx,  or,  pxdx  ~  xd(y'p\)  +  $p\dx, 


dx 

x 


d(m) 

Pi  —  <ppi 


and 


log  x  =  / =  Fpx, 
J  Pi  —  m 


This  combined  with  y  =  x$pY,  gives  the  desired  relation  between 
x  and  y. 

Ex.  y  —  xp1  —  yT  -f  P\  •  %. 

Put  y  —  xz ,  substitute  and  divide  by  x ,  then 

Z  —  Pi  =  V  1  +  Pi2,  2  =  VM-  Pi27  + 

V  1  +P12 

—  dy  —  xdz  -f-  +  — t=^=W(Pi  +  Vl  +  Pi2)dxi 

v  *v/i  +  Pi2/ 

dx  dp j 

*  “  V1  -fjq2  !+Pi2 

.  log  X  —  log(jp1  +  yl  +P12)—  log(l  +P12)  +  log  I?. 


.  • .  x  =  /  ■■■  - But  y  —  XZ  =  .  — 

-v/i  +  Pi2(Pi  4-  V1  +  Pi2)  Vi  +  Pi2 

.  • .  p1  =  y~C - and  x(c  +  -y/c2  —  y2)  —  y2, 

V 

the  desired  relation. 
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180.  Case  3 cl.  Let  the  form  be 


»=4+*(g> 


in  which  does  not  contain  x  or  y. 


By  differentiation,  =  Pl=Pl  + xdJj± +  ** > .  Q, 
d  dx  dx  dpx  dx 

(x  +  =  0. 

\  dpx  }  dx 

This  is  satisfied  either  by  making 

x  +  dJPl  =  0,....(2),  or,  &=0. 


(3). 


dfPi  . 


Now  the  differential  coefficient  in  (2),  contains  only  since 

pyq  does  not  contain  #  or  y,  and  therefore  (2)  contains  only  x  and 

px.  If  then,  we  eliminate  px  between  (1)  and  (2),  the  result  will  be 
a  relation  between  x  and  y.  But  this  relation  cannot  be  the  com¬ 
plete  primitive,  because  it  contains  no  arbitrary  constant.  We 
must  then  refer  to  the  condition  (3),  which  gives  by  integration 

px  —  (?,  a  constant. 

It  appears  then,  that  in  the  proposed  equation,  which  is  known  as 
ClairauUs  form,  the  complete  primitive  is  obtained  by  simply  re¬ 
placing  ~  by  an  arbitrary  constant. 

Ex.  1.  To  find  the  primitive  of 

>-’£={'+£)■ . 

du 

Replacing  the  differential  coefficient  —■  by  (7,  we  have. 

u  JO 

y  —  Cx  =  a(  1  -f-  C2).  .  .  .  (2). 
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The  correctness  of  this  solution  is  easily  verified ;  for  by  differen¬ 
tiating  (2)  we  get 

d  ?/ 

(3). 


dd-c  =  o. 

dx 


and  by  eliminating  C  between  (2)  and  (3),  we  obtain  (1). 

2.  ydx  —  xdy  =  a{dx 3  -j-  dy3)^ ,  or,  y  =  x^-  -\-(  1+  a. 

ax  \  ax  j 

Substituting  C  for  ~~  we  get  y  =  Cx  +  (1  -f  C3)^a. 

181.  Case  4 th.  Let  y  =  Px  -f-  Q . . (1). 

when  P  and  Q  are  functions  of  px. 

By  differentiation,  dy  =  pxdx  —  Pdx  -f-  xdP  -f  dQ. 

x 


,  * .  (px  —  P)dx  —  xdP  —  dQ,  and  dx  -f- 


dP  = 


dQ 


P  ~  Pi  P—P\ 

This  being  a  linear  equation,  its  solution  is  of  the  form 


x  =.  e 


• dP  —  r  dP  _ 

or>  x=zFpv 


Hence  if  px  he  eliminated  between  this  and  (1),  the  result  will  be 
a  relation  between  x  and  y. 

182.  1.  y  =pl2x  +  px2 ....  ( 1). 

dy  —  pxdx  =  px2dx  -f-  2 xpxdpx  -j-  2pxdpx. 

.  * .  (1  —  px)dx  —  2 xdpx  —  2 dpx. 

dpx  2  dpx 


.  * .  dx  -+■  %x 


.  • .  x  =  e 


_  r  ~dp\ 


Pi  —  i  Pi  —  1 

2 dp 

J: 
e 


[-/■ 


r^dPl 

Jpi-i  2dpx 


Pi 


i]' 


Jut 


.  • .  e 


f  =  21og  _  x) =  log  (Pi  ~  x)2- 

P 1  L 


•2  dpx 


/yi_1=e1‘,E(j,'-1)s=(p1-l)2  and  e 


_  /-2 dpt 
d  Vi - 1 


1 


(Pi  ~  I)’ 


26 
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Vi  =  1  + 


(Pi-'-)2 

c 


f~(lh  -  I)dpl  = 


C2 


T,-l. 


(Pi  -  i)a 

Vv 


;  and  from  (1),  p1  =  — 


y/l+ir 


2. 


Vl  +  x 

•  *  •  Vy* =  v7 ^  4  *r  "I- 

y  =  (1  4- Pi)x  +-^i2 . . . .  (l). 

y^cfo  —  (1  -j-  +  x dpx  +  ~P\dPv 

.  * .  dx  - f-  crc^  =  —  2 'P\dpx,  and  a;  =  c--^1  [— f2eddpi  .pxdpl J. 

But  —  ePl,  and  S^Vx  P\dp\  —  ePl(P\  —  1)  +  Cv 

.  x  2(1  — -  jt?j)  -f-  (7e“-Pi  where  C  —  —  Cx\ 

and  from  (1),  px  —  —  -  x  rfc  ^  y/ 4y  —  4x  -f-  rc2. 

.  * .  By  eliminating  px  we  get 


0  —  2  -f-  y/4y  —  4^  -}“  c£2  H"  Ct 


£24-  i  v/4//— 4x+x2 


& 

<o# 


y  =  *Oi  -  v7!  +  iff2)  —  (l). 

In  this  example  Q  =  0,  and  by  differentiation 
yjpi.r  =:  -f-  #c?iff  —  y/l  +^x2  y.r  —  y>pc(l  +  iff2) 


cff 


x 


dp 1?  the  integral  of  which  is 


1  +  pp 


log  X  —  log 


+  y/r+pi2)c 

V'T+T?' 


_  (^1  +-»/!  +  iff2)c 

V/M-  iff2 


and 


4-  (c  —  z)y/l  4- ^  =  0  .  .  .  .  (2). 

y(c  —  x) 


But  from  (1),  ppc  —  x-yj  1  -\-pp  —  y. 

cy 


Pr 


x  (2c  —  x)  ’ 


and  yl-\-  P\  =  - 
.  * .  y2{x2  —  2cx) 


x{^2c—x) 
-  —  a;2  (2c 


•'•iff 


?/2(c — x)2 


Cr]p 


x\2c — x)2  x2(2c  —  x)2 

x)2,  or  finally  x 2  -{-  y2  —  2cx. 


CHAPTER  IV. 


SINGULAR  SOLUTIONS  OF  DIFFERENTIAL  EQUATIONS. 

183.  Differential  equations  may  be  regarded  as  resulting  in  all 
cases  either  from  the  immediate  differentiation  of  their  primitives  or 
from  the  elimination  of  constants  between  the  primitives  and  their 
direct  differentials. 

184.  Tal  ting  the  latter  and  more  common  case,  let 

F{x,  y,  c)  =  0  ....  (1) 

be  the  complete  primitive  of  the  differential  equation 


where  (2)  has  arisen  from  an  elimination  of  the  constant  c  between 
(i)  and  its  immediate  differential 


Now  if  the  constant  c.  were  replaced  in  (1)  and  (3)  by  any  func¬ 
tion  of  x  and  y,  the  elimination  of  this  function  would  necessarily 
lead  to  the  same  equation  (2). 

If  then  it  be  possible  to  replace  c  by  such  a  function  of  x  and  y, 
m  equation  (1)  as  shall  give  by  differentiation  a  result  entirely  siini* 
to  (3),  after  it  has  been  modified  by  a  like  substitution  of  this  func¬ 
tion  of  x  and  y  for  c;  then  the  elimination  of  that  function  would 
necessarily  lead  to  (2)  the  proposed  differential.  Hence  equation 
(1)  with  the  value  of  c  so  replaced  may  be  properly  considered  an 
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integral  of  (2)  ;  although  it  is  essentially  different  in  form  from  the 
ordinary  integral  (1),  in  which  c  is  an  arbitrary  constant. 

Such  a  solution  of  a  differential  equation  is  called  a  singular  solu¬ 
tion  or  a  singular  integral ,  while  the  term  particular  integral  is  ap¬ 
plied  to  each  of  the  results  obtained  by  substituting  various  constant 
values  for  c,  in  the  general  integral. 


185.  Prop.  To  determine  the  conditions  necessary  to  render  pos¬ 
sible  a  singular  solution  of  a  differential  equation. 

.Let  the  ordinary  primitive 

1  F{x,y,c)=zQ . (1) 

be  differentiated  regarding  c  as  variable,  and  there  will  result 

P dF(x,g,c)l  dF(x,  y,  c)  (dc\_ 

L  dx  J  ^  dc  \dx )  ~  ' 


\ 

and  to  render  this  equation  identical  vTith 


l~ dF(x,  ?/,  c) 

L  dx 


I- 


0 


which  is  obtained  by  supposing  c  constant,  the  necessary,  condition 
will  be 


dF(i r,  y,  c)  /dc  \  _  Q 

\dx  ) 


dc 


Now  (a)  is  satisfied  either  by  making 
dF{sc,y,c) 


dc 


=  0,  .  .  .  .  (4), 


or 


The  condition  (5)  gives  c  =  constant,  and  therefore  (4)  can  alone 
supply  the  suitable  variable  value  of  c. 

The  equation  (4)  may  give  several  values  of  c,  and  then  there 
will  be  as  many  singular  solutions. 

186.  It  must  be  observed  that  the  value  of  c  derived  from  (4), 
is  not  necessarily  a  function  of  x  and  y,  or  of  either :  for  if  c  be 
connected  with  x  and  y  only  by  the  signs  -f-  and  — ,  those  variables 
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will  not  appear  in  (4),  and  consequently  the  values  of  c  derived 
from  (4),  will  be  constants  corresponding  to  particular  integrals,  and 
not  singular  solutions. 

187.  And  again,  the  derived  values  of  c  may  be  functions  of  x 
and  y,  and  yet  not  variable.  For  if  the  primitive  (1)  be  solved 
with  respect  to  any  constant,  as  a ,  appearing  in  it,  the  result  will 
assume  the  form 

a  =fix,y,  c),  •  •  •  •  (0); 

and  if  by  assigning  any  particular  value  to  c ,  this  value  of  a  should 
become  either  identical  with  that  of  c  given  by  (4)  ;  or  if  the  latter 
be  a  function  of  the  former,  then  c  will  be  invariable,  and  therefore, 
will  not  correspond  to  a  singular  solution. 

188.  If  we  solve  the  complete  primitive  (1)  for  x  and  y  succes¬ 
sively,  the  results  may  be  written  in  the  forms 


=/(y,  c) . (7).  y  =/x 0,  c) . (8). 

Which  differentiated  with  respect  to  c,  give  (since  the  first  members 
do  not  contain  c) 


dc 


=  0, 


dfi{x,  c) 
dc 


0, 


^=0,..  (9),  and  ^  =  0,.(10). 
dc  dc 


That  is,  if  the  primitive  can  be  solved  with  respect  to  x  or  ?/,  we 
may  differentiate  either  of  those  values  with  respect  to  c,  placing  the 
result  equal  to  zero.  Thus  (9)  or  (10)  may  be  employed  instead 
of  (4),  when  more  convenient,  in  obtaining  those  values  of  c  which 
give  singular  solutions. 

189.  It  may  be  observed  that  no  differential  equation  of  the  first 
order  and  first  degree  can  have  a  singular  solution;  for  such  equa¬ 
tions  have  complete  primitives  containing  only  the  first  powers  of  c, 
and  these  primitives,  when  differentiated  with  respect  to  c,  give  a 
result  (4)  independent  of  c,  which  result  cannot  furnish  a  value  of  c. 

190.  The  relati  on  connecting  the  complete  primitive  with  the. 
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singular  solution,  can  be  illustrated  geometrically.  For  the  former 
always  represents  a  series  of  curves  of  the  same  class,  in  which  c  is 
the  variable  parameter,  and  as  the  process  for  obtaining  the  equa¬ 
tion  of  the  envelope  of  these  curves  is  identical  with  that  by  which 
ive  find  the  singular  solution,  it  follows  that  this  solution  must  repre¬ 
sent  the  envelope. 

191.  1.  Required  the  singular  solution  of  the  differential  equation 


i 

7T 


i 


ydx  —  xdy  =  a{dx2  -f-  dy2)  “,  or,  y  —  +  «(1  +  J>\)  ....  (1). 

This  example  belongs  to  Clairault’s  form,  and  therefore  the  com¬ 
plete  integral  is 

X 

y  —  cx  -f-  a(l  +  c2)  ,  .  .  .  .  (2). 


dc 


-i 

=  x  +  ac(l  +  c2)  —  0,  and 


x 


-\/ a2  -  x2 


This  value  substituted  in  (2)  gives 

a\j‘ 


i/ a2  —  x~ 


+ 


1  + 


a 2  —  x 2’ 


7j2  +  x2  =  a2,  .  .  .  .  (3). 


Thus  the  general  solution  (2)  represents  a  series  of  straight  lines 
all  tangent  to  the  circle  represented  by  the  singular  solution  (3). 

2.  yp2  -f  2xp1  —  y  =  0. 

The  general  solution  of  this  example  has  been  found  to  be  (p.396) 

c  —  x 


y*  —  c 


2  _  O 


cx, 


dy 

dc 


yc 


>2  _  0 


—  0, 


Zcx 


.  * .  c  —  x  =  0,  and  c  —  x. 

This  value  substituted  in  the  general  integral,  gives 

y2  =  x2  —  2x2,  or  y2  -f-  x2  =  0,  the  singular  solution. 

The  general  integral  in  this  example  represents  a  series  of  para¬ 
bolas  which  do  not  intersect,  and  therefore  the  singular  solution  cam 
not,  in  this  case,  represent  an  envelope. 
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o 

O * 


xp2  _  ypx  +  -  q  =  0,  or,  y  =  -f 


6) 


•  •  •  • 


Pi 


(1). 


This  is  Clairault’s  form,  and  therefore  the  general  solution  is 

\)  —  cx  -f-  .  .  .  .  (2).  .  * .  -y-  =  a;  —  ~  =  0,  and  c  =\ /  —• 

'  2c  K  '  dc  2c2  ’  V  2x 

This  value  in  (2)  gives 


y  =  vs?®  4-  v/n^  =2\/»yxi  or  r  =  2<?. r. 


Here  the  singular  solution  represents  a  parabola  tangent  to  a 
series  of  straight  lines  represented  by  (2). 

192.  In  the  method  of  finding  the  singular  solution  of  a  differential 
equation,  just  explained  and  illustrated,  it  has  been  supposed  that  the 
general  solution  of  the  equation  was  known ;  but  when  it  is  not 
given  we  require  the  following  proposition. 

193.  Prop.  To  determine  the  conditions  by  which  singular  solu¬ 
tions  of  differential  equations  may  be  found,  without  first  determin¬ 
ing  their  complete  primitives. 

Let  u  —  F(x,y,  c)  =  0 . (1), 

be  the  complete  primitive  of  the  differential  equation, 

v2  =  Fv(%->y->Pi)  =  0,  .  .  .  .  (2)  ;  and  suppose 
«i  =  = 0 . (3), 

to  be  the  direct  differential  of  (1). 

Also  let  U  —  f{xpj)  —  0  .  .  .  .  (4)  be  the  singular  solution  of  (2), 

and  C,  =  [-^A]  =mv)  =  0  .  .  .  .  (5), 

the  direct  differential  of  (4). 

'  •  ?  •  ...  i  / 

Now,  whether  we  eliminate  c  between  (1)  and  (3),  or  eliminate  a 
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certain  function  of  x  and  y ;  viz.,  the  value  of  c  (expressed  in  terms 
of  x  and  y),  derived  from  the  condition 

dF(x,y,c )  _  A 
dc 

between  (4)  and  (5),  the  result  will  be  (2)  or  its  equivalent. 

Let  (3)  be  solved  with  reference  to  c,  giving  a  result  of  the  form 

c  =  cp(x,y,p1) . (6), 

and  let  this  value  be  substituted  in  (1)  ;  we  shall  thus  l^ave  (2)  or 
its  equivalent  under  the  form 

u  -  F (x,  y,  <p)  =  0 . (7), 

where  9  is  put  for  (p(x,  y,yq) ;  for,  by  hypothesis,  (2)  is  the  result  of 
the  elimination  of  the  constant  c  between  (1)  and  (3). 

Now,  since  (2)  and  (7)  are  equivalent,  the  elimination  of  pl 
between  them  must  lead  to  an  identical  equation  in  x  and  y;  that 
is,  an  equation,  which,  being  true  for  all  values  of  x  and  y,  does  not 
imply  a  relation  between  them. 

Let  Pi=ffay) . (s) 

be  the  result  obtained  by  solving  (2)  with  respect  to/q. 

This  value  substituted  in  (7)  gives  the  identical  equation  before 
referred  to,  which  can  be  differentiated  with  respect  to  x  and  y, 
successively,  as  though  they  were  independent  variables,  since  the 
equation  does  not  imply  any  relation  or  mutual  dependence  between 
them. 

Then,  differentiating  (7),  and  observing  that  9  contains  x:  y,  and^q, 
while  pl  =f(x,y),  we  get 
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and 


dPi 

dx 

dp  i 


(du  du  dp\  t  / 
dx  'dp  dx]  '  \ 


du  dp  \ 


-( 


dx 

du 


dp  dx]  ’  \dp  dpl]) 

du  dp\  <  /du  dp  \ 
dp  dy)  *  \dp  dpl  ] 


dy  \dy 

But  when  (he  solution  is  singular,  we  have  the  condition 
du  du  .  dp,  dp, 

u-,  =  Tc  =  0’  •••^=:cc’and^  =  G0’ 


or 


dx  dy 

— —  =  0  and  — — •  =  0. 
dpx  dpY 


If  yq  be  eliminated  between  either  of  the  last  two  equations  and 
(2),  the  result  will  be  a  singular  solution,  provided  it  satisfies  (2). 
Thus  we  can  find  the  singular  solution  without  previously  finding 
the  general  solution. 

Or,  again,  from  (2),  wre  have 


r  dud~\ 

YM  J 


du2  du2  dy  du.a 
dx  dy  dx  dp 


du2 

dpi 


( 


du2  du2  dy 
dx  dy  dx 


2  dpi.*y\  _  o 

l  \dx  dy  dx] 

\  (d_Pi  ,  (1Jh'd_y\. 

]  ’  \<Ar  dy  dx) 5 


and,  since  the  divisor  is  infinite,  when  the  solution  is  singular,  vre 
shall  have  the  condition 

du „ 


dlh 


=  0. 


which  will  give  suitable  values  of  yq  to  be  substituted  in  (2),  in  order 
to  obtain  singular  solutions. 

194.  1.  Find  the  singular  solution  of  the  differential  equation 

«2  =  xPi  —  3^i  +  6  =  0....  (1), 

without  previously  finding  the  general  integral. 

Differentiating  u2  with  respect  to  px  and  placing  the  result  equal 


to  zero,  w~e  get 


du 


d/\ 


2  =  %xPi  —  y  —  0, 


Pi 


JL 

2x’ 
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this  substituted  in  (1)  gives 
2  2 

- ^ - (-  b  0,  or  7/2  —  4&>r  =  0 

9r  J 


4x 


£)• 


This  equation  satisfies  (1),  as  will  be  seen  by  substituting  for 
x  and  y>1?  their  values  derived  from  (2). 

«"(ir)2_y(T)  +  A  =  0’  or  J-2i  +  J  =  °< 

an  identical  equation.  Hence  (2)  is  a  singular  solution. 

2.  «,  =  y+(y-*)g+ («-*)(!)'=  0, 

or  w2  =  y  +  (y  —  x)  p1  +  (a  —  x)pl2  =  0  ...  .  (1), 


dxtc 


£  =  y  ~  X  +  2(“  ~  X)P'  =  °’  = 

This  value,  substituted  in  (1),  gives 

y  -  {i0i)  +  {-a~  °> or  (* +  2/52  - 4ay  =  °- 

This  satisfies  (1),  and  is  therefore  a  singular  solution. 
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CHAPTER  Y. 


INTEGRATION  OF  DIFFERENTIAL  EQUATIONS  OF  THE  SECOND  ORDER. 


195.  Differential  equations  of  the  second  order,  when  presented 
in  their  most  general  form,  include 

d//  d2t/ 

x ,  ?/,  -f-  and  -7A-,  and  may  therefore  be  written 

'J'dx  dx2  J 

dy  d2y> 


*(■»■%  £?)=»• 


Of  these  comparatively  few  admit  of  being  integrated,  and  there¬ 
fore  only  such  particular  varieties  of  the  general  form  as  admit  of 
integration  or  reduction  to  a  lower  order  will  be  examined. 

d2y 

196.  Case  1st.  Let  the  equation  involve  only  x  and  — the  form 

dx 2 

being 


F 


(-'3H' 


d2y 


Then  resolving  the  equation,  if  possible,  with  respect  to  — ,  we 


get 


<py 


.  d"-y 


—  =  F,x  —  X.  .  *.  -7 -0dx  =  Xdx.  and  bv  integration, 
1  dx*  " 


dx 2 
dy 


dy 


—  f  Xdx  —  X,  +  C Y  .  ’ .  -f  dx  —  Xylx  -f  C\dx, 
dx  dx 


and, 


y  —  f  X-ydx  +  /  Cxdx  —  X2  Cyx  +  C2. 


The  constants  Cl  and  C2  being  arbitrary. 


412 


INTEGRAL  CALCULUS. 


197.  Ex. 


d*y 

dx2 


—  ax 3  =  0,  or, 


d2y 
dx 2 


ax3. 


dy_ 

dx 


•  d y  7  ,,  dy  ax  ,  n 

dx  —  ax3dx,  .  * .  —  =  — — \-  C\ . 

dx 2  dx  4 

7  /c/z4  \  7  ox5 

otr  =  l-p  +  Cj  la.r,  and  y  =  -  —  4-  Ci£c  4-  C2. 


d2y 

198.  Case  2d.  Let  the  equation  involve  only  y  and  — 2,  the  form 


being 


F 


(*SH 


d^y 

Resolving  the  equation,  if  possible,  with  respect  to  — 


c/F 


„  T.  d2y  dp.  dp,  dy 

—  Fpj  =  F:  But  -7-4 ;  =  -£±  =  -4-  •  ~  —  px 


dPi 
dy ’ 


dx2  dx  dy  dx 

fttr=r’  and  ft t *»  =  Yd*’ 

•  ••  5j>I*  =  /ra4r  =  r1  +  (?„  g  =  8rI  +  c'I 

/W  Cv  4/L 


and  — 


dy 


'2  Fj  4-  6 


: ,  and  the  variables  are  separated. 

r  x 


-  or. 


199.  Ex.  pt - ]=  =  0,  or  p  =  ^  =  J=- 

^  "y/ ay  dx  dx  y^  a  y 

The"  Px  %  =  "7=>  and . ' .  ft2 =4 

ay  yc/y  (fy  y«y 

,,  '\fy '+  ■, 

—  —  4 - yF-,  by  making  C\  =  4 

V  a  y  a 


V 


a 


+  C\i 


dx 2 


.  c£r 


1/a*.  c?y 


.  2y  vyd-^b 

To  integrate  this,  put  -y/y  4-  yT  =  g,  .  • .  y  ~{z  —  -\A)2* 

c?y  —  2{z  —  ■y/b)dz ,  and  .  • .  dx  —  y/b)dz 
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"o  1 

~  /  o 


|(y2  +  &*)5-  2  &V  +  **)4]  +  cv 


form  being 


= 

200.  Case  3c/.  Let  the  equation  involve  ~  and  only,  the 

tlx  ax 2 

sh 

Resolving  with  respect  to  if  possible,  we  have 

^(1)’  or’ t =i^ and  & 

This  is  an  equation  of  the  first  order,  which  being  integrated  gives 

do 

*  —  A?i>  and  y  =  fihdx  =  fp i  A  =  Api- 

1-t  i 

Hence,  by  eliminating  yq,  we  obtain  a  relation  between  x  and  y, 


<Ey 

dx2 


201.  Ex. 


•§+"+ 


( 


dv 


2\  3. 


dx‘* 


0. 


diPi  / 

"cfo  ~  1 


1  + 


dy2\- 
dxz) 


and  dx 


ad /q 


(i+Pi2) 


X  — 


ap\ 


(!+^i2) 


i 


T  C.  .  ’ .  dy  zzz  — 


apXih 


(!  +  Pi) 


S> 


and 


a 


y 


+  ^i. 


(1  +  yq2) 

Hence,  by  eliminating  yq,  we  get 

(C-x)2  +  (C1-y)2  =  a2. 
202.  Case  4th.  Let  the  equation  involve 


dv  d^v 

x ,  -y-  and  -r-ir  only,  being  of  the  form 


’  dx 


dx2 
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t?  i  •  d-f  d2y  x. 
Replacing  —  and  —  by  px 


and 


dx’ 


the  proposed  equation 


reduces  to 


F(x’p"  dx)~° - ^ 


which  is  of  the  first  order  between  x  and  yq,  and  must  therefore  be 
resolved,  if  possible,  by  some  one  of  the  methods  applicable  to  such 
equations. 

Thus,  if  the  equation  (1)  can  be  solved  with  respect  to  x,  giving 

x  =  FiPi . (2)> 


we  shall  have,  since  y  =  f pxdx  =  pxx  —  f  xdp 1? 


y=PiX  —f*\Pidpi . (3)  ; 

and,  by  eliminating  px  between  (2)  and  (3),  the  desired  relation 
between  x  and  y  will  be  obtained. 

Or,  again,  if  (1)  can  be  solved  for  yq  giving 

Pi  =  F ix . (4). 

then  y  —  f  pydx  —  f  Fxx .  dx,  the  integral  sought. 

If  neither  of  these  suppositions  be  true,  we  can  only  resort  to 
some  one  of  the  expedients  exhibited  in  the  foregoing  chapters. 


203.  Ex. 


a 2  d2y 

—  -  •  - 

2x  dx2 


(’ 


+  ■  ■ + S)L 


=  0. 


By  substitution 


and  by  integration 

Pi 


dpL 

dx 


(i  -\-p\) 


2# 


a 6 


(!  +  Pi) 
1 


=  C 


b2  —  x 2 


when  C  ■ 


a 


a* 


62 


a 4 


a? 


a ■* 


p  2  (b2  -  x2f 


-  (fe2  _  x*y ' 
(6 2  -  x2)2  '  ’ 
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dy 


b2  —  x 2 


‘  Pl '  dx  ya4  —  (b2  -  X2)2 


•••2 '  =  / 


(Z»3  —  x2)dx 
•v/^^  -  a-2)2 


,  the  desired  relation. 


204.  CW  5/7i.  Let  the  equation  involve  y,  and  only. 


the  form  being 


dx'  "  dx 2 

fL  sJL  fl\  =  0. 

\  ’  dx'  dx 2 / 

By  a  substitution  similar  to  that  adopted  in  the  last  case,  we  have 

F(!/’p'’d£)=0- 

But  *£■  =  d-h. .  dJ.  =Px  dP±,  and  by  substitution 

dx  dy  dx  dy 

which  is  an  equation  of  the  first  order  between  y  and  pv 


205.  Ex . 


By  substitution 


d.2y 


dx2 


la  “  y  ~  m 


dy2 

dx2 


dPi 

dx 


—  y  —  ™P\ 


0. 


0. 


dp,  dp,  dy  dp, 

■'■iE=-dpTx;  y  =  «M 

cr  by  making  px2  =  2s,  and  consequently  2hdP\  =  dz-> 


dy 


—  2  mz  =  y,  dz  —  2msdy  —  ydy. 


This  is  a  linear  equation  of  the  first  order  and  first  degree,  and 
therefore  integrable. 

206»  Case  Gih.  If  we  reckon  (as  usual)  x  or  y  as  of  the  dimen- 

d  m  d^y 

sion  1,  and  agree  to  reckon  -f-  of  the  dimension  0,  and  — —  of  the 
0  dx  ax * 
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dimension  —  1,  then  every  equation  of  the  second  order  which,  upon 
this  supposition,  is  homogeneous,  may  be  reduced  to  an  equation  of 

the  first  order,  by  making  ?/  =:  vx  and  =  -• 

’  J  °  J  dx2  x 

For,  if  n  denote  the  degree  of  the  coefficients,  the  terms  contain- 

ing  — —  must  have  a  factor  of  the  degree  n  +  1,  and  those  contain- 
dx1 

cly 

ing  must  have  factors  of  the  degree  n.  Hence  after  substituting 

Cl  X 

d~"i/ 

the  assumed  values  of  y  and  every  term  of  the  equation  will 

necessarily  be  divisible  by  xn,  and  thus  x  will  disappear,  leaving  an 
equation  between  v,  z,  and  pv  of  the  general  form 


But 

Also 


F(v,  z,px)  -  0  .  .  .  .  (1). 

dy  =  p.dx  =  vdx  -f-  xdv.  .  * .  —  = - - — 

x  Pi  —  v 


dpi  z 

-  '  —  i 

dx  x 


dx  dpi 


.  ■ .  zdo  =  —  v )dpv 


or  by  substituting  the  value  of  z,  obtained  by  resolving  (1),  an  equa¬ 
tion  of  the  first  order  will  arise  between  v  and  px,  from  which  px 
may  be  found  in  terms  of  v.  Then  by  eliminating  px  from  the 
equation 

dx  dv 
x  2h  —  v 

and  integrating,  we  shall  get  log  x  =  cpv. 

Lastly,  eliminating  v  between  this  result  and  y  =  vx,  the  desired 
relation  between  x  and  y  will  be  obtained. 

207.  Ex.  x2  _  x  d±  _  gy  =  0. 

dx 2  dx 

cfiy  z 

Making  =  -  and  y  =  vx  we  get 

CtiX/ 

xz  —  xpi  —  ovx  —  0  or  z  —  pj  —  3y  0. 
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.  *.  z  =  px  +  3v  and  (px  +  3 v)dv  =  (px  —  v)dpx, 

pxdv  +  vdpx  —  pxdpx  —  3  vdv. 

1  3 

0  -f-  V\v  =  2^i2  ~  o  ^2’  or  Pi2  —  ^P\v  4-  =  4v2  +  2(7. 

px  —  v  =  y4y2  -f  26'.  Hence 


c?y 


1 


*  2G1 


r,  and  log  x  =  -  log  [C^y  -f-  -\/4y2  +  2(7  ]. 


•  /vc 

•  I  »v 


x2  zzz  Cx  [2v  +  ^4v2  +  2(7).  But  v 

*v 


.  4a:y  ,  4?/2  _  4?/2  ( 

*  *  (J 2  (j  ‘  ° 


a:2  x2 


y 


x 


2CCX 


CCX 


_  ax3 - whei  T7T  =  a  and  o 

4  Cx  4x  x  4  C\  2 


=  b. 
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CHAPTER  VI. 


INTEGRATION  OF  DIFFERENTIAL  EQUATIONS  OF  THE  HIGHER  ORDERS. 


208.  The  integration  of  differential  equations  of  an  order  higher 
than  the  second  is  attended  with  difficulties  still  greater  than  those 
which  have  been  overcome  hitherto,  and  in  consequence  the  number 
of  integrable  forms  is  very  restricted.  The  following  exhibit  a  few 
of  the  simplest  cases. 

1st.  Let  the  form  be  F&-,  =  0. 

\dxn  dxn~l) 

rjn — lj#  fjnu  dv 

Put  — - -  =  u,  then  =  —  and  by  substitution 

’  dxn  dx  J 


dx1 


F 


(•■£)-* 


which  is  an  equation  of  the  first  order  between  u  and  x .  This  being 
resolved,  gives 

dn — b/ 

u  —  F,x.  .  * .  - - -  =  F,x  and  y  —  fn~lF,x .  dx71-1. 

l  dxn-\  1  V  J  1 

209.  Next  let  the  form  be 

( dny  dn~2y> 


/  dny  dn~2y\ 
\dxn ’  dxn~2) 


0. 


(Jny  cftll 

Put  — — =  u,  then  - — =  — — ,  and  by  substitution 

dxn~2  dxn  dx2 

,,  ( d2u  \ 

FW’  “)  =  °’ 

an  integrable  form  of  the  second  order,  which  has  been  already 
examined. 
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210.  1.  Let 


dxy  d?y 
-  •  ■  - 

dx4  dx 3 


Put 


d3U 


=  1. 

dAy  du 
dx4  dx * 


du 


1 


u  — —  —  1 .  or  dx  =z  udu.  and  x  = —u2  - f-  (7,. 
dx  2  1 


.  • .  u  —  yr2x —  2  Cl  or  —  i/2x  —  2  C\. 

Uj\C 

cPy  ,  J  d'-y  (2x  —  2  (7,  r 

— rfa:=  (2*-2C'1)  <fe,  and  —  =  v - - — ^  4-  <?*• 


dx 2 


o 

O 


3 

\  2~ 


3^[^>'+e, 


o 

O 


<//  _  (2a:  —  2^)  C2x  /y 

d*  ~  ““375  +  7T  +  °3’ 


and 


2. 


.V  = 


(2*-2C^  C>  c 


o*5*7 


1*2’  1 


<i4?/  d2y 
dx*~d^' 


Put 


<l2y 

dx 2 


=  «  then 


d4y  d2u 
dx1  dx 2 


‘  dr2 


d2u  du  du 

i(,  -r-z  *  —  =  u—dx. 

dx 2  <xx'  c/.r 


cfaa 

d^2 


=  +  (7j  and  dx 


du 


V w 2  +  6'i 


.  _  }n(ru  +  yu2  +  C\ 

•  •  »v  — —  JV~/w, - - - - - - -  i  I  • 


c„ 


«• 


Now 


P  i 


du  „  1  p  udu  _ 

=  s  =  /Mlfe  =  JWTdr  «*+°>  +  c» 


u2  +  C\ 

y  =  —  /[(w2  +  Ci)24-  cy 


1  d« 


V^2  +  y 

u  4-  6?3£  4-  (7j  .  .  .  .  (2). 


and 
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Then,  to  eliminate  u  between  (1)  and  (2),  we  get  from  (1) 

C2ex  z=.u  -j-  -y/u2  -f-  Crl9  Ci2e2x  —  2uC2ex  -j-  u2  =  u 2  -f- 

C  *e2x  -  a 

.  • .  u  =  — —77 - 

202ex 

which,  substituted  in  (2),  gives  a  result  which  may  be  written  in  th« 
form 

V  =  cyex  +  c2e-x  +  c3x  +  r4. 


v  '*  \  f?  •  .  <>  y  \  \v  |  t  j  * 

CHAPTER  VII. 

INTEGRATION  OF  SIMULTANEOUS  DIFFERENTIAL  EQUATIONS. 

211.  In  the  applications  of  the  Calculus  to  Physical  Astronomy, 
it  occurs,  not  unfrequently,  that  several  variables,  as  x ,  y,  q  Ac. 
are  connected  by  co-existent  relations,  the  number  of  such  relations 
being  one  less  than  the  number  of  variables  ;  and  the  object  pro¬ 
posed  is,  to  deduce  equations  which  shall  express  the  values  of  x ,  7/, 
&c.  in  terms  of  the  remaining  variable  t.  The  following  solution  of 
some  of  the  simplest  cases  of  such  equations  was  first  given  by 
D’Alembert. 

212.  Prop.  To  resolve  the  system  of  equations, 

ATt  +  £dI  +  °*+J)v=T’ 

A'  W  +  %  +  G*  +  Div  =  Tv 

in  which  A,  B ,  0,  B,  Av  Bv  C\,  and  B>1:  are  constants,  and  T  and  Tx 
functions  of  t;  so  as  to  express  x  and  y  in  terms  of  t. 
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dv  clx 

Eliminating  first  — ,  and  then  we  can  reduce  the  proposed 

Cl  L  CvL 


aquations  to  the  forms 
dx 


dy 


dt 


+  ax  -}•  by  =  T2  ....  (1),  and  — -fa  xx  -\-bxy  =  T3  .  .  .  (2), 

CL  6 


in  which  T2  and  T3  are  also  functions  of  q  and  a ,  &,  a,  are  constants. 

Multiply  (2)  by  an  undetermined  constant  m,  and  add  the  resulting 
product  to  (1). 

d  (  b  — hi  h  \ 

.-.-d-{x  +  my)  +  (a  +  maj  [x  +  =  T2  +  mT3. 

Now  determine  m  by  the  condition  m  =  - — — - 1; 

a  -f-  max 

or  ma  -f-  —  b  —  mb1  —  0, 

and  suppose  ml  and  m2  to  be  the  two  values  of  m  given  by  this 
quadratic. 

Also  put  a  -f-  =  ?q  and  a  -f-  m2al  —  r2.  Then 

d 


dt 

d 


(x  -f  mxy)  +  rx  (x  +  mxy)  =  T2  +  ml  T3, 


—  (^  +  m2y)  +  r2(x  +  m2y)  =  T2  +  m2T3. 

These  being  linear  equations  of  the  first  order,  their  solutions  will  be 

x-{-mly  =  e~r^t  [ f er'f  (T2-\- m1T3)dt]  )  from  which  x  and  y  may  be 
x+P^y-e-rz*  [fe^t  ( T2+m2T3)dt ]  )  found  in  terms  of  t. 

213.  Ex.  Let  —  -f  4y  -f-  5z  ~  e *,  and  %  -f  z  -f-  2y  =  e2t  be  the 
dt 

proposed  equations. 

As  these  have  the  forms  (1)  and  (2)  of  the  last  article,  we  mul¬ 
tiply  the  second  by  m,  and  add. 


d 

dt 


,  /  4  4- -2  m  \  .  ,  9. 

( x  +  my)  -f-  (5  -f  m)  Lc  +  ^  ~VJ  —  e  1  "f"  mt  * 
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Put 


4  4*  2  m 

m  —  - — : - ,  or  mz  -f  3m  =  4. 


5  +  wi 

.  • .  m1  =  1,  and  ???2  =  —  4,  =  5  -J-  1  =  6,  r2  =  5  —  4  =  1. 

.  * .  or  -f-  ?/  =  e~6<[ / 6'6<(e*  +  e2 ^ )c/^]  =  e~6t  ^  e11  +  e8t  +  C  J 

=  b<  +  Ie2‘  +  ft?-6' 

7  a 


-  \y=  «-«[/c‘(e»—  4e2,)<*]  =  «-<  [If2*  —  i e3<  +  c4 


=  5*‘-5<M+  Cl*"*, 

from  which  x  and  y  are  readily  found. 

214.  Prop.  To  integrate  the  system  of  equations, 

dx 
dt 

dy 


dt 

dz 


dt 


+  (-4#  +  By  4-  Cz)  =z  T ....  (1). 

+  (A -pc,  4-  Bpj  -f-  Cxz)  =  Ty  .  .  .  .  (2). 
+  (A 2%  +  B2y  +  C2z)  =  T2  ...  .  (3), 


in  which  A,  B,  (7,  &c.  are  constants,  and  T:  T1T2  functions  of  t. 
Multiply  (2)  by  m,  and  (3)  by  n,  and  add. 
d 

.  * .  -jj  (z  +  wy  +  nz)  -j-  (A  +  Apn  +  A  pi) 


\  -  T  Tpil  -j-  Tr£%. 


/  B  4-  Bpn  +  B2n  C  +  Cpn  4~  C2n 

\  -/I  ~f~  “4~  -A 2^  -4  "4"  "4“  ^2^ 

Hence,  if  w^e  put 

a*  +  wiy  +  v,  and  A  4-  4-  A2n  =z  il/, 

and  determine  m  and  n  by  the  conditions 

B  4-  Bpn  4-  B^n  C  4-  Cpn  4-  Cpn 

m  —  — - - - - — n  = 


j\.  4-  a1  pn  4-  Apt  H  4~  A  phi  4~  A2n 

the  equation  will  assume  the  form 
dv 


(4), 


- b  Mv  —  T  4~  rBpn  +  Bp1,  which  is  a  linear  equation. 

LL  L 
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This,  being  integrated,  will  give  a  relation  between  v  and  t.  Also, 
in  finding  the  values  of  m  and  n  from  equations  (4),  two  cubic  equa¬ 
tions  will  arise,  and  therefore  each  of  these  quantities  will  have  three 
values.  Denoting  them  by  ml:m2,  and  m3,  nlp2 ,  and  n3,  and  represent¬ 
ing  the  three  values  of  the  second  member,  after  integration  by 
[fv  U2i  and  U3,  there  will  result  three  equations  of  the  form 

x  +  mpy  -f-  nxz  —  TJ 1? 

^  V  +  n2z  =  U2, 

%  +  m3y  +  =  ^3» 

from  which  x,  y,  and  z,  can  be  found  in  terms  of  t . 

215.  Prop.  To  integrate  the  system  of  equations. 

-^r  +  ax  +  by  +  c  =  0 - (1).  / 


-f*  a,ps  -j-  b^y  -f-  Cj  —  0  .  .  .  . 


Multiply  (2)  by  m,  and  add.  Then 
d2 


dt2 


(x  +  my  -f  C)  +  (p,  +  wioq)  (x  + 

b  -f-  wiij 


b  -f-  mbl  ,  c  -f*  mc 


V  + 


Put  m  — 


a  -f-  ma / 


a  -f-  max  a  -f-  ma 
u  =  x  -j~  my  <7, 


i) 


and 


a  +  ma1 
and  the  equation  will  reduce  to 

d2u 


n  c  -f  mcx 

C  — - — ,  and  a  +  mal  —  —  n % 


dt 2 


— ■  n2u  =  0. 


0. 


The  integral  of  this  equation  is 

u  =  Clent  +  C2e~nt. 

Hence  if  m1  and  m2  be  the  values  of  m,  deduced  from  the  assumed 
relation  of  m  and  the  constants,  then 
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x  +  m$  +  C-~^-m-lC±  =  +  C2e-niK 

a  +  m1a1 

C  *4”  YTlnC.  ~  . 

x  +  WoV  4 - =  C.,en^  4-  C.e~n^. 

a  4-  w2ai 

d2x  d2v 

216.  Ex.  -r^r  =  So;  4-  4y  —  3,  — -  =  8y  —  a:  —  5. 


Here 


dt2 

i 

b  4~  mbl 


4  —  8m 


dt2 


—  m.  .  * .  m2  4-  5m  =  —  4. 


a  4-  —  o  4- 

.  wij  =  —  1,  and  ???2  =  —  4.  .  »j  =  2  and  j?2  = 

.  • .  a;  —  y  4-  i  =  CV2*  -f  C2e~2t. 
x  —  Ay  4-  ~  =  Crf'yfi 4- 

.  • .  ar  =  i  4-  4<75e2*  4-  4C6e~2t  -  C7e*^  -  Cser'rf, 
y  =  ~  4-  C562*  4-  06e~2t  —  C^e*^  —  (78e~*V^, 
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CHAPTER  I. 

FIRST  PRINCIPLES. 

1.  In  the  general  expression  u  =  9 (aq,  x2,  x3  .  .  .  .  xn),  which  signi¬ 

fies  that  u  is  a  function  of  several  independent  variables  aq,  x2,  x3 . .  xn, 
the  value  of  u  obviously  depends  upon  two  essentially  different  con¬ 
siderations,  viz.  :  1st.  The  values  of  the  variables  x 1?  x2 ,  x3 . xM 

and  2d.,  the  form  of  the  function  9. 

2.  The  consideration  of  the  changes  imparted  to  u  by  changes  in 
the  values  of  the  independent  variables,  while  the  function  9  is  sup¬ 
posed  to  retain  the  same  form,  is  the  chief  object  of  the  Differential 
Calculus,  and  then  the  form  of  the  function  is  supposed  to  be 
known.  But  there  are  many  cases,  especially  in  questions  relating 
to  maxima  and  minima,  in  which  the  form  of  the  function  necessary 
to  fulfil  some  specified  condition,  is  the  principal  object  of  inquiry. 
Eor  the  resolution  of  such  questions,  the  ordinary  methods  of  the 
Differential  Calculus  do  not  suffice,  and  their  consideration  is 
reserved  for  the  Calculus  of  Variations. 

3.  There  are,  it  is  true,  some  cases  in  which  it  becomes  necessary 
to  consider  the  change  in  u  due  to  both  these  causes,  namely,  a  change 
in  the  values  of  the  independent  variables,  and  a  change  in  the  form 
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of  the  function,  but  it  is  with  the  latter  that  the  Calculus  of  Variations 
is  more  immediately  concerned. 

4.  The  form  of  a  function  may  be  so  connected  with  the  form  or 
forms  of  one  or  more  other  functions,  that  when  the  latter  are  given, 
the  former  will  become  known.  For  example,  a  differential  coefficient 
has  a  certain  form  always  deducible  from  that  of  the  function  itself. 
This  connection  between  functions  is  expressed  by  calling  the  original 
function,  whose  form  is  arbitrary,  the  primitive,  and  that  whose  form 
is  dependent  upon  it,  the  derived  function. 

Now  if  the  form  of  one  or  more  of  the  primitive  functions  be 
supposed  to  change,  the  form  of  the  derived  function  will  undergo  a 
corresponding  change,  and  if  the  relation  connecting  the  forms  of 
the  primitive  and  derived  functions  be  invariable,  the  change  in  the 
form  of  the  latter  will  not  be  arbitrarv,  but  will  be  connected  with 
the  change  in  the  form  of  the  former  by  a  fixed  relation. 

5.  To  trace  this  dependence,  or  to  investigate  the  change  in  a 
derived  function  resulting  from  an  arbitrary  change  in  the  form  of  its 
; primitive ,  is  the  design  of  the  Calculus  of  Variations. 

6.  In  this,  as  in  the  Differential  Calculus,  it  is  usually  necessary 
that  the  increments  of  the  function  shall  admit  of  being  indefinitely 
diminished,  and  also  that  such  increments  shall  continue  indefinitely 
small,  when  any  values,  consistent  with  the  conditions  of  the  ques¬ 
tion,  are  assigned  to  the  variables  xv  x2,  &c. 

Hence  the  necessity  of  the  following  proposition. 

7.  Prop.  To  investigate  a  general  method  of  giving  to  a  function 
such  a  change  of  form  as  shall  impart  to  it  an  increment  of  any  pro¬ 
posed  order  of  magnitude,  without  reference  to  the  values  of  the 
independent  variables  aq,  x2:  x3.  ...  xn  which  enter  into  it. 

Let  u  —  (p^j, x2,  x3. ...  xn)  be  the  original  function,  and 

==  cpi(.r1,  xz,  x3. . . .  xn ),  after  it  has  undergone  the  required 
change  of  form  ;  and  suppose  i  to  represent  a  small  quantity  of  the 
same  order  of  magnitude  as  that  which  we  desire  to  impart  to  the 
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difference  ux —  u,  so  that  if  nx — u  —  ni,  the  quantity  n  shall  be 
neither  excessively  great  or  extremely  small.  Then 

’  'LL  (»2q,  %2'  *^3  •  •  •  Xn)  X2">  X3  •  •  • 

i  i 


rnusi  be  finite  for  all  values  of  aq,  x2,  x3 . .  .  xM  consistent  with  the 
conditions  of  the  question.  Assume 


X2i  X3  •  •  *  xn)  9(^1:  X2l  X3  *  *  *  xn) 


=  4'(-rn  J2?  #3  •  •  •  Xn)m  Then 


ux  —  u  =z  i.4r(x1,x2,x3  . . .  xn)  or  ux  ~  u i .  ^(x  i,x2,x:i. . .  xn); 

in  which  the  function  4"  is  subjected  to  no  condition  but  that 
of  not  becoming  infinite  for  any  values  of  aq,  x2,  x3  . .  .  xn  within  the 
restriction  of  the  problem. 

Hence,  in  order  to  impart  to  a  given  primitive  function  such  a 
change  of  form  as  shall  cause  it  to  receive  an  increment  susceptible 
of  indefinite  diminution,  we  must  add  to  it  another  arbitrary  function 
of  the  variables  (subject  to  the  above  restriction),  multiplied  by  a 
constant  which  constant  is  to  be  assumed  of  the  same  order  of 
magnitude  as  that  proposed  to  be  given  to  the  increment  of  the 
function. 

8.  Ex.  Suppose  u  —  sin  x,  where  x  can  take  any  value  between 
0  and  and  let  the  increment  ux  —  u,  proposed  to  be  given  to  u  by 
a  change  of  form,  be  required  of  the  same  order  of  magnitude 
with  dx. 

Then  making  i  =  adx,  when  a  is  nearly  equal  to  unity,  we  may 
write 

ul  —  u-\-  i  cos  x ,  or  ux  =  u  -f-  i  sin  2x,  or  ?q  —  sin  4x,  &c. ; 


but  it  would  not  be  admissible  to  assume 


ux  =  u  -{-  i  tan  x, 

because  tan  x  would  become  infinite  for  one  of  the  admissible  values 
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of  x,  viz.,  x  —  —  and  therefore  i  tan  x  would  not  be  necessarily 
small,  as  required. 

.  If  the  increment  required  to  be  given  to  u,  were  of  the  same  order 
with  dx 2  or  dx 3,  then  we  would  make 

i  —  a.  dx2  or  i  —  a  .  dx 3. 

9.  The  indefinitely  small  change  in  the  value  of  a  function  pro¬ 
duced  by  a  change  in  its  form,  is  called  a  variation ,  and  it  appears 
that  the  variation  of  a  primitive  function  is  entirely  arbitrary,  but 
the  variation  of  a  derived  function  is  dependent  upon  that  of  its 
primitive,  and  therefore  not  arbitrary. 

10.  Prop.  Let  u  =  ^(aq,  x2,  x3  . . .  .  xn )  be  an  indeterminate  func¬ 
tion  of  aq, 2*25*3  ....  xn,  and  let  v  —  Fu  denote  a  relation  by  Avhich  v 
is  derived  from  u,  that  is,  a  relation  of  form ,  but  not  of  magnitude  : 
it  is  proposed  to  find  the  change  in  the  value  of  the  derived  function 
(or  the  variation  of  v)  resulting  from  an  indefinitely  small  change  in 
the  form  of  u. 

Let  cp(x1:x2,x 3, ....  x„ )  be  replaced  by 

9(*l5*25*3 - *n)  +  *  •  +  Crl>  ^25  *3 - #„), 

and  let  the  operation  denoted  by  the  symbol  P1  be  performed  on  the 
substituted  function  so  far  as  to  obtain  the  coefficient  of  the  first 
power  of  i  in  the  development  of 

■^[90*15*25*3 - *»)  +  *•  4^15  *2>  *3 - *»)] 

If  the  co-efficient  of  this  term  be  denoted  by  w,  then  will  i .  w  be 
the  variation  of  v.  This  will  appear  by  reasoning  entirely  similar 
to  that  employed  in  the  Differential  Calculus,  in  finding  the  differen¬ 
tial  of  a  function  (p.  18). 

11.  The  proposition  enunciated  above  is  far  more  general  than 
that  commonly  presented  for  consideration.  Usually  the  only 
derived  functions  necessary  to  be  considered,  are  such  as  are 
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obtained  by  the  processes  of  differentiation  and  integration,  which 
are  represented  by  the  symbols  d  and  /  respectively  ;  and  for  these 
two  cases,  the  symbol  F  is  distributive ,  that  is, 

F{tp  +  p')  =  Ftp  +  Ftp'. 

Then  to  find  the  variation  of  v  =  Ftp,  substitute  cp  +  i .  4,  for  <p, 
and  since  F(tp  +  =  Ftp  +  F{i.-^), 

I.  •  •  I  ^  \  •  \  .  S  \ 

the  variation  or  increment  given  to  Ftp  will  be  44  or  i.F-^, 
since  i  is  a  constant,  and  therefore  not  a  function  of  aq,  x2,  fee. 

12.  Thus  far  we  have  supposed  the  function  to  receive  the  kind  of 
increment  peculiar  to  the  calculus  of  variations,  viz.,  that  due  to  a 
change  of  form  ;  but  if  the  independent  variable  be  supposed  to 
change  also,  the  function  will  receive  an  additional  increment,  and 
the  total  change  imparted  to  the  function  will  be  the  algebraic  sum 
of  the  two  increments  resulting  from  the  two  causes. 

13.  The  following  notation  is  used  to  distinguish  the  increments 
due  to  one  or  both  of  these  causes. 

1st.  The  character  S  refers  to  the  change  in  the  value  of  the  func¬ 
tion  resulting  from  a  change  in  its  form. 

2d. '  The  character  d  refers  to  the  change  in  the  value  of  the  func¬ 
tion  produced  by  changes  in  the  values  of  the  independent  variables 
x\,x2,  &c. 

3g?.  And  the  character  D  refers  to  the  total  change  resulting  from 
both  causes. 

.  * .  If  %  be  a  determinate  function  of  several  variables,  then 
Du  =  du. 

.  * .  If  u  be  an  indeterminate  function  of  invariable  quantities,  then 
Du  —  (5 u. 

And  if  u  be  an  indeterminate  function  of  variable  quantities,  then 
Du  =  du  Jr  Hu. 

14.  Since  an  independent  variable  admits  of  both  species  of  change, 
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we  might  denote  that  change  by  either  character.  Unless  the  con* 
trary  is  specified  this  change  will  be  indicated  by  d. 


0 


15.  The  distinction  between  differentiation  and  variation  admits 
of  a  simple  geometrical  illustration. 

Thus  let  y  ~  cpx  (1)  be  the  equation  of  iy 
a  curve  ACB  and  yx  —  qq#  (2),  that  of  a 
second  curve  A1C1B1,  the  form  and  posi¬ 
tion  of  the  second  curve  being  supposed 
to  differ  very  slightly  from  those  of  the 
first. 


Y 

_ _ B 

C 

N, 

.  c 

- 

N/  ^ 

N 

A/ 

D  D, 


B 


Put  OD  —  x ,  BD1  =  dx,  DC  =  y,  and  DC\  —  yv  Then  the 
change  NE  imparted  to  y  by  an  addition  DDX  —  dx  to  x ,  while  the 
point  referred  remains  on  the  same  curve  A  CB ,  will  represent  dy ; 
the  change  CCX  =  yx  —  y,  imparted  to  y  by  passing  from  C  to  a 
point  Cx  on  the  second  curve,  (while  x  remains  unchanged,)  will 
represent  Sy  ;  and  the  change  JVEl  due  to  both  causes  will  represent 
Dy. 

16.  Prop.  Given  u  —  f{xx,  x2,  x3 . .  . .  xn)  a  determinate  function  of 
several  variables,  to  determine  its  total  increment. 

Since  the  form  of  the  function  is  supposed  invariable,  we  have 


da  du 

Du  —  du  — .  —  dx,  +  — — . 

dxl  dx2 


7  du  7 

dx  2  -j-  •  •  •  •  "T  — •  dxn . . . 

Cl\£  n 


17.  Prop.  Given  u  ■=  q;(.r  1,a*2,  x3 ....  xH)  an  indeterminate  function 
of  several  variables,  to  determine  its  total  increment. 

Here  the  form  of  the  function  and  the  magnitudes  of  the  independ¬ 
ent  variables  must  be  supposed  susceptible  of  change,  and  therefore 


Du  —  du  +  Su. 


But 

and 


7  du  _  du  '  du 

du  —  •  dx,  +  •  dx o  -{-••••+  -7—  •  dxn  ; 

/7  /v*  ^  ^  “  /v  .vt 


dxl 


dxn 


8u  =  i  •  (aq,  x2:  x3  •  •  •  •  x„).  Hence, 


APPLICATIONS  OF  GENERAL  PRINCIPLES. 


431 


Du  —  —  dxx  +  -j-  *  ■+■•••• 


dxl 


dx. 


"I-  .  '  dxn  ~f*  l  •  '^2'>  *^3  *  *  • 

Cviv^ 

18.  Prop.  Given  u  ■=.  F  •  §  (aq,  x2,  x3,  .  .  .  .  #n),  where  is  the 
symbol  of  a  derived  function  which  fulfils  the  condition  F  (9  +  <j/) 
=  idp  -f*  F$r,  and  c p  is  the  symbol  of  an  indeterminate  function,  to 
determine  the  total  increment  of  u. 


Here  8u  =  F\i  •  41  (aq,  ^2:  ^3 . a*„)], 


= 


c/.rn 


fifoq  + 


c/i’o 


dx  o  4" 


.  .  +  —  •  era?. 

dx„ 


+  F-  S  •  (p  (.tq,  aq,  .r3, _ arw)  ....  (6'). 


19.  Prop.  Given  b7^  —  ,/*  (aq,  x2,  x3,  ....  .rn,  iq,  n2,  w3,  ....  wre), 
where  f  is  a  determinate  function  of  the  quantities  within  the  (  )  ; 
aq,  x2 ,  x3,  .  .  .  .  xn  being  independent  variables,  and  ux,  u2 ,  «3,  .  .  .  un 
indeterminate  functions  of  one  or  more  of  these  variables,  to  find  the 
total  increment  of  V. 

Here  V  varies  in  consequence  of  changes  in  the  values  of  aq,  x2, 
v3,  .  .  xn ,  and  also  from  the  changes  in  the  forms  of  ux,  u2,  u3 ,  .  .  un. 

Now  V  is  directly  a  function  of  aq,  and  indirectly  a  function  of  xx 
through  ux,  u2 ,  u3,  .  ...  un.  Hence,  if  aq  be  supposed  alone  variable^ 
the  change  in  V  will  be 


dV  _  .  dV  dux  dV  du2  dV  dun 

dxx  +  - - - - dxx  +  - - —>dxx  4-  ...  -7 - 7-  -dxx ; 

*  W  n  #  fJ  rvl  *  W  /\  t  ft  /VI  *  /-/  -1  i  yi  -V.  *  ' 


cfoq  cfoq 


c/w2  dxx 


dun  dxx 


and  similarly,  w’here  x2  alone  varies,  the  change  in  V  will  be 


rdV  dV  dux  dV  dn 

t - p  — —  •— —  •  -4-  — —  •  “ — 


\dx2  dux  dx 2  du2  dx 


4"  ....  4" 


d  V  din 


dun  dx  r 


] 


dx. 


25 


and  the  other  variables  will  furnish  like  expressions. 
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Now  let  the  form  of  the  function  u1  change,  other  things  being  the 
same,  and  the  corresponding  change  in  V  will  be 

dV  , 

since  V  is  a  function  of  uv  and  the  change  produced  in  V  by  a 
change  in  ux  depends  only  upon  the  amount  of  change  in  w1?  not  on 
the  manner  in  which  it  is  received. 

Introducing  similar  terms  for  t.he  variations  of  u2,  u2,  .  ...  un,  and 
adding,  the  total  change  in  V  will  be  thus  expressed 


rdV  dV  duY  ^d  V  du2  dV  dun~ i  ^ 

[_c?aq  ‘  du1  dx1  du2  dxl  dun  dx2  J  1 


+ 


t 


dV  dV  du ,  d  V  du0 

_ j - L-j - ±  -j_  .  .  .  . 

dx2  du1  dx2  du2  dx2 


a 


u 


u 


+ 


YdV  dV  dur  dV  du 

I*: ^  — 


dul  dxn 


+ 


du2  dxn 


dV 

dun  -l 

dun 

dx  2  J 

dV 

dunl 

dun  ' 

t/aqJ 

u 

dV 

dun  ~ 

dxc 


du. 


dV  ,  dV ,  ,  dV  , 

-j - - - OU}  -f-  -J—  ou2  +....-}-  •  oun  ....  (a>), 


dul 


du. 


the  quantity  in  the  last  line  being  the  variation  proper  or  6  V. 

20.  Given  U  =  FV,  when  V  —  f  (aq,  x2 ,  x3 , . xM  ulf  u2, 

u3i  ....  un),  where  /  is  a  determinate  function  of  the  quantities 
within  the  (  ),  and  Fa  derived  function  which  satisfies  the  condition 
F  (<p  +  <j/)  =  idp  +  idp',  to  find  the  increment  of  U. 

First,  let  aq  alone  vary,  and  since  V  is  a  determinate  function  of 
aq,  x2 ,  aq,  .  .  .  .  xM  wl5  v2,  ?/3,  ....  wn,  it  follows  that  so  long  as  the 
forms  of  ul:  u2,  u2,  .  ...  un  remain  unchanged,  the  quantity  V  will 
be  a  determinate  function  of  the  independent  variables  aq,  x ^ 
aq,  .  .  .  .  xM  and  therefore  the  corresponding  change  in  TJ  will  be 


denotes  the  total  differential  coefficient  of  U  with  respect  to  aq. 
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And  similarly  when  x2  alone  varies,  the  correspondirg  change 


in  U 


■•[£] 


dx 


2  J 


and  the  other  variables  will  furnish  like 


expressions. 

Now  to  find  the  change  in  U  due  to  a  change  in  the  form  of 
we  observe  that  the  change  in  IT,  resulting  from  a  change  of  any 
kind  in  wl5  might,  at  first,  appear  to  be  properly  expressed,  (as  in  the 


,  .  .  .  .  dU  + 

last  proposition,)  by  — - oiij 

Cl  U  i 


Now  this  would  be  true  if  U  were 


properly  a  function  of  uv  that  is,  a  quantity  whose  magnitude  is 
fixed  by  that  of  uv  ;  but  such  is  not  the  case,  their  relation  being 
one  of  form,  not  of  magnitude ;  and  therefore  the  desired  increment 

is  not  C^—  •  Su ,.  But  although  U  is  not  a  function  of  u,,  it  is  derived 
du1 

from  u j,  the  form  of  U  being  dependent  upon  that  of  V,  which  latter 
depends  upon  the  form  of  uv  And  since  IT  —  FV ,  .  * .  S  U  =  FSV. 
But,  by  the  last  proposition, 

oV  —  Su,  -f  Su2  +  &c. 

due 


du j 


dV 


■  ‘  •  is  the  part  of  8  U  which  results  from  a  variation  in 

the  form  of  uv 

Hence,  the  entire  increment 

i>u=  GEh + GEh +••••  +  BEE- 
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APPLICATIONS  OF  GENERAL  FORMULAE  TO  FUNCTIONS  OF  ONE  VARIABLE. 

21.  Prop.  To  find  the  total  increment  of  the  differential  coefficient 
dny 

- — ,  y  being  an  indeterminate  function  of  the  single  variable  x. 
dxn'  °  ° 

Here  the  quantity  proposed  can  vary  only  in  two  ways,  viz  :  by  a 

change  in  the  magnitude  of  the  independent  variable  x,  and  by  a 

change  in  the  form  of  the  function  y,  the  case  corresponding  to  that 

of  formula  (C),  with  the  number  of  variables  reduced  to  one.  We 

therefore  estimate  the  two  changes  separately  and  add  the  results. 

Now  when  x  takes  the  increment  dx, 

dny  1  ,  7  dny  dn+1y  7 

u  —  -7-  becomes  u  4-  du  =  — -  4-  — — —  dx 
dxn  dxn  dxn+l 


]  y 

the  corresponding  change  in  u  being  -j-^d^dx:  and  hence  the  total 
increment  of  u  will  be 

Du  =  du  +  Su  =  +  S  d"'J 


dxn+l 


dxn' 


dny 

But  the  symbol  -  satisfies  the  condition  F(y  -f-  9')  =  idp  + 

\Xds 


and  therefore 

dni 
dx 


^ dny  dn(y-\-dy)  dny  dny  dnSy  dny  dn0y 

dxn  dx11  dxn  dxn  dxn  dxn  dxn 


...  Dd-^  =  dP^dx  +  dnSy 


dx11  dxn+1 


dxn 
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22.  It  is  to  be  observed  that  <hy  requires  a  certain  restriction; 
for  it  was  shown  that  when 

Su  =  i  .  x2  &c.) 

it  is  necessary  to  assume  the  function  of  such  form  as  not  to 
become  infinite  for  any  values  of  aq,  x2  Ac.,  within  the  limits  of  the 
question.  This  condition  is  sufficient  when  we  consider  only  the 
primitive  function ;  but  when  it  is  necessary  to  take  account  of  a 
function  derived  from  the  primitive,  it  becomes  also  necessary  that 
the  function  similarly  derived  from  should  not  become  infinite  for 

t 

any  admissible  values  of  the  variables. 

Thus  when  we  say  that  SF<p  =  it  is  to  be  understood  that 
F-\>  remains  finite  for  all  suitable  values  of  aq,  aq,  Ac.  In  the  present 
example,  there  being  but  one  variable  x,  we  have 


foj  =  i . • 

and  we  must  so  select  ^  that 


jiny  .  dn\x 
o- — =  i 


dxn 


dx1 


dn\x 

dxn 


shall  be  finite  for  all  admissible 


values  of  x. 

23.  Prop.  To  find  the  total  increment  of 


V 


-/[«•  i 


Py 

dx2 


njT\ 

XnJ 


dny 
d, 


where  y  is  an  indeterminate  function  of  x. 

This  is  a  particular  case  of  the  general  investigation  which  resulted 
in  the  formula  [D].  To  make  that  formula  applicable  to  the  present 
case,  we  reduce  the  number  of  variables  to  one,  and  put 


ux  =  y, 


u. 


dy_ 

dxd 


d2y 
U*'~  dx2 


A 


c- 


Making  the  substitutions,  and  putting,  for  brevity, 


dV  ir  dV 
~d^~±  ’  Ihj 


we  get 


dV 


d 


dy_ 

dx 


=  A 


dV 


d 


cL2y 

dx2 


P 

-1  9  •  • 


dV 

'dp 

dxn 


=  P„ 


r 
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r  c it/  d2y  d3y 

VM  '  *v^+  P'J+^  ' 


dn+ly 


dx 


dx3 


+  Pn1~±  \dX 


dxn+1 


]• 


a' 

or 


+  JV%  +  PJ%+  p^%-- ■■  +  p"5d^i 

dy  d2y 

by  substituting  for  5  5  &c. 

J  °  dx  dx 2 


their  values  given  by  the  last  proposition, 

d?y 


DV 


=  p + + % d2y 


dx 


dx2 


ddy 


Pn 


d25y 


dx3 


j  •  •  •  • 


+  Pn 


dn+1y 

dxn+1 


] 


dx 


+  NSy  +  Pl  —  Jrp2—.  •  •  •  •  +  P.~ 


dnoy 


dxn 


24.  Here  Sy  is  to  be  expressed  as  hitherto  by  i  .  and  therefore 
4,  is  to  be  assumed  of  such  form  that  neither  it,  nor  any  of  its  first 
n  differential  coefficients  shall  become  infinite  for  any  value  of  x  con¬ 
sistent  with  the  conditions  of  the  problem. 

25.  Prop.  To  find  the  total  increment  of  U  =  J**1  Vdx  when 


V 


=f[x, 


y, 


dy  dhy 
dx ’  dx2 


dny 

dx11 


] 


It  is  obvious  that  a  definite  integral  can  change  its  value  only  in 

O  O  1 

three  ways,  viz.  : 

Is/.  By  a  change  of  the  superior  limit  xx,  while  the  inferior  limit 
x0  and  the  form  of  the  differential  coefficient  V  remain  the  same ;  2d. 
By  a  change  in  the  lower  limit  x0 ,  while  the  superior  limit  and  the 
form  of  V  are  unchanged ;  and  3 d.  By  a  change  in  the  form  of  V 
while  the  limits  are  invariable. 

The  complete  variation  or  total  increment  is  the  algebraic  sum  of 
the  three  separate  changes  thus  produced.  Denote  by  F-,  the  value 
of  V  when  x  =  and  suppose  xx  to  take  an  increment  dxx.  Then 
V^dxl  will  be  the  corresponding  increment  received  by  U ;  for  when 
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xx  takes  an  increment,  U,  which  consists  of  an  indefinite  number  of 
terms,  each  of  the  form  Vdx ,  simply  receives  an  additional  term, 
expressed  by  Vxdxt. 

And  similarly,  when  x0  takes  an  increment  dx0,  the  correspond¬ 
ing  increment  of  U  will  be  —  F0c£r0,  since  U  will  thereby  be 
deprived  of  one  term  expressed  by  VQdx0. 

■  ■ .  DU  =  V,d.v,  -  V0dx„  +  S  f*1  Vdx, 

J  x0 

and  we  must  now  find  an  expression  for  S  j  1  Vdx ,  the  change  in  U 

xQ 

due  to  a  change  in  the  form  of  V.  But  the  operation  denoted  by  the 
symbol  f Xl  satisfies  the  condition  F  (p  -j-  9')  =  Ftp  -f  Fpf- 


Xc 


.-.5  f'1'1  Vdx  =  fX]  (V+  dV)dx  -  fXlVdx 
dxQ  dx0  dx0 

=  Vdx  +  fXl  SV.dx  —  fXl  Vdx  =  fXl  5  V.  dx. 

Jx0  Jx0  JxQ  J  xQ 

Now  as  V  is  a  determined  function  of  x.  ?/,  -~r,  &c..  its-  form 

dx  dx1 

(considered  as  a  function  of  x\  can  vary  only  by  a  change  in  the 
form  of  the  function  y. 

Hence  the  variation  of  V,  found  as  in  the  last  proposition,  is 

dnoy 


SV  =  My  +  P*L  +  P,'PS* 


•  •  • 


dxn 


■  ■  ■  ‘ft:  ™ =/;: 

Now,  by  applying  the  formula  for  the  integration  by  parts  to  the 
second  member,  we  get 

in  which  and  [Pj$y]0  represent  the  values  of  Fphy  at  the 

superior  and  inferior  limits  respectively.  Similarly 
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'txl  dP2  day 


P'pM-cu  =  \pm  -  \pM  -f*'  . 

J  x0  dx2  .  L  dx  J  1  L  .  dx  J  0  J  x0  dx  dx 

or,  by  applying  a  similar  process  to  the  last  term, 


l/z 


+ 


r  dP0 


L  dx 


&y  I  4-  JXl 
J0  Jxq 


dPP_2 
dx 2 


Jy .  dx. 


=\PMy^sA  - 

L  dx  J  j  L  d x  dx  J  q 

_i_  />*ri  d2P2 

Jr. 


rx0  dx2 


Sy  .  dx. 


And  if  we  integrate,  n  times  successively  the  term 

yXl  Pn  .  — dx,  there  will  result 
xQ  dxn  ’ 

An  dn5y  T  dn~l5y  dPn  dn~2Sy 

/  P n  j  '  —  I  P n~]  ;  j —  *  V  4" 

^  .r0  cA-7<  L  dxn~l  dx  dxn~2 

. 

Now  collecting  the  coefficients  of  tfy,  — — ,  &c,  we  get 

(XX 


-  [a 


c?P2  ^  d2P 2 
dx  dx2 
dP 


-  +  (-!)»-' A^-"]  Sy, 


+  \P  3 


[ 


I 

4“ 


]  -fyo 

+  L  “  dx"-1  J  !  L  ”  dx"-1  J  0 

pxS  dPl  d2P2  dnPn~\ 

’ OF J  hj ‘ dx ■ 


dx 
dn~~lSy 


FUNCTIONS  OF  ONE  VARIABLE. 


439 


*.  D  fx>  Vdx  —  Vldxl  —  VqcIxq  +  [~Pi  —  +  &c.l  Syi 

Xq  l  J  i 

-  s +*'■]> 

A?US+S-fa--+<-1>-S5]f-'--"' 


which  is  the  expression  required. 


26.  The  value  of  B  j*  1  Vdx  found  in  the  above  propositions,  con* 

tains  three  parts  essentially  different  from  each  other,  viz. : 

1st.  The  terms  V] dxY  —  F0<£r0,  which  are  independent  of  the 
change  in  the  form  of  V,  but  depend  exclusively  on  the  variations  of 
the  limits. 

2d.  The  terms  [Px  —  &c.] -[£?/,  which  depend  upon  the  form  of  the 
function,  not  for  every  value  of  x ;  but  for  limiting  values  alone. 

3d.  The  terms  within  the  sign  of  integration 


Sy .  dx , 


which  depend  upon  the  general  change  in  the  form  of  the  function. 

27.  The  nature  of  this  difference  becomes  more  apparent  by 
observing  that  foj  —  i .  -^x.  For  it  is  plain  that  the  terms  in  the  first 
class  are  wholly  independent  of  the  form  of  the  function  :  that 

those  in  the  second  class  do  not  require  for  their  determination  a 

*  ***’■*.■ 

knowledge  of  the  form  of  the  function  %jy,  but  only  the  values  of  that 

t  v  * 

function  and  its  first  n  —  1  differential  coefficients,  at  the  limits ; 

t  }  '•  7  '  i  t  > 

and  that  the  terms  of  the  third  class  depend  upon  the  form  of  the 
function  4^?  and  cannot  be  determined  so  long  as  that  form  remains 
arbitrary. 

28.  Prop.  To  find  the  total  increment  of  U  =  f  1 V dx.  wdien 

Jx  o 
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V=fhy’% 


dy  d2y  dny 


dx 2 


•  •  •  • 


dzn'  - 


*i>  Vi 


(dy\  /  d2y\ 

5 \dx)f  \dx2) . 


••mmX0)  y<n 


%  (SH' 


the  quantity  V  being  supposed  to  contain  explicitly  the  limiting 

d)j 

values  of  one  or  more  of  the  quantities,  x ,  y,  -j-,  &c. 

u  vC 

Since  x1  ,y1  and  x0,  y0  are  connected  by  the  same  general  relation 

nx 

as  x  and  y,  the  integral  /  *  1  Vdx  can  be  varied  only  in  the  three 

methods  explained  in  the  last  proposition. 

Now  when  xx  receives  the  increment  dxv  the  form  of  the  function 
y  remaining  unchanged,  the  increment  received  by  U  will  be 

[  + III  { S; + w:  ®)  +  uSr(8)  + &c- !  dxY'- 


4i 

V\ 

r 

\d 

x)  i 

Similarly,  when  x0  receives  an  increment  dx0 ,  the  change  in  U 
will  be 


IX' 


dv  +dV 

dx o  ’t~  dyQ 


8), 


+ 


dV 


\d 

x/o 

Now  let  the  form  of  the  function  y  change,  while  other  things 
remain  the  same,  and  the  corresponding  change  in  U  will  be 


t 
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Now  integrating  by  parts,  as  in  the  last  proposition,  and  collecting 
the  terms,  we  obtain 


29.  Prop.  To  find  the  total  increment  of  (I  =  /:  1  Vdx,  in  which 
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P  dy  d2y  dny  dz  d2z 
1  =  f  U’  y'  di' dx*  d^'^’Tcdx2’ 


dmz\ 

dxm  J 


y  and  2  being  indeterminate  functions  of  x. 

„  dV  ar  dV  AT  dV  _  <7F 

Put  ,-ynr  =  if,  —  =  xV,  —=  — 

<^y  ^  A  ^ d  y 


=  A, 


Pc2 


cZ 


dF 

<P 


=  2^, 


c?F 


ef- 


dz 


P>  £L-P 

x  1  ?  •"  —  x  ■ 


d 


d2y 


2  ? 


o?  F 

dmZ 

d 


dP-p 

dxn 


—  P  ' 

—  ■x  m 


dx  dz 2  dxm 

Then,  since  the  value  of  U  can  change  only  in  four  ways,  viz. : 
1st.  By  a  change  in  the  value  of  xx ;  2d,  by  a  change  in  the  value 
of  xQ\  Sd,  by  a  change  in  the  form  of  the  function  y ;  and  4th,  by  a 
change  in  the  form  of  the  function  z ;  we  shall  obtain  by  reasoning, 
as  in  a  preceding  proposition,  where  y  was  the  only  function, 

DU  -  Vldxl  -  V0dx0  +  [pi  -  d-^j  +  &C-J  s!/i 


/  p  d«~'Sy\  _  /  d»2 'fa 

+  V  "dx"-1),  C  Vi-1  j0 

-fd* 


dPx  d2P2 


—  &c.  •  •  •  • 


+ 


+(-1)*  •?&]**■* 
&c.]0.fe0+[p3'-&°.]1(f)1 
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443 


,  rx i f 'tit/  rfiY  , 
+A„  L  . _  at  + 


,72  P  ' 

f  -  &C. - 

dx2 


+(-i) 


m  . 


dmP 


dx 


'1 

m  I  t- 

—  \OZ  • 

71  J 


c/iC 


(«). 


And  if  there  be  several  indeterminate  functions  of  x  in  the  value  of 
I!,  each  will  introduce  a  set  of  similar  terms  in  DU  or  d U. 

30.  Remark.  The  results  just  obtained  are  equally  true,  whether 
the  functions  x,  y,  z,  &c.,  are  entirely  independent  of  each  other,  or 
are  connected  by  one  or  more  equations  of  condition. 


31.  Drop.  To  find  the  total  increment  of  TJ  —  /  1  Vc lx,  in  which 

Jx0 

dy  d2y  dny  dz  d2z  dmz  "1 

5  dx'  dx 2  dx11'  ’  dx  ’  dx2'  dxm  J  ’ 

% 

the  functions  y  and  £  being  connected  by  the  relation  L  =  0,  which 
relation  may,  or  may  not,  be  a  differential  equation. 

The  equation  (a)  of  the  last  proposition  is  immediately  applicable 
to  this  case,  but  since  z  and  y  are  connected  by  a  given  relation,  dz 
and  dy  are  not  both  arbitrary,  one  being  dependent  upon  the  other. 

32.  If  the  equation  L  —  0  can  be  resolved  with  respect  to  one  of 
the  variables  (as  z),  giving  a  result  of  the  form  z  =  Fy ,  the  several 

dz  d2z 

differential  coefficients  — ,  ,  dec.,  can  be  formed  by  simple  differ¬ 

ed  dx1 


entiation,  and  these  values,  substituted  in  that  of  V,  will  render  it  a 
function  of  x ,  y,  and  their  differential  coefficients.  Thus,  the  case  will 
become  the  same  as  that  considered  in  a  previous  proposition. 

But  since  the  equation  L  —  0  is  often  a  differential  equation  which 
cannot  be  integrated,  this  method  is  frequently  inapplicable.  It  will 
now  be  shown  that  by  another  method  (due  to  Lagrange)  one  of  the 
variations  dy  or  dz  can  be  removed  from  under  the  sign  of  integration. 
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I-.  dL 
lut  —  =  a, 

dy 


dL 

dx 


-ft 


dL 


d 


d2y 
dx 2 


—  r>  &o., 


dL  . 
Tz^*' 


dL 


=p, 


dL 


Az  <■  Alz 

d~  d 


y',  &c. 


dx  dx 2 

Now,  since  the  equation  L  —  0  is  true  for  all  forms  of  y  and  z  con¬ 
sistent  with  the  conditions  of  the  question,  we  must  have  bL  =:  0. 

dby  d2by 

K^  +  /37fo  +  ^+&c- 


n.dbz  .d2bz 

4~  a  bz  -f*  /3  -+-  7  U7Z2  <^:c'  =  ^ 


(b). 


dx  ‘  dz- 

When  this  equation  can  be  integrated  so  as  to  give  a  value  of 
either  by  or  bz  in  terms  of  the  other,  (as  for  example  that  of  bz  in 


terms  of  fly),  we  can  form  the  values  of 


dbz  d28z 


&c.,  by  differ- 


dx  dx 2 

entiation,  and  then  substitute  them  in  the  value  of  b  U:  as  determined 
in  the  last  proposition,  thus  effecting  the  desired  transformation.  But 

as  this  integration  is  rarely  possible,  it  is  usually  necessary  to  adopt 

* 

the  method  referred  to  above,  which  will  be  now  explained. 

33.  The  value  of  b  V  being 


day 


d2by 


S  V  =  NSy  +  Px  -jZ  +  P2  +  &c.  +  N'Sz 


dx2 


+  P.'f-  +  PZ  ^  +  &c. 

we  can  (without  disturbing  the  equality  here  expressed)  add  to  the 

second  member  of  this  equation,  the  value  of  bL  multiplied  by  an 
arbitrary  quantity  X,  since  X .  bL  —  0.  Hence  we  may  write 

=  0v+  +  (P,  +  \S)  +  (/>,  +  xr)  5  +  &<>. 

db~  d2bz 

4-  (iV'4-Xa')fe+  (/*,'  +Xft)~y  +  +  &c* 


dx2 
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SV=  (P,  +  X/3  —  +  &C.), 


,  (, 


-  (P,  +  X/3  -  +  &c)  o  •  % 

-  (A  +  -  &c.)0  •  (^)g  +  &c- 

+  fll  (N  +  Xa  -  +  &c-)  %  • <& 

+  (Pj'  +  X/3'  -  ^+^)+  &*), .  &, 

-  (P/  +  X/3'  —  <^2-  Xy  ^  +  &c.)0 .  fe0 


+  (A'  +  W  -  &o-  )i  •  (^)i 


-  (A'  +  V  -  &c-)o  •  (^7^+  &c- 


+  fXl  W  +  X«'  -  +  &c.]  fe .  dx. 

JxQ  dx  J 

Now  let  it  be  required  to  determine  an  expression  for  8U  con¬ 
taining  but  one  of  the  variations  3y,  Sz,  under  the  sign  of  integration. 
If  the  value  of  A  be  determined  by  the  condition 


i  » 


iV'  +  Xa'  -  +  &c.  =  0 

dx 

•  ,»  •  -  *  **'•  ’  '  '  V  ‘  f  V\ -  I  I  >  j 

the  variation  Sz  will  disappear  from  under  the  sign  of  integration, 
and  similarly,  if  A  be  determined  by  the  condition 

d  {Pl  +  A/3) 


N  +  Aa  — 


dx 


+  &c.  =  0. 


fry  will  disappear  from  under  the  sign  of  integration. 

The  following  example  exhibits  an  application  of  this  method. 
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•  *  (  /  x 

34.  Prop.  To  find  the  total  increment  of  U  =  /  1  Vdx  in  which 


and 

Put 


T7.  /.r  dy  d2y 

v  =  f\xvdAdA 
J 1  ^  ^  dx1  dx 2 


dny 


dx 


ljvdx\ 


•  •  • 


dmy~ 1 

*  dxm  J  ’ 


dV  „  dV  ,r  dV 
~di~M'~ddj-N'  ~jTy 


=  P 


dV 


d 


dx 


P2  &C. 


du  dv  dv  dv 

-=m,-  =  n,— 


dtj 


ddi~™dddi 

dx  dx 3 


dv  r  dV  ,,, 

=  *»-rfiS  =  *  &c'  Jvdx=z'l[i=N 


The  equation  L  =  0  becomes  in  this  case 

since  J*  vdx  =  2.  Hence 


dz 

v  -  =  0 

dx 


~  -J-  or  a  =z  n,  and  similarly  /3  =  pv  y  =  y>2,  &c* 

Also  —=  or  a'  =  0  and  similarly  ft'  =  —  1,  7'=  0  &c. 

And  by  substituting  these  values  in  the  formula  of  the  last  pro¬ 
position,  we  obtain 

d(P2  +  \p2) 


dJJ=[P1  +  XPl 


dx 


+  &C.]X 


-  [A  +  ^  +  &c-]<>  •  sv« 


+  [A  +  Mh  -  &o.J, .  LA  +  -  &c']o(-ff)o+&c- 

/*Xlriir  d(Pl-\-\pl)  d2(P2Jt-Xp2)  fnr  1 

+jxy +xn-  dx —  +  -  -  &c-]  iy  •  * 

-  (X.&,  -  x0fc0)  +  f*'  \_N’  +  ~]&  .  dx. 


FUNCTIONS  OF  ONE  VARIABLE. 


447 


Since  Pxr  —  0,  P2'  —  0  &c.,  there  will  he  no  terms  containing 


By  adding  Vldxl  —  VQdxQ  to  the  expression  for  SU  just  found,  we 
shall  obtain  the  total  increment  D  U ,  and  in  order  to  reduce  DU  to 
form  in  which  8y  shall  be  the  only  variation  remaining  under  the 
sign  of  integration,  we  determine  A  by  the  condition 


,,,  dX 

n'  +  T*  =  0’ 


which  gives  A  ■=  — 

Denoting  this  value  by  i  we  obtain 

DU  =  Vxdxx  -  V0dx0  +  [pl  +  i.Pl-  (Ms±1E*L  + 

-  [A  +  tPi  -  d-^Tx—  +  &c-]o^o 
+  [A  +  -  &o.]i .  -  [P2  +  ip3  -  &c-]o-(^) +&c. 

-  (*ifoi  -  «ofeo) 


f N'dx. 


d{p\  +  nh) 

dx 


,  d2{p2  +  ip2) 
+  — M — 


—  &c.]  dy .  dx. 


CHAPTER  III. 


SUCCESSIVE  VARIATION. 

35.  Thus  far  no  condition  has  been  imposed  as  to  the  invariability 
of  form  of  the  function  4  or  5y.  The  conclusions  arrived  at  are 
equally  true,  whether  that  form  be  variable  or  invariable. 

Thus  if  the  symbol  F  satisfy  the  condition 

F(cp  -f  p')  =  Fp  +  Ftp', 

it  is  equally  true  that 

8Fp  =  Fop  =  Fi .  4, 

whether  the  form  of  4-  be  constant  or  variable.  But  this  condition 
ceases  to  be  immaterial  when  it  is  necessary  to  take  account  of  the 
second  variation ,  that  is,  the  variation  of  the  variation.  Thus  in  the 
case  just  referred  to,  vre  should  always  have 

82Fp  —  F82p  =.  Fid-\;. 

But  this,  when  the  form  of  4  is  supposed  invariable,  reduces  to 

S2Fp  =  FO. 

Now  FO  =  0,  since  by  the  nature  of  the  function  F,  we  have  * 

F(p  -f  0)  =  Fp  +  FO 

.  • .  F.  0  =  ^(9  +  0)  -  Fp  =  Fp  -  Fp  =  0.  .  • .  S2Fp  =  0. 

Hence  for  convenience  we  agree  that  the  variation  Su  of  any  func¬ 
tion  u ,  although  of  arbitrary  form,  shall  yet  preserve  that  form  inva¬ 
riable,  so  as  in  all  cases  to  satisfy  the  condition 
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36.  We  may  notice  here  a  striking  analogy  between  a  primitive 
function  and  an  independent  variable,  the  first  increment  of  each 
being  arbitrary,  and  the  second  equal  to  zero. 


37.  Prop.  To  find  the  second  variation  of  the  differential  coefficient 
dny 


d.xn 


.  It  has  been  already  shown  that 


„  dny  dn8y  *->dy  *dn8y  dn82y 

dxn  dxn  dxn '  L  dxn J  dxn  dx2 

But  since  y  is  a  primitive  function  82y  =  0. 

r  r:  -  y-  '  '  •  "  i  ,i ‘  ■  .  '  \  *  •'  ? 

'*  »  i*  *  .  \  '  I  x',  '  ;  ' 

dn82y  dny 

=  0,  and  consequently  o~  — —  =  0. 
dxn  ’  1  J  dxn 


38.  Prop.  To  find  the  second  variation  of 


We  have  already  found 


8V 


dV,  ,  dV  dSy  , 
dy5y  +  ~dyHi  + 


+ 


d  V  dn8y 


dt 

dX 


d 


dny  dxn 
dxn 


•••  *1%**]  =  *** 


dV 


dV  . 


and,  by  determining  the  value  of  8  — —  in  a  manner  similar  to  that 
in  which  8  V  was  found,  we  get 


,dV  d2V  ^  ,  d2V  d8y 

o  —  —  - - oi/  -) - —  • 

dy  dy »  * 

*  cte 


•  •  •  • 


+ 


d2  V  dn8y 


dyd 


dny  dxn 
dxn 


29 
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tr dV  <%i  dSv  ,  dv  , 

Similarly  5  I  .—-\  =  —  .S  —j-,  and 

L  i  W  (/  U  IV  nJ  vl’t(/  ^  W-  'J 


df- 

dx 


ddJi 

dx 


$  dV 

dJ-f  '  dyd 
dx  dx 


d2V  d2V  ddy 

—fys’J  +  rnr, v  w  +  te- 


HI 


&C.  &C. 

Hence,  by  substitution,  we  at  length  find 

PF=!%yS  +  2_i!^^^+  ^ 


&c. 


c?£y”|2 


dy 

dx 


dx 


HI 


■  fej + ** 


39.  Prop.  To  find  the  second  variation  of  /  Vdx ,  when 

r  dv  d2y  dny~\ 

v=fl x’y’ix' 

It  has  been  shown  that  6  /  Vdx  =  fS  Vdx ,  and  similarly  we  get 
S2  f  Vdx  -S[Sf  Vdx]  S/SVdx  =  f52Vdx. 
Substituting  for  62V,  its  value  found  in  the  last  proposition,  we 


obtain 


P  f  Vdx  =  f \d^  Sy*  + 


+  ", 


dp 

d2V 

Hi 


r  d  5y~\  * 

LdxJ 


d2V , 

dSy 

7 

.  -.dy  ' 

dydx 

J‘  dx 

V  &c.  | 

■  dx. 

By  similar  methods,  the  third  and  higher  variations  could  be 
deduced,  but  the  results  are  of  little  practical  value. 


CHAPTER  TV. 

f  v  :  >  •  ■  ■  '/  f  ’  r  i  i ,  '  ‘  ■  '✓  v 

MAXIMA  AND  MINIMA. 

40.  The  Calculus  of  Variations  is  applied  with  great  advantage  in 
resolving  questions  of  maxima  and  minima,  to  which  the  ordinary 
methods  of  the  Differential  Calculus  are  not  applicable. 

41.  A  maximum  value  of  a  function  is  one  which  exceeds  other 
values  of  that  function,  produced  by  infinitely  small  changes  in  any 
or  all  of  its  varying  elements. 

In  the  Differential  Calculus,  these  changes  in  the  values  of  the 
function  are  produced  by  changes  in  the  values  of  the  independent 
variables,  while  the  form  of  the  function  remains  the  same ;  but  in 
the  Calculus  of  Variations  the  change  in  the  value  of  the  function  is 
due  to  a  change  in  its  firm. 

42.  The  problem  of  maxima  and  minima,  as  resolved  in  the 
Differential  Calculus,  is  the  following: 

Given  u  =  fx ,  where  x  is  an  independent  variable,  and  f  a  func¬ 
tion  of  determinate  form,  to  find  what  values  of  x  will  render  u  a 
maximum  or  minimum. 

In  the  Calculus  of  Variations,  the  corresponding  problem  is  this  r 

Let  (p  denote  a  function  of  indeterminate  form,  and  u  --  Ftp  a 
function  derived  therefrom,  to  find  what  form  of  tp  will  render  u  a 
maximum  or  minimum. 

43.  The  mode  of  resolving  this  latter  problem  is  as  follows : 

Let  tp  -f-  i .  be  substituted  for  cp  in  the  derived  function,  and  let 

F  (cp  -j-  be  developed  in  terms  of  the  ascending  powers  of  i. 
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Then,  by  a  course  of  reasoning,  entirely  similar  to  that  employed  in 
the  Differential  Calculus,  it  will  appear  that  when  cp  has  the  form 
proper  to  render  Ftp  a  maximum  or  minimum,  the  coefficient  of 
the  first  power  of  i  must  reduce  to  zero,  and  that  of  the  second 
power  of  i  must  be  negative  for  a  maximum,  but  positive  for  a 
minimum.  In  other  words,  if  the  form  of  cp  alone  be  supposed  to 
change,  we  must  have  Su  —  0.  But  when,  from  the  nature  of  the 
question,  both  the  form  of  cp  and  the  value  of  x  are  liable  to  varia¬ 
tion,  we  must  have 

Du  —  0. 

44.  The  application  of  this  theory  will  new  be  explained,  observing 
that  in  the  present  state  of  this  Calculus,  the  functions  to  which  it  is 
applied  are,  almost  exclusively,  those  having  the  form  of  a  definite 
integral,  such  as 


45.  Prop.  Let  y  —  cpx  be  an  indeterminate  function  of  a  single 
variable  x,  and  let  it  be  proposed  to  find  the  form  of  cp,  which  shall 
render 

T  dy  d2y  „  1 

u=flx’y’Tx'  ^&cd 


a  maximum  or  minimum,  the  symbol  f  denoting  a  determinate 
function. 

Let  du  ~  M  dx  -f  N  ~  dx  -f-  P i  ~cr  +  P 2 

dx  dx 2  dx 3 

Then  Su  =  NSy  +  P,  ^  +  P2  ^  +  &e. 

and  if  the  form  of  cp  be  such  as  will  render  u  a  maximum  or  mini* 
mum  for  any  given  value  of  x,  we  must  have 


or  %  +  +  =  0. 
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This  equation  cannot  in  general  be  satisfied  without  destroying  the 
independent  character  assigned  to  the  form  of  the  function  or  8y.  , 
For,  unless  the  coefficients  JV,  P1?  P2,  &c.,  be  separately  equal  to 
zero,  the  equation 


will  establish  a  relation  between  the  form  of  the  function  or  <5y, 
and  that  of  cp  or  y,  which  is  inadmissible.  Nor  is  it  possible  in  gen¬ 


eral  to  satisfy  the  separate  conditions  iVr  =  0,  Px  =  0,  P2  =  0,  &c,, 
since  each  of  these  equations  establishes  a  relation  between  x  and  y, 
or  in  other  words,  determines  the  form  of  y. 

Hence  unless  all  these  equations  should  concur  in  giving  the  same 
form  to  y,  they  would  contradict  each  other  :  and  since  this  concur 
rence  does  not  usually  take  place,  the  problem  does  not  ordinarily 
admit  of  a  solution. 

46.  If  in  the  last  proposition  the  value  of  u  should  contain  but  one 


posed  question,  the  value  of  all  but  one  of  these  be  fixed  for  each 
value  of  .r,  the  equation 


will  be  reduced  to  a  single  term,  and  can  therefore  be  satisfied. 


47.  E  xam 


termine  what  form  attributed  to  the  function  y  will  render  u  a  max¬ 
imum  or  minimum,  it  being  understood  that  the  value  of  y  is  to  be 
given  for  each  value  of  x. 

In  this  case,  since  y  is  constant  for  the  same  value  of  x,  <5y  —  0, 
and  the  equation 


Pi  =0. 
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C, 


The  following  geometrical  application  will  render  chis  example 
more  intelligible. 

Prop.  To  determine  a  curve  such  that,  if  at  each  point  P  a  tangent 
be  drawn  and  produced  to  cut  two 
given  lines,  DC  and  D1Cl,  parallel  to 
the  axis  of  y ,  the  rectangle  DC  X  DlCl 
of  the  parts  intercepted  between  the 
tangent  and  the  axis  of  x  shall  be  a 
maximum  or  minimum  ;  it  beimj  un- 
derstood  that  the  curve  is  to  be  compared  only  with  such  other 
curves  as  pass  through  that  point. 

Let  0  be  the  origin,  OX  and  OY  the  axes. 

Put  OD  =  a ,  0DX  —  ax  OG  =  x,  GP  —  y. 

Then  we  shall  have 

])C-y-(x-a )^,  and  X>lC1=y+{al-x)<^=y-{x-aCV 


Y 

C 

I 

3 _ -^-y- 

0  D  G  D 

dx 


■.V=DCX  A Ci=  [,-(*'-»)  |]  X  [y-(x-Bl)|]  =/(,4) 

.  • .  S  V  =  KSy  +  1\  where  N  =  ~  and  P,  =  ~ 

*  1  dx  ’  dy  1  7  dy 


dTx 


or 


=  [ 2y  +  (o  +  o,  +  [2(ar  -  a,)  (x  -  a)  ^ 


-by  (a  +  «i  —  2a:)] 


But  since  it  is  proposed  that  the  curve  shall  at  each  point  be  com¬ 
pared  with  such  curves  only  as  pass  through  the  same  point,  we 
must  have 

%  =  o 

and  therefore  the  condition  5V  =  0,  which  is  necessary  for  a  maxi* 
mum  or  minimum,  becomes 
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dy 


2  (x  —  a)  (x  —  oq)  —  +  y  (a  -f  flq  —  2x)  =  0 


^  dy  dx 

•)  _ Ll _ 


dx 


y  x  —  a  x  —  a] 


=  0, 


whence  by  integration, 

2  log  y  —  log  (a;  —  d)  —  log  (.z  —  a x)  =  log  c. 
or  log  (y2)  =  log  [ c  {x  —  a)  (x  —  ax)] 

.  •  .  y2  —  c(x  —  a)  (x  —  cq), 


the  quantity  c  being  an  arbitrary  constant. 

This  equation  obviously  represents  an  ellipse  or  hyperbola  accord- 
ing  as  c  is  negative  or  positive. 

Passing  now  to  the  second  variation,  we  have 


d2V 


dy 2 


dy .  d 


dy 

dx 


dx 


['£] 


_.n%i 

2  L  dx  J 


&c. 


and  since  in  the  present  case  V  =  f(x*  y,  -—'J  and  dy  —  0 

r  ddy~\ 2 

\_dx  J 


w  e  shall  have 


d2V  = 


d2V 


K] 


or 


52  V  =  2{x  —  a)  ( x 


o 


■>  [f ] 


r 


or  by  putting  for  (a;  —  a)  (x  —  a1 )  its  value  — 


4»F  =  *T^T 


c  L  dx 


The  sign  of  this  quantity  is  the  same  as  that  of  c.  Hence  the 
curve  is  an  ellipse  when  V  is  a  maximum,  and  a  hyperbola  when  V 
is  a  minimum.  In  the  first  case  the  curve  lies  entirely  within  the 
lines  CD  and  ClDl ;  and  in  the  second  entirely  exterior  to  those 
lines. 
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48.  Prop.  To  find  the  form  of  the  function  y,  and  the  values  of 
the  limits  and  xx,  which  shall  render  the  definite  integral 

U  =  / Xi  Vdx  a  maximum  or  minimum,  when 

rr  _  -  f  dy  dhj  dny~ ]  > 

-  /  [_*>  'J'  dx'  dx 2  dx*\  ’ 

the  character  f  denoting,  as  usual,  a  determinate  function. 

Here,  wre  have 

DU  =  V,dx,  -  V0dx0  +  [i>,  -  +  &c.] 


Two  cases  may  occur  in  the  attempt  to  satisfy  this  equation,  viz. : 

1st.  The  variation  Sy,  or  the  form  of  the  function  4o  may  be 
wholly  unrestricted  (except  by  the  general  condition  always  appli¬ 
cable  to  this  function)  ;  or, 

2d.  It  may  be  necessary  to  assume  the  function  ^  of  such  form  as 
will  satisfy  some  given  condition  or  conditions. 

In  the  first  case,  the  object  proposed  is  to  determine  among  all 
possible  functions ,  that  one  which  shall  render  u  a  maximum  or  mini¬ 
mum.  In  the  second  case,  the  derived  function  is  required  to  belong 
to  a  particular  class,  each  individual  of  which  fulfils  certain  given 
conditions. 

Maxima  and  minima  belonging  to  the  first  of  these  divisions  are 
called  absolute,  and.  those  belonging  to  the  second  division  are  termed 
relative.  Taking  the  first  of  these  divisions,  put  for  brevity 
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cq  —  V\dxx- f-  j^Pj 


dP n 

- - h 

ax 


+ 


iv 


^^3 

cTr 

PP, 


+  &c 


J.-fyl 

]’•[?]  + 

— I  j  L  clx  | 


&c. 


a. 


Vadx0  +  [p,  -  ^  +  &c.]  -dy 


[' 


+  I  A  -  “  +  &e 

ax 


1  n%] 

J„'  L^J 


■f"  &c. 


o 

dnPn 
dxn  ’ 


7  PP,  <PP2  d  /  x 

i  =  i^-—  +  —-&c. +  (-!)» 

and  equation  (*d)  will  reduce  to  the  form 

a\  —  +  fX  1  b  •  by  •  dx  —  0  •  •  •  •  (Z>). 

x0 

This  equation  cannot  be  satisfied  so  long  as  the  form  of  by  or 
remains  unrestricted,  unless  we  have  the  two  independent  conditions : 

cq  —  «0  —  0,  and  6  =  0. 

For,  if  ax  —  a  be  not  equal  to  zero,  we  must  have 


oq  —  a0  =  —  /  *?1  bby  •  dx , 

Xn 


a  condition  manifestly  impossible,  since  the  value  of  the  definite 
integral  in  the  second  member  cannot  possibly  remain  invariable; 
while  we  are  at  liberty  to  change  arbitrarily  the  form  of  the  quan¬ 
tity  to  be  integrated ;  but  the  value  of  a l  —  a0,  which  depends  only 
upon  the  values  which  certain  quantities  have  at  the  limits,  will  not 
necessarily  vary  with  a  change  in  the  form  of  by.  Hence,  we  must 
have 

oq  —  a0  =  0,  and  bby  .  dx  =  0. 


Now  this  last  equation  cannot  be  true  for  every  form  of  by, 
unless  6  =  0,  or 


N' 


dPl  P2P 


dx 


dx * 


&c. 


+  (-  1)” 


d*Pn 

dx11 


0, 
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a  differential  equation  which  serves  to  determine  the  form  of  the 
function  y. 

49.  The  two  equations,  cil  —  aQ  =  0,  and  5  =  0,  differ  essentially 
in  their  signification,  the  latter  establishing  a  general  relation  between 
the  variables  x  and  ?/,  while  the  former  connects  the  particular  values 
which  these  quantities  have  at  the  limits  of  integration. 

50.  Without  this  distinction,  the  solution  of  the  problem  would 
be  impossible,  since  there  could  not  be  two  general  relations  between 
x  and  y. 

51.  The  coefficients  of  the  increments  in  the  equation  a 1  —  a0  =  0 
being  constant,  and  the  increments  themselves  either  entirely  arbi¬ 
trary,  or  restricted  by  a  limited  number  of  conditions,  that  equation 
will  be  equivalent  to  as  many  distinct  equations  as  can  be  formed  by 
placing  equal  to  zero  each  of  the  coefficients  of  those  increments 
which  remain  arbitrary,  after  we  have  .eliminated  all  such  increments 
as  are  restricted  by  the  given  conditions.  We  now  proceed  to  show 
that  the  equations  thus  formed,  together  with  that  obtained  by 
integrating  the  differential  equation  5  =  0,  will  just  suffice  for  the 
complete  solution  of  the  problem  when  a  solution  is  possible. 

52.  The  differential  equation  5  =  0,  or 


cl  P  d  ^  P  d  ft  P 

. 


dx 


dx. 


d  n  y 

is  in  general  of  the  2 nth  order.  For  since  V  contains  — — , 
b  dx*’ 

d  V  d^u 

the  quantitv  Pn  —  — 7 —  will  usually  contain  — 1 1  also  ;  and  therefore 
1  '  *d*y  J  dx 71  ’ 

d—J- 
axn 

/In  p 

"  will  usually  contain 


dxn . 


dx2n 


Hence  the  integral  of  ((7)  will  usually  contain  2 n  arbitrary 
constants. 

du  d2u  d* — 

But  if  the  limiting  values  of  x ,  ?/,  — ■ —4- . . . .  be  entirely 

b  y  dx  dx2  dxn~l  J 


MAXIMA  AND  MINIMA  OF  ONE  VARIABLE. 


459 


unrestricted,  the  equation  al  —  o0  =  0  will  contain  2n  -f-  2  arbitrary 
increments,  viz.  : 


dx i,  8yv  <5 


--8 


in  which  case  that  equation  cannot  be  satisfied,  since  there  would  be 
formed,  by  placing  the  coefficient  of  each  arbitrary  increment  equal 
to  zero  2n  -f-  2  equations,  while  there  are  but  2n  constants  whose 
values  are  to  be  determined. 

This  result  might  have  been  anticipated,  for  it  is  evident  that  if 
the  form  of  the  function  y,  and  the  limits  of  integration  be  entirely 
unrestricted,  the  integral  may  have  any  value  from  0  to  go  ,  and, 
therefore,  cannot  admit  of  a  maximum  or  minimum. 


53*  The  nature  of  the  restriction  imposed  upon  the  limits  must 
depend  in  each  case  upon  the  conditions  of  the  proposed  problem. 

1st.  Let  the  limiting  values  of  x,  viz.,  x0  and  x1  be  given  ;  that  is, 
let  it  be  proposed  to  find  such  a  form  of  the  function  y  as  will 
render  fVdx ,  when  taken  between  fixed  limits,  a  maximum  or 
minimum. 

Here  we  have  dxx  =  0,  and  dxQ  =  0,  and  the  equation  cq —  a  =  0 
is  now  equivalent  to  the  following  separate  equations: 


[P2~&c.]1  =  0,  [P2— &c.]0  =  0,  &c.  &c.  &c - [PJ^O,  [P„]0=0. 

The  number  of  these  equations  is  2 n,  the  same  as  that  of  the  con¬ 
stants  remaining  to  be  determined  ;  and  hence  the  solution  is  in  this 
case  complete. 

2d.  Let  the  limiting  values  of  both  x  and  y  be  given. 

Then  dxl  =  0,  8yl  =  0,  dx0  =  0,  Sy0  =  0,  and  the  equation 
cq  —  a0  —  0  is  equivalent  to  2 n  —  2  separate  equations,  viz. :  those 
formed  by  placing  equal  to  zero  the  coefficients  of  the  following 
increments  : 
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But  there  are  now  two  additional  equations  resulting  from  the 
substitution  of  the  given  limiting  values  of  x  and  y  in  the  general 
solution  of  the  differential  equation  b  —  0.  For  let  the  integral  of 
that  equation  be 

f\_X1  Vi  C1i  c2  •  •  •  •  c2n~\  —  6) 


where  cv  c2 . . . .  c2n  are  the  2 n  arbitrary  constants.  Then  we  shall 

» 

have  the  2 u  equations 

f\x i?  2T?  ci->  c2 '  •  •  •  ^2m]  —  6,  f\yx o,  y § ,  c2 . c2r^\  ~  6? 


[P3  —  (fcc.]^  0,  [P3  —  &c.]0=0,  &c.  &c _ [P„]i  r=  0,  [PJ0  =  0, 

with  which  to  determine  the  2 n  constants. 

du 

od.  Similarly,  if  the  limiting  values  of  x,  y,  and  ~  were  given  the 

u  X 

new  condition,  would  remove  two  of  the  preceding  equations,  viz. : 


and 


dx 


~h  &c.  I  =  0, 

-*  o 


but  two  new  conditions  would  be  derived  from  the  substitution  of 

dy 

the  limiting  values  of  in  the  equation  obtained  by  differentiating 

Ct  X 

the  general  solution. 

. »]  =  o. 

For  let  /;  [x,  y,  ~  c1?  c2, . c2„]  =  0 

be  the  result  of  a  differentiation  with  respect  to  x.  Then  we  sha1! 
have 
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d2;/ 


54.  Similarly,  if  the  limiting  values  of  ~=~  were  given,  two  more 

(J/Js 

equations  would  disappear  from  the  group  obtained  by  making 
:0;  and,  on  the  other  hand,  two  new  equations  would 


<«•  —  ac 


d2y  . 


result  from  the  substitution  of  the  limiting  values  of  , 

&  dx 2 


in  the 


equation  obtained  by  differentiating  the  general  solution  twice;  thus 
preserving  the  total  number  of  equations  equal  to  2 n,  the  same  as 
that  of  the  constants  to  be  determined.  And,  in  general,  whatever 
may  be  the  number  of  the  quantities  having  given  limits,  the  total 
number  of  equations  will  be  2/i,  and  therefore  just  sufficient  for  the 
complete  solution  of  the  problem. 

dy 

55.  When  the  limiting  values  of  x ,  y,  &c.,  are  not  absolutely 

fixed,  but  simply  connected  by  one  or  more  equations  of  condition, 
the  variations  of  the  quantities  so  connected  are  not  independent, 
and  therefore  two  or  more  of  the  equations,  resulting  from  the  con. 
dition  ax  —  u0  =  0,  will  be  replaced  by  a  single  equation.  Thus 
the  total  number  of  equations  deducible  from  ax  —  a0  =  0  will  be 
diminished  ;  but,  on  the  other  hand,  a  number  of  new  equations, 
just  sufficient  to  supply  the  deficiency,  will  arise  from  the  equations 
of  condition.  To  illustrate  this,  take  the  following 

Example.  Let  the  limiting  values  of  x  and  y  be  connected  by  the 
equations 

V\  —  fix\  and  y0=/0% 

The  quantities  dxv  c iy1?  d. r0,  fiy0  will  be  connected  by  the  following 
relations  : 

GIG  *  =f\x l  •  dxn  \j~\  *  dxo  +  o  =foxo  •  dx0. 


Now,  substituting  the  values  of  Syl  and  Sy0,  derived  from  these  equa* 
tions  in  oq  —  a0  =  0,  and  placing  equal  to  zero  the  coefficient  of 
each  remaining  variation,  the  following  equations  will  result : 
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r -  §• + *  V  (/',*U§] ,) = ° 


dj\ 

djc 


-f-  &c 


.1=0. 

J  1 


&e. 


r° + [p>  ~  3 + &c-]  0  x  {fo'x°  -  [fO  J  -  °- 


[p*  -  s  +  &0-lr  °* &c- 


clx 

The  other  equations  being  the  same  as  heretofore. 

These  equations,  (2 n  in  number,)  in  connection  with  the  four  fol¬ 
lowing,  viz.  : 

V\  =/1«o»  Vi  =/o*ro?  /(®u  yi»  c2, - c2W)  =  0 

/(* 05  2/0,  C2>  ’  '  ‘  ’  r2»)  =  0 

will  just  suffice  for  determining  the  2n  +  4  quantities 

V\ i  ^0?  Vo J  ’  ’  *  ' 

dij 

56.  And  if  the  limiting  values  of  x  and  were  also  connected  by 

Ct 

the  relations 


we  should  have 


BO.-'-"-  [Sr'- 


05 


[tfl ;  **  + s  BO  r71"*1*1’ and  [31  o+ d  BO 


Hence,  the  first  three  terms  in  each  of  the  quantities,  a1  and  a0, 
will  reduce  to  one,  and  the  number  of  equations  deducible  from 
aq  —  a0  =  0  will  be  reduced  to  2 n  —  2.  But  we  shall  have  in  addi¬ 
tion  six  other  equations,  viz. :  the  four  used  in  the  preceding  case, 
and  the  two  following  : 

/'  [n>  V\,  fixi,  c\,  c2:  •  *  •  c2n]  —  0,  /'  [a?o,  y05  /o'*o,  c2,  •  >  •  c2„]  ~  0, 

which  are  obtained  by  differentiating  the  general  solution 


MAXIMA  AND  MINIMA  OF  ONE  VARIABLE. 


463 


ffa  V,  cn  c2 , 


'2n 


)  =  0, 


dy 


and  substituting  in  the  result  the  limiting  values  of  x,  y,  and  . 

°  °  ’  dx 

Thus  the  total  number  of  equations  will  be  2 n  -f-  4,  which  is  just 
sufficient. 

And  the  same  result  will  be  found  true  when  the  restrictions 
imposed  upon  the  limiting  values  of  the  several  variations  are  more 
numerous. 

57.  The  exceptions  to  the  preceding  theory  will  now  be  considered. 

58.  Case  1st.  Let  V  be  a  linear  function  of  the  highest  differ- 
dny 


ential  coefficient 


dxn* 


Then  Pn  will  not  contain  this  coefficient,  and  therefore 


dnPn 

dxn 


cannot 


be  of  an  order  higher  than  2 n  —  1.  Hence,  the  equation 

JT-P  +  -  &c. - +  (-  1)»  =  0 

dx  dx 2  1  dx11 

cannot  be  of  an  order  higher  than  2 —  1 ,  and  its  solution  will  con 
tain  2)i  —  1  disposable  constants.  Thus  the  equation  ax  —  a0  —  0, 
which  is  equivalent  to  2 n  equations,  cannot,  in  this  case,  be  satisfied. 

59.  It  may  even  be  proved  that  the  equation  6  =  0  cannot,  in  this 
case,  be  of  an  order  higher  than  2 n  —  2. 


For,  put 


dny 

dxn 


=  v. 


Then  V  =  dv  +  d', 


dy  d2y  dn~h / 

where  6  and  &  are  functions  of  x.  y,  — ,  *  *  *  w — v- 

dx  dx2  dxn~] 

It  has  been  shown  already  that  the  equation  6  =  0  docs  not,  in 
d2ny 

HULL  LI1C1  tJIUI 

i 

( pn—ly 


this  case,  contain  ■— -  and  therefore  it  is  only  necessary  to  prove 

dx-11  ’ 


that  it  does  not  contain  the  coefficient  ^2a_i  • 

Now,  this  coefficient  cannot  occur,  unless  it  be  in  one  of  two  terms, 
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viz : 


dxn~l 

\ 

But  V  =  &v  -f-  .  • .  Pn  — 


d^Pn-,  dnPn 

or 


dxn 


Now  to  find  the  coefficient  of 


dV 

dV 

7  dny 
d-r- 

dxn 

dv 

,  d2n~h/ 

.  < 
m  • 

dx2n~l 

dnPn  d»a 


dx 


■71 


dxn 


dxn 


\  we  must  form  the 


. .  (d23  \ 
values  of  (—  |,  I-t-t 


hiJ 

\dx 


-V  — V  •  •  •  •  V  and  reject,  in  each,  every  term 

:P\dx2r  VW  J  ' 


except  that  of  the  highest  order. 

dn~ly 
dxn~l 


Making 


(-)  = 

\dx) 


=  u,  we  have 
d&  d2y 


d3  d3  dy 

dx  dy  dx  dy  *  dx2 

dTx 


+  &c. 


+ 


d&  du 
du  dx  ‘ 


TT  db  >  du  d&  dnu  . 

Here,  the  last  term  •  r—  is  the  only  term  to  be 

du  dx  du  dxn 

retained,  because  all  the  others  are  of  an  order  less  than  n.  And 


similarly  the  only  term 


.  (dH\ 

111  \dx2) 


of  the  order  n  -f-  1  is 


dS  d2u  dd  dn+ly 

du  dx2  du  dxn+v 

/  dn3\ 

In  the  same  manner,  it  appears  that  the  only  term  in  j  - — )  of  the 

J 

d&  dnu  d3  d2n~ly 


order  2n  —  1  is 


du  dxn  du  dx2n~l ' 

dV 
’  dn~ly 


,  .  .  T r  „  dV  dV  d)  ddf 

Again,  since  V  =  3v  +  6',  ,\Pn-i  —  ■  ,w-f-  =  =  v~  -f  — 

.dn~lv  du  du  du • 
d 


Hence,  by  forming  the  values  of 


dxn~l 
dPn-i  d2Pn_l 


dn~lPn-i 


dx  ’  dx2  dxn~~ 1  ’ 

retaining  only  the  terms  of  the  highest  order  in  each  successive  differ¬ 
entiation,  it  will  be  seen  that  the  only  term  of  the  order  2 n  —  1,  in 
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d'-'Pn- 1 
dxn~l 


is 


db  dn~lv  d&  d2n~ly 
du  dxn~l  du  dx2n~^ 


and,  since  this  term  is  precisely  the  same  as  the  term  of  the  same 
dn  P n 

order  in  — - — ,  the  two  will  disappear  in 


d^PPn-i  _  dnPn 
dxn~l  dxn 


.  * .  the  equation  b  =  0  is  not  of  an  order  higher  than  2 n  —  2. 

60.  Case  2d.  Let  V  —y  •  fx  -\-F  ( x ,  px),  where  px  = 

CLjCf 

tt  _r  dV  dV  dF(x,p ,) 

Here  FT  =  —  —  fx,  and  Px=  —  z= V2-— 

dy  dPl  dPl 

and  since  V  is  in  this  case  a  function  of  x ,  y ,  and  ~  only,  the  equa- 

CLX 

tion  b  =  0  will  become  simply 

,r  dPx  ,  dPx 

N  —  —  0,  or,  fx  =  -~ 

dx  ’  ’ J  dx 

and  is  immediately  integrable,  giving 

Px  —  ffx  •  cT  —  /rr  -f  c. 


Substituting  the  value  of  Px,  derived  from  the  proposed  equation, 
we  shall  have  an  equation  involving  xx,  px,  &c«,  which,  solved  with 
respect  to  px,  will  give  a  result  of  the  form 


Pi  =  <?(*>  c) 


or 


dy 

dx 


=  <pfo  <0 


.  y  =  91(a?,c)  +  cx  .  .  .  .  (!)• 


Now  suppose  the  limiting  values  of  x  given,  those  of  y  being  in¬ 
determinate  : 


The  equation  ax  —  a  —  0  is  then  equivalent  to  the  two  equations 

[Px]i  =  0,  and  [Pj]0  =  0  or  fxxx  +  c  =  0,  (2)  and  fxx0+c  =  0  (3) 

The  two  equations,  (2)  and  (3)  contain  but  one  arbitrary  constant 
c,  and  therefore  cannot  usually  be  satisfied,  although  the  general 
30 
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solution  (1)  contains  the  proper  number  of  constants.  Hence  the 
proposed  problem  does  not  admit  of  a  solution. 


61.  If  in  the  case  just  considered  fx  —  0.  so  that  V  =  F{x} pj) 
the  two  equations  (2)  and  (3)  become  identical,  and  the  solution  is 
then  possible:  but  it  belongs  to  the  indeterminate  class,  since  one  of 
the  constants  remains  entirely  arbitrary. 


62.  The  results  just  obtained  are  not  peculiar  to  functions  of  the 
first  order,  such  as  that  just  considered  for  if  V  be  supposed  of  such 
form  as  will  give 


and  if  the  limiting  values  of  x  only  be  given,  similar  reasoning  will 
apply.  The  equation  b  =  0  will,  in  this  instance,  as  in  the  preced¬ 
ing,  be  immediately  integrable,  giving 


dj\ 

dx 


-j-  &c.  —f\x  +  c 


and  the  first  two  equations  resulting  from  the  equation  ax  —  a0  =  0, 


are  f1x1  -J-  c  =  0,  and  fxx0  +  c  =  0. 

These  two  equations  cannot  usually  be  satisfied  except  when 
fyx  =.  0,  in  which  case  y  does  not  appear  in  the  value  of  V. 


dsy 


And  in  general  if  7 

dx 


be  the  lowest  differential  coefficient  appear¬ 


ing  in  V,  the  form  of  V  being  such  that 


dV 


=  fxV)  and  if  the  lim- 


ititing  values  of  x  and  of  those  coefficients  which  are  higher  than  the 
sth  be  alone  given,  we  may  prove,  in  like  manner,  that  the  problem 
will  not  admit  of  a  solution. 

Case  3 d.  Let  JV  ~  0,  and  let  the  limiting  values  of  x  only  be 
given. 

In  this  case  the  equation  b  —  0  becomes 
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dPx  d*P2  d3P , 

"S7~1A  +  '*F  +  &c-:=0 


and  is  integrable,  giving 


dP2 

~r  + 

dx 


<ypA 

dx 2 


+  &c.  =  c 


and  the  two  conditions  furnished  by  placing  equal  to  zero  the  coeffi¬ 
cients  (fyq  and  SyQ,  viz.  : 


^2 

dx 


-f-  &c.]j  =  0 


and 


4-  &c.]0=  0 


are  equivalent  to  the  single  condition  c  =  0. 

Hence  the  equation  ci1  —  ctQ  =  0  is  equivalent  to  but  2 n  —  1 
equations,  instead  of  2 n,  and  the  problem  is  indeterminate.  This 
result  might  have  been  expected,  for  since  y  does  not  appear  in  V, 

nor  in  the  conditions  fulfilled  at  the  limits,  the  coefficient  ~  might 

5  dx  & 

have  been  taken  as  the  principal  function,  instead  of  y,  and  then  the 
equations  given  by  DTJ  —  0  would  have  been  just  sufficient  to  estab- 

du 

lish  a  relation  between  x  and  -A-,  without  arbitrary  constants,  which 

dx'  J 

relation,  when  integrated,  must  give  an  equation  between  x  and  y, 
containing  one  arbitrary  constant. 

63.  If,  in  the  last  case,  one  of  the  limiting  values  of  y  were  given, 
the  problem  would  again  become  determinate.  Similarly,  when 

chj 

]Sf  ~  0  and  P1  —  0,  and  both  limiting  values  of  y  and  ~  are  in- 

Ci 


determinate,  the  solution  will  contain  tico  arbitrary  constants,  and 
will  be  rendered  determinate  by  assigning  at  least  one  limiting  value 
i  dy 

to  y  and  — - 
J  dx 

And  generally,  if  the  first  m  terms  of  the  equation 

dP1  d'zP2 
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m 


bo  wanting,  and  if  there  be  no  conditions  fixing  the  limiting  values 


y, 


(Iff 


•  •  •  • 


d  n~xy 


,  ,  .  — - the  solution  will  contain  m  arbitrary  constants. 

dx  dxn~x  J 


The  preceding  cases  afford  the  principal  examples  of  exception  to 
(he  general  theory.  We  now  return  to  the  consideration  of  that 
theory. 

64.  As  it  will  sometimes  be  possible  to  integrate  the  equation 

„T  dPy  d2P 

one  or  more  times  without  determining  the  form  of  the  function  V, 
and  as  the  consideration  of  these  cases  will  greatly  facilitate  the 
application  of  the  theory  to  particular  examples,  we  proceed  to 
examine  some  of  these  cases,  arranging  them  in  two  classes. 

d\i  d2v 

65.  Case.  Let  the  first  m  of  the  quantities  y,  -f-,  &c.  be 


dx'  dx2' 


wanting  in  V,  or  let 


V 


=/[*> 


dmy 

dxm 


•  •  •  • 


dy 

dx 


lf\ 


Then  the  first  m  terms  of  the  equation 

__  dP, 

N  —A  -f-  &c#  —  o 

dx 

will  be  wanting,  and  that  equation  will  reduce  to 


dmPm  dm+xP, 


dx 


771 


dxm+x 


2±i  +  &C.  =  0 


which  gives,  when  integrated,  m  times, 


dP ; 


m  +  1 


dx 


+  &c.  —c0  +  cxx  +  c2x2  d - cm^.1xm“1i 


a  differential  equation  of  the  order  2 n  —  m. 

66.  Case  2 d.  Let  the  independent  variable  x  be  wanting  in  V, 
r  let 
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V 


=/04 


d2y 

cZny-| 

dx 2 

— 1 

s 

• 

• 

Iii  this  case,  we  have 

dV  =  Ndy  +  P.d  %  +  pJ-rz  +  &e. 

dx  dx2 


[ 


__ du  d2//  _  cZ3y 

AT  _A  _L  p  _ £  4-  p  _ ± 

1  dx^  ±x  dx 2  +  7  2  </.  r3 


•  •  •  • 


+i>.-rv 


7  a.,  ; 

dxn+lA 


or,  by  substituting  for  iV,  its  value  derived  from  the  equation, 


_r  dP ,  d2P ^ 

N~  •*  +^-&a  =  0’  weset 


=r„  ^ ,  d± . yji d, ,  r P  ddi  ih . 

L  1  <Z.r2  (A  dx  J  L  2  c/A  dx  dx1 

r  d*+hj  dv  d«pa -j 

+  L7  *  <&*+>  *■  '  dx  dx“  J  *'  • 


] 


cfo  -f-  &e. 


r-  fT,  ^2?/  d}f  dP,~]  7  /Tn  <Z3y  dy  d2PP 1 

p  =c+y  l^+s-  *w  L^~^'^rJ+c- 


+ 


/TpA^ 

L  e/.A+1  v  dx  dx11  J 


But  the  quantity  y  Pu  gives?  by  an  integration  by  parts. 


/ 


<ZK+1y  c/«//  gZP*.  cZ“~ly 

«  7  -j.,-  *  n  —— - ; - r^zi  "f"  ^c* 


GZ.rM+1 


dx11  dx  dx * 
*<Zy  cA/3,, 


.  ,  -N  A«y  d*V  » 

. +  (—  1)*/  — <fo. 

v  d  dx  dxn 

f\P  dx-P 

J  L  ‘^”+i  ^  A*  <ic»j  "dx- 


dP,t  dn~ h/ 


dx  dx1l~l 


&C. 


.  .  A/  dn~lP t, 

J_  (_  - - 


470 


CALCULUS  OF  VARIATIONS. 


>'  =  ‘  +  'A  + 


r  P  d2U  Chj  dP‘ 

2  dx2  dx 


dx 


] 


+ 


d:hf 
2dx 3 


_  ~  3 


dpd^  d^dyl 

dx  dx2^  dx 2  dx J  * 


4 -  -P  H 


dy 

dx11 


dPn  dn~ly 

— - —  •  — - r  -f"  &C, 

dx  dxn~i 


+  (- 1)"-1 


dLdd±.dJL....(D) 

dxn~l  dx  x 


which  is  a  differential  equation  of  an  order  not  higher  than  2 a  —  1. 

Thus  it  appears  that  when  'V  does  not  contain  the  independent 
variable  x,  the  equation  b  —  0  can  be  reduced  at  least  one  order. 

67.  The  following  are  the  most  important  applications  of  for¬ 
mula  (JD) : 

1st.  Let  V=f(%) . (“)• 

Here  V  —  c  -f-  Px  ^  by  formula  (j9),  since  P2  =  0,  P3  —  0,  &c. 

(XJu 


But  V  is  a  function  of  ~  .  * .  P,  =  is  also  a  function  of  — 

dx  , dy  dx 


d 


dx 


Hence  by  substituting  for  V  and  P1  their  values,  and  then  solving 

di/ 

with  respect  to  — ,  the  result  would  take  the  form 
dx 


v  =  c\x  +  <*2 


Here  y  is  a  linear  function  of  x ,  and  this  result  shows  that  linear 
functions  have  the  property  of  giving  a  maximum  or  minimum  value 

dy 

to  every  function  of  ~  which  admits  of  such  a  value. 

Ci/vO 


2d-Let  f=4'aI) . 

Then  V  ~  c  -f-  P, 

dx 
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Sd.  Let 


Then 


V 


=43) 


d2y 


v  =  c+p2-±--?- 


•W- 

dy  dP2 


dx 2  dx  dx 


68.  Case  3c7  Let  the  function  V  belong  at  the  same  time  to  both 
of  the  preceding  classes,  that  is,  let  the  independent  variable  x,  and 

dy  d2y  .  . 

the  first  first  m  of  the  quantities  y,  ~  y-4,  &c.,  be  wanting  m  V. 

The  equation  b  —  0  gives,  as  in  the  first  case  by  integration, 
dPr 


Pm  — 


W»+1 


.  p 


dx 


dP . 


+  &c.  =  c0  +  cyx  +  C2X2  +  &C . Cm-iX™-1. 


m-h\ 


m 


dx 


&C.  4"  C o  4“  CyX  4“  C2^'“  4“  &C. 


Cm — ] 


m— ) 


This  value  substituted  in 


c/m+2y 


dn+ly~ 1 


=  [p“ S + *»•» •  ^  +  &c- ' '  • '  +  ■ ^  js;  J 


V^+1+1  ’  dxm+2 
the  differential  of  the  given  relation 

V=fVl-l  . ti\  ei 

J  Ldxm'  dxm^  dx11  J’ 


gives 


[■ 


,v_\  p  <yyy  , 

dxm*2  dx  r.h:m+ 1 


] 


4“  [p^  yxm+3 


dm+'hj  d2Pm+2  dm+ly 


4- 

+ 


&c. 


dx2  dxm+1 


&c. 


n 

<f.r 


r P  d°+z v  _  ( _  j  x_i .  .  wi  * 

L  1  L>  dx"-™  dx™* U 

+  |^c04-c1.r4-^2;r2  +  (^c . c™-i  •  ^m_1J  ^,r* 


Integrating  by  parts,  we  get 
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r=c+pt 


dm+l  u 


+  Pn 


"+1 

dny  dPn  dn~ly 


D 


+  \P* 


dm+2j)  dP  m+2  dm+hj 


771+2  ’  dxm+2 


] 


dxn  dx  dx 


jfj  +  &0.  +  (— 1)» 


— 77!— 1 


dx  dxm+J 

dn  m—iPn  d>n+\y 

dxn~in~ 1  dxm+1 


+  &c. 


+ f  [jo  +  Cjfl;  +  c2z2  4-  &C . +  j  cfa - (^). 

But  since  in  general 

r  dm+ly  _  ,  dm~lif  ,  rlm-2?/  „ 

I  xr  -  — — ~dx=xr  •  - — r .  £r_1  •  - — 4  +  r(r  —  l)xr_2- - -  &c. 


4-  (  —  l)r  .  r(r  —  1 )  (r  —  2) . 2.1 


dm~ry 
dxm~r  ’ 


if  we  put  successively  r  equal  to  (1, 2,  3,  ...  .  m  —  1),  and  substitute 
the  resulting  values  of  the  integrals, 


(Jm+ly 

dxm+1 


dx, 


f 


dm+ly 

X*— - 

C^w+1 


dm+hj 


dxm+i 


in  equation  ( E )  it  will  be  a  differential  equation  of  the  order 
2 n  —  m  —  1 ;  that  is,  the  original  differential  equation  will  have 
had  its  order  reduced  by  m  +  1  degrees. 

69.  Suppose  for  example  that 


Then  the  equation  b  —  0,  becomes 

dP1  d2P2 
dx  dx 2 


dP 

whence  by  integration  Pl  =  4-  c. 

Cl  %L/ 

and  this  value  substituted  in  the  differential  of  (1)  viz. : 
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gives 


dV 


-[■ 


c  + 


dP2~ I  d2y 


dx  J  dx2 


C lx  -j-  P 'c 


(Py 

dx3 


dx 


...  V  =  c>  +  cdJL  +  P  ddl 

dx  2  dx2 

a  differential  equation  of  the  second  order  as  it  should  be,  since 

2  n  —  m  —  1=2. 


Relative  Maxima  and  Minima  of  One  Variable. 

70.  Prop.  To  determine  the  form  of  the  function  y  —  cpx  which 
will  render  f  Vdx  (taken  between  certain  limits)  a  maximum  or  min¬ 
imum,  when  y  is  selected  from  those  functions  which  satisfy  the 
additional  condition  jV'dx  —  c  (between  the  same  limits);  the 

(fa/  (1*^7/ 

quantities  V  and  V'  being  functions  of  x,  y,  — ,  —j&c. 

CtJb  CLl 

The  condition  fVdx  =  a  maximum  or  minimum,  gives 

DfVdx  =  0 . (1). 

And  the  condition  JV’dx  —  c ,  gives 

DfV  'dx  =  0 . (2). 


Multiply  (2)  by  an  arbitrary  quantity  A,  and  add  the  result  to  (1); 

then  D  fVdx  +  A .  D  fVdx  =  0  or  D/(  F+  W')dx  =  0 - (3) 

and  equation  (3)  will  include  all  the  conditions  involved  in  the  prob¬ 
lem,  and  will  imply  that  both  (1)  and  (2)  are  necessarily  true. 

Tor  since  by  hypothesis  A  is  an  arbitrary  quantity,  we  may  write 


Df(  V')dx  =  0  and  Df(  V  -f  A2  V') dx  =  0 

.  • .  Df(\  -  A2)  V'dx  =  0  or  (Ax  -  A2)  D f  Vdx  =  0. 

Now  Aj  and  A2  are  not  equal,  and  therefore  At  —  A2  is  not  equal 
to  zero.  Hence  we  must  have 

0 JV' dx  ■=  0,  and  .*.  from  (3)  DJVdx  —  0  also. 
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Thus  (3)  includes  all  the  conditions  required;  and  therefore  if  we 
replace  V  by  F  -[-  XF',  the  problem  can  be  solved  as  one  of  abso¬ 
lute  maxima  or  minima. 

The  formula  (3)  expanded  and  applied  to  the  limits  x0  and  aq,  gives 
Fjcfoq—  V0dx0+S  fXl  Vdx  +A(  V1,dx1 —  F0'cfa0)-|-^ J  l'kV'dx= 0. 


0  o 

71.  Cor.  It  may  be  shown  in  nearly  the  same  manner,  that  when 
fVdx  =.  a  maximum  or  minimum,  and  also 

JV’dx  =.  c  and  fV"dx  —  c', 

the  problem  may  be  solved  as  a  case  of  absolute  maxima  and  minima 
by  replacing  F  by  V  +  A  V'  +  X'  V"  where  A  and  A'  are  arbitrary 
constants. 

Applications. 

72.  We  will  now  illustrate  the  principles  already  explained  by  a 
few  examples. 

1.  To  find  the  nature  of  the  line  (lying  entirely  in  one  plane) 
which  is  the  shortest  distance  between  two  given  points. 

Let  x0y0  be  the  co-ordinates  of  the  point 
A,  and  xly1  those  of  B.  The  general  value 


of  the  length  of  the  arc  of  a  plane  curve  AB 


% 


pi  dy  \  _ 

is J  ( 1  +  -t\  \  dx  taken  between  the  proper  0 

limits.  Hence  in  the  present  case  we  shall  have 

U  =  f*1  Vdx  —  f^1  ( 1  +  dx  —  a  minimum. 
X  0  ^  x  a  y  CIX  f 


B 

?/ 


F=(1+g)  =/(|), 


and  consequently  by  formula  (a), 


the  solution  of  the  equation  b  —  0  becomes 

y  —  cx  +  V . 

and  the  shortest  path  from  A  to  B  is  a  straight  line. 
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The  equation 

a1 —  a0  =  0  or  V1dx1  —  F0dx0  4*  —  -^Wo  —  5 

disappears  in  this  case,  since 

dxQ  —  0,  dxl  =  0,  thq  =  0,  and  6y0  0, 


the  limiting  values  of  both  x  and  y  being  fixed. 

To  determine  the  values  of  the  constants  c  and  c'  we  have  the  two 
equations 


Vi  =  4-  c', 


and 


Vo  =  cxo  4-  c' ; 


thus  the  solution  of  the  problem  is  complete. 

2.  To  find  the  line  of  shortest  distance  between  two  given  curves. 

Let  the  equation  of  the  curve  AB  be  y0  =  FQxQ . (1). 

and  that  of  the  curve  CD, 


•  •  •  • 


(2). 


V\  =  A*! 

As  in  example  1, 

dy2\z_ 

~J\dx  /’ 


v 


.  * .  y  —  cx  +  c  , 

and  the  shortest  distance  is  still  a 
straight  line.  • 

To  determine  the  values  of  the  constants  c  and  <4,  and  the  limiting 
values  Zq,  yQ ,  xv  yv  we  proceed,  as  follows: 

From  (1)  and  (2)  we  get  the  following  conditions  connecting  dx0l 
'jy0  ;  dx\  and  oy^  viz. : 


o 

1 - 1 

1 _ 1 

4- 

*  cIxq  —  /0dlz0,  tin  cl 

sJi  4- 

ED  = 

d  FtsXr, 

dF.x  r. 

ill  which 

f  —  0  0  nn  rl 

0  -  dx0  ’ 

4  — 

I  L 

dxx 

Also 

S]0=c’  and 

r^/i 

L/aJ 

-  c; 

i 

.  • .  Si 

/o  —  (fi)  C)  ^05 

fyi  = 

(q  —  c)  dxv 

dx 


15 
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Substituting  these  values  in  the  equation  aY  —  a0  —  0,  and  replacing 
F1?  F0,  P1?  PQ  by  their  values,  we  get 


Now,  placing  equal  to  zero  the  coefficient  of  dx0  and  dx v  the  only 
arbitrary  increments  remaining  in  the  equation,  we  get 


1  -f  ctl  =  0  •  •  •  (3),  and  1  +  ctQ  =.  0  •  •  •  (4). 


These  two  equations,  with  the  following 

l/o  =  cxo  +  Vi  =  cxi  4-  c\  y0  —  Fqxq,  y1  =  Fxxv 

suffice  to  determine  the  six  quantities,  c,  c',  x0 ,  y0,  aq, 

The  equations  (3)  and  (4)  show  that  the  shortest  line  EE'  cuts 
both  curves  at  riffiit  angles. 

73.  In  the  preceding  example,  suppose  the  given  curves  to  become 
straight  lines  perpendicular  to  the  axis  of  x.  Then  dx0  =  0,  and 
dxx  =  0,  since  the  extremities  of  the  shortest  line  will  necessarily 
have  invariable  abscissa;. 

*  i  dt/a  -i  dy,  1 

Also  A  =  -r—  =  go  ,  and  t,  =  =  go  ;  .  • .  c  =  — ■  =  0  ; 

0  <£r0  ’  1  drj  ?  t0 

and  as  c'  is  now  indeterminate,  the  required  line  of  shortest  distance 
may  pass  through  any  point  of  AB. 

This  is  an  example  of  Exception  2. 

3.  To  find  the  form  of  the  function  y,  which  shall  render 


a  maximum  or  minimum. 
Here  we  have 
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r= ’•(■  +  £)*  =4  S) 

% 

and  therefore,  by  formula  (Z>), 


But 


-■('+£)*=  r% 


<■  -  m 


\  +  c; 


or. 


Making  c 


yt 


clx2} 

dy2\i 


4+5) 


=  ^rt,  and  solving  with  respect  to  <fc,  we  get 


clx  = 


lndy 


Vv 


2  n 


T^  =  ln(fn-pj 


This  comes  under  the  binomial  form, and  therefore  is  integrable  when 


1 


2a  =  *’  °r’ 


JL_  i  _ . 

2  n  2  ~  h 


an  integer  or  zero ;  that  is,  when  n  has  one  of  the  following 
values,  viz.  : 

,  1  1  1  o  .  1  1  1  0 

( )5  o?  &<C.  j  01,  1,  g,  ^  &C. 

As  a  particular  case  of  this  problem,  suppose  n  =  —  i; 

<fc=^G“z:)"lrfy=!\45‘,fy} 


(fo  = 


i  Idy  \{l—2y)dy 


VW—y2  VhT-  y2  V^y  —  y 3  ’ 


or 
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1 7  •  -1  % 

.  • .  x  -f-  c  =  -  i  •  versin  — — 

L 


(iy  -  y 2)  ■ 


If  the  limiting  values  of  x  and  y  be  given,  then 

dx 0  rr  0,  8y0  =z  0,  dx1  —  0,  8y1  =  0, 

and  the  equation  oq  —  a0  =  0  disappears. 

To  find  the  two  constants  c  and  l,  we  have  the  two  equations 

i  1  7  •  2;/<>  /»  o 

xo  +  c  =  o  1 '  versm  “7 - V'yo—  y 0  ) 

/W  C 


1  ,  .  /7  7 

*  i  +  c  =  --  Z  •  versin  — - y  /yx  —  yp 

i 


and  if 


x0  =  0,  and  y0  =  0,  then  c  —  0,  and 

~y  —  \fii—  V 2  '  "  ’ 


1  -1  9; 
x  =  - 1  •  versin 

2  / 


74.  The  equation  (1)  of  this  last  example  exhibits  the  solution  of 
the  celebrated  problem  of  the  Br achy stochr one.  or  the  curve  of 
swiftest  descent. 

Thus,  let  A  and  B  be  two  points  in  the  same  ver-  ^  E  F  D 
tical  plane,  and  let  it  be  proposed  to  determine  the 
nature  of  the  curve  APB ,  along  which  a  heavy  body 
will  descend  from  A  to  B  (under  the  influence  of  the 
force  of  gravity  alone)  in  the  shortest  possible  time. 

Denoting  by  t  the  time  occupied  in  passing  from  A  to  any  point  P 
in  the  unknown  path,  the  co-ordinates  of  which  point  are  x  and  y  \ 
by  s  the  variable  arc  AP ,  and  by  g  the  velocity  acquired  by  a  heavy 
body  falling  vertically  during  a  unit  of  time ;  then  it  is  shown  by 
the  principles  of  Mechanics,  that  the  velocity  acquired  by  the  body 
in  descending  along  the  curve,  (when  it  has  reached  the  point  P.) 
will  be  expressed  by 

and  also  by  J  =  fj(1+g)' 
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dx 


clip 
dx 2 


and  ‘  * 


/*  _ 1  / 

.  1  +  To  I  dx  —  a  minimum  between  the  limits 

^  J  \  dx  7 

x  —  x 0  =z  0,  and  a:  x1  =  aIA7. 

The  equation  (1)  represents  a  cycloid,  the  axis  DC  —l  being 
vertical,  and  the  extremity  of  the  base  coincident  with  A,  the  point 
of  departure. 

75.  4.  Through  two  given  points  A  and  D,  draw  a  curve,  of  given 
length,  so  that  the  area  included  between  the  chord  AB  and  the 
curve  APB  may  be  the  greatest  possible. 

This  is  a  problem  of  relative  maxima  and  minima,  since  the  curve 
is  to  be  selected  from  a  particular  class,  viz. :  those  which  have  a 
given  length  l,  or  which  fulfil  the  condition 


P'  (i  +  <T~Xdx  = 1  =  fv'dx- 

J xQ  \  dx1} 


Also  fVdx  —  JX 1  ydx  —  a  maximum. 

Therefore  by  the  method  of  relative  maxima 
and  minima,  we  have 


A  *  D 


D  ~  Df(V  +  \  V')dx  =  D ^y 
=  VJ.x,  -  V0dx 0  +  S  fXl  Vdx 

0i'(\ 


X?  [y + x(x + %)  ] 


dx 


-h  X(  V/dx J  -  V0’.dx0  +  sfp  V’dx ) 


Here  the  limiting  values  of  both  x  and  y  are  invariable,  giving 
dx o  =  0,  oyQ  —  0,  dxy  =0,  Syx  ~  0. 
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2 


Also  F+*F'=y  +  x(l+g)  =  /(*g) 

Hence  the  equation  «1  —  n0  disappears,  and  formula  (6)  gives 


F+XF'  =  c  + 


( 


1  + 


dy2\\ 

dx2) 


—  2/  M 1 


( 


dy2  y 
dx2) 


=K1  +&)  +x(i+i)- 


or 


•'•(y-c)(1+S)  =x  and  £  = 

(?/  —  <0% 


X2 


cfc  = 


-\A2  —  (y  - c)2’ 


(y  —  c)2 

whence 


a:  =  —  [X2  —  (y  —  c)2]  +  c'  or  (x  —  c')2  -\-\y  —  c)2  =  X2 
and  the  required  curve  is  the  arc  of  a  circle. 

To  determine  the  constants  c,  c',  and  X  we  have  the  three  equations 

(*0  —  c'f  +  (do  —  cf  =  x2,  —  c')2  4-  (2/1  —  c)2  =  X2  and 


chord  AB 


X 


h 


= sin  (tt)* 


or  when  the  origin  is  at  A  and  the  chord  AB  coincides  with  the 
axis  of  x, 

x  t 

c'2  +  c2  =  X2,  ( x1  —  c')2  - f  c2  —  X2,  and  —  s^n 


2X 


76 1  5.  Given  the  length  l  of  the  curve  joining  twro  fixed  points 
A  and  B ,  to  find  the  form  of  the  curve  when  the  surface  generated  by 
its  revolution  about  the  axis  AB  is  the  greatest  possible. 
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Here  fVdx  =/>*(' + 


=  a  maximum. 


\ 


J)U=zDf(V  +  \V')dx  =  0 

dy2' 


and 


Hie  equation  oq  —  aQ  =  0  disappears,  and  (6)  gives 


F+XV'  =  c- f 


+ x>  (i  +g)_‘  g='(, +g)W + m 


•  C  (*  +  dx2)  -  ^ y  +  X’  Jr~4  _  '  L 


dy 2  (2tfy  +  X)2 

dx2 


.  • .  dx  = 


cc/y 


Vl^y  +  X)2  —  c3 

fo  integrate  this  put  2tfy  +  X  —  2  and  yy _ c2  —  z  —  t, 

o  ~  o  c2  +  17  dz  t 2  — c2 

wac-n  —  c2  =  —  2z£  +  *3,  3  =  — — — >  and  dy  —  —  —  — — —  dt. 


c2  ■ _ t2 

and  -y/(2 “iry  +  X)2  —  c2  — 


2£  2^  4fl22 

,  c  dt 

.  • .  dx  =  - - - 

2tf  if 


#  = 


c  i  c  c  i 

—  log  —  =  — log 


2tf  f  *  2-rr  0  2*y  +  A  —  y^tfy  +  A)2  —  c2 


c  2tfy  -4-  X  +  4-  X)2  —  c2 

—  2tf  °&  n2 


=  Clog 


y+  C'  +  v4y  +  <?')2  -  c* 


c 


in 


31 
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in  which  C  —  C'  =  and 


•7T 


m  /i 


This  is  the  equation  of  the  Catenary,  which  therefore  is  the  required 
curve. 

77.  Prop.  To  find  the  form  of  the  function  and  the  values  of  the 
limits  x0  and  xx  which  shall  render 


U  = 


a  maximum  or  minimum,  where 


‘  /  dy  d2y  dny\ 

d£  dx 2 . dxnP 


and 


The  general  equation  b  =  0,  being  derived  exclusively  from  the 
terms  under  the  sign  of  integration,  must  be  the  same  as  in  the  last 
proposition,  and  therefore  it  will  be  necessary  to  consider  only  those 
terms  which  refer  to  the  limits: 


Put  dV  —  M'dx0  +  JV'dy0  +  P 


MS) +  M"d’’ +  + 


+  &c. 


+  F2"d(i 1),+  &c-  •  •  •  •  +  p"""d(yJ) 


Then  the  additional  terms  in  DU,  resulting  from  V',  are 


M'dxQ-\-N'()y0-{-P 


1  \dx)  o 


+  p>  (dPi\ 


\  dx 2  /( 


+^1+^%1+pi"(§)+p2»(3).. 


and  the  first  member  of,. the  equation  al  —  u0  r=  0  will  be  increased 
by  these  terms,  which,  being  of  the  same  form  with  the  terms  pre- 
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viousjy  found  in  that  equation,  there  will  be  no  difference  in  the 

! 

manner  of  discussing  it  in  its  modified  form. 

It  must  be  remembered,  however,  that  the  possibility  of  satisfying 
the  condition  DU  —  0,  depends  upon  the  fact  that  the  number  of 
independent  increments  in  the  equation  ax  —  a0  —  0,  docs  not  usually 
exceed  the  number  of  arbitrary  constants  in  the  integral  of  the 
equation  6  =  0.  Hence  if,  in  any  particular  case,  the  number  of 
independent  increments  should  be  greater  than  the  number  of 
constants,  the  solution  would  be  impossible. 

Now  in  the  case  at  present  under  consideration,  the  number  of 
increments. 


relating  to  the  inferior  limit  is  n'  -f-  2  ;  and  the  number  of  incre¬ 
ments  already  found  to  exist  in  a0  is  n  -f  1. 

If  then  n’  +  2  >  n  +  1,  or  nr  >  n  —  1,  the  solution  of  the  prob¬ 
lem  will  be  impossible. 

Similar  remarks  apply  to  the  superior  limit ;  and  we  conclude 
that  when  the  new  function  V’  contains  any  coefficient  of  an  order 
higher  than  n  —  1,  the  function  XT  will  npt  admit  of  a  maximum  or 
minimum. 


78.  Prop.  To  find  the  form  of  the  function  y  and  the  values  of 
the  limits  .r0  and  xv  which  shall  render  U  —  u  Vdx  a  maximum 


or  minimum,  where 


The  general  equation  DU  0  becomes  in  this  case  (p.  441) 


m 


CALCULUS  OF  VARIATIONS. 


I \v'+f*i  1  w>+b*(£)1+^(S)+ ^(§1+ &c- ! <fe] 

+  [-  I  "'•+n«(2)0+^(3)+?«(S)0+  &c-  i  *]*> 

[(Pi-  S +&c-)+ -  KPi  -  S + &C-)o 

—  /  ^  fyo 
Urr0  J 

&c-)+ .C**]  (S)r  [(p*  -  £  ■ +  &o-l 


+ 


+ka-^-3+ 


a 


dx 


•4>U(§), 


■Px 1  [^  ■ ~  ~  &c]  ^  =  o- 


+ 

cP/>. 


+  &c. 


This  being  written  in  the  form 


crj  —  a0  +y^  1  boydx  =  0, 

shows  that  6  is  the  same  as  before,  and  therefore  the  form  of  the 

j 

function  y  is  not  changed  by  supposing  V  to  contain  explicitly  the 
limiting  values  of  x ,  y,  &c. 

LI  Jb 

Also  the  terms  in  ax  —  a0  =  0  are  of  the  same  nature  as  if  V 
did  not  contain  the  limits,  forming  a  series 

A1dx1  +  +  C\  +  &c-  +  A0dx0  +  B0oy0  C0  &c« 

f 

AlfBlf  Clt  &c.,  A0,B0,  C0,  &c.,  being  constants.  For  in  the  ex¬ 
pressions 

f  1  mydx,  J1  mQdx ,  &c., 


the  same  supposition  is  made  as  in  the  terms 


(p> 


dP2 

dx 


+  &c 


■),'  C- 


ddP_ 2 

dx 


+  &c 


) 


0? 


\ 
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and  the  other  coefficients  of  the  several  increments  in  the  equation 

ft 

a1  —  a0  =  0,  where  V  did  not  contain  the  limits  ;  viz.  :  that  the 
value  of  y,  derived  from  the  equation  b  =  0,  has  been  substituted  in 
m;,  m0,  &c.  This  substitution  being  effected,  and  the  definite  integrals 


mydx^ 


7Xx  madx,  &c., 
xn 


being  formed,  the  quantities  Ax,  i>1?  AQ,  Z>0,  &c.,  will  become  entirely 
constant. 

Thus  the  mode  of  treating  the  equation  1)  U  =  0  is  in  all  respects 
the  same  as  in  the  case  previously  considered. 

The  following  examples  will  illustrate  the  cases  considered  in  the 
last  two  propositions. 


79.  Ex.  Having  given  the  area  c  of  the  figure  BAA1B1,  bounded 
by  the  axis  of  x,  by  two  ordinates  passing  through  the  given  points 
B  and  Z>7,  and  by  a  curve  ACAJ9 to  find  the  nature  of  the  curve  and 
the  values  of  the  extreme  ordinates  BA  and  B1Al,  when  the  peri¬ 
meter  of  the  figure  is  a  minimum.  Put 
OB—X o,  OB-^—x^  B A—y 0,  B^A^-y^. 

Then,  since 

BBX  =  x1  —  x0 

is  constant,  we  have 


BA  -j-  BXAX  +  ACAl  =  yQ  -f-  yx 


-f-  f  x(  1  -f*  --\2dx  =  V"  -f-  fXl  Vdx  ==  a  minimum. 
J  x0\  dx2)  Jx0 

Also  fXl  V'dx  =  fXlydx  =  c. 

Jx0  JxQ 


.  * .  TJ  —  F"-f-  fXl(V  4-  ~kVr)dx  —  a  minimum. 

d  Xq 

Here  U  contains  a  term  V",  exterior  to  the  sign  of  integration, 
involving  the  limiting  values  of  y,  and,  therefore,  by  the  method 


r 
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applicable  to  such  cases,  combined  with  that  of  relative  maxima 


and  minima,  we  have 


D  U  =  Z>  [y0  +  !/,  +/£  |  (l  +  ^ )'2  +  Xy  |  tfz]  _  0. 

Now  V  dr  XV'  =  f(y-  and  therefore  by  formula  ( b ) 

v  +  xv  =  cl  +  r,d£. 

__d{V  +XF)  /,  ,  d>f\-\  d,j 


L  = 


-  (■  ■ +  m 


dx 


or. 


'.+sosr=(i+»)!+^  ■ 


( 


1  + 


dx2  ) 


(ci  -xy)  =  !• 


Put  ^  =  /3,  and  i  =  a,  then  ^1  +  (5  —  y)2  =  a2 ;  . 

((3—  y)dy 


.  ' .  dx  = 


and  x  —  c2  -f-  [a2  —  (/3  —  y)2]~ 


-v/a2—  (/3  —  y)2, 

or,  j[.r  —  e2)2  -f  (y  —  /3)2  =  a2,  the  equation  of  a  circle. 

Hence,  the  curve  ACAV  is  a  circular  arc. 

To  determine  the  values  of  the  ordinates  y0  and  y3,  and  that  of 
a,  the  radius  of  the  circle,  we  recur  to  the  equation 

—  a0  =  0,  which  becomes,  in  the  present  case 

(r+xr')i<fei—  (f+xf'),&.+  (L)Ai-  (A),^» 

+  N"Syl+JV'Si/0  =  0,  (1), 

since  V  +  AT7'’  does  not  contain  P2,  P3,  &c.,  and  F"  contains  only  ya 
and  y3. 

Also,  since  the  points  B  and  B}  are  given,  dxc  =  0,  and  dx 2  =  0, 
Thus,  (1)  is  equivalent  to  the  two  conditions 
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But 


(i^+A^O,  (I\)0-jY'=0. 

d  V"  d  V" 

X'=-—  =  1,  and  Nf'=  —  =1. 
dd o  dy i 


Hence,  by  substituting  the  values  of  JY\  N"  and  P15  we  obtain 

E(,+fe)  2]1+i=o’ aiid  \%(x+%)  *]0“i=°5 


•••©  =  +*’  aud  (l)  = 


00. 


And  therefore  the  arc  ACAX  is  a  semicircle,  the  tangents  at  A  and 
Ax  being  perpendicular  to  OX. 


Also, 


radius  a  =  -  {xx—  xQ),  and  yl  =  y0. 


•  1 

But  area  BAAlBl  =  2cc  •  y0  -j-  -tfa2  =  c,  and  .  * .  y0  becomes  known, 


thus  making  the  solution  complete. 

89.  Ex.  To  find  the  curve  of  swiftest  descent  from  one  given  curve 
to  another,  the  motion  being  supposed  to  commence  at  the  upper 
curve. 

Let  AB  and  AlBl  be  the  given  curves,  and 
CC\  the  curve  required. 

Put  OB  =  x0,  DC  —  y0,  OE  —  x, 

EP  =  y,  OF  —  aq,  ECl  =  y15  CP  =  s. 

Then,  by  the  principles  of  Mechanics  (before 
cited),  the  velocity  acquired  by  the  body  in 
descending  from  C  to  P  along  the  curve  CPCX ,  is  expressed  by 


V2d  X  Ip  =  V2(J  {y  —  yo) ; 


and  also 
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U  =  fx\y-y^.(l  +  d£fdx=f*;  Vd*  = 


a  minimum. 


Here  V  conlains  the  limit  y0  explicitly  ;  and  therefore  DU  will  con¬ 
tain  the  additional  terms 

[X?  (I)  *]  *•+  [X?  n°Xi  ,y» 

which  terms  appear  in  the  equation  al —  c/0  =  0,  but  not  in  the  equa- 

r  V  *  ,  '  ;  •• '  *  /’■  • Hftl  v  ( 

tion  5=0. 

Also,  since  V  —  f(y,  we  have,  by  formula  (b), 

/ 

dij 


V=c  +  P1 


dx 


[(»-»■)(■+ %)f=\ = 

.  <fy_  [" sc  —  (y  —  yo)1i 
*  dx  L  y  —  y0  J 

This  is  the  differential  equation  of  a  cycloid  having  the  axis  parallel 
to  y,  the  cusp  or  extremity  of  the  base  at  the  upper  point  x0,  y0,  and 
the  diameter  of  the  generating  circle  =  2C. 

The  equation  al  —  a0  —  0  gives,  in  this  case, 

.  \  -  r  ( 

V1dx1  —  Vydx^  +  byl  —  (P2)0#y0  +  o  (~^  dx^dx 0 

+  {J**1  n0  dx^  Sy0  =  0 - (1). 


u  4  dV  dV  „  dP1  .  dP,  A 

But  n0  =  - — -  =r - —  =  —  N  = - r—  ,  since  AT - —  =  0 

dy0  dy  dx  dx 
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*  *  *  fx  1  ll°dX  ~  ~  and  J  ( ??0  dx 

= ™ 

Again,  if  the  differential  equations  of  the  two  given  carves  be 

-t  an(j  —  t 

—  h,  and  —  h> 

U/U/0  lv»l/ j 

we  shall  have  the  following  conditions  connecting  the  values  of  dx0 , 
6?j0 ,  cfoq,  and  (bq,  viz. : 

Sy0  +  {-r-  \  dx Q  z=z  tQdxQ ,  and  = 

\dx  J  ^  \  •  \dx/ 1 

/x  (dy\ 

1nQdx ,  and  /  1  ( — )  ??0cfa 

•~*0  ^  ^0  \“a'/ 0 

in  (1),  and  placing  the  coefficients  of  dx0  and  ofaq,  separately,  equal  to 
zero,  we  get 

r,  +  (i>o,[i,-^)i]  =  o, 

-im.-™  ['.-(!),]=».  »• 
[(,+g)*.b_„)-*]i+(*)i[(1  +  |l)-*. 

[('+&*-*  >1-  ©.[(-+S)4- 


and 
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*v 

From  (2)  we  obtain  1  +  4  =  0;  and  therefore  the  cycloid 

intersects  the  second  curve  at  right  angles. 


•  t  —  t 

•  «  ti  — —  f 


Also,  from  (3)  we  get  1+4  (~[~j  =  0  ; 

and  the  tangents  to  the  two  curves,  at  the  points  of  intersection  with 
the  cycloid,  are  parallel.  The  co-ordinates  of  those  points  are 
readily  found. 

81.  Prop.  To  determine  the  forms  of  the  functions  y  and  z,  and 
the  values  of  the  limits  xx  and  x0,  which  shall  render 


V 


Px  4 

TJ  —  /  1  Vdx  a  maximum  or  minimum,  where 

Jx  o 


thj  d2y 


dn>/ 


dz  d2z 


dx  dx2'  dxn'  Z'  dx  ’  dx2  dxm 


] 


'.'ISO 


The  equation  DU  =  0  becomes  in  this  cas 

+ Y  -  § + &c  ]  +  -  [p*-!S+ ■ &< 

dn~loy~ 


Vydx- 


+[A  &0T(+;i 


X 

J  T>  -79.  T) 


dP,  d2P, 

irr  +  rnx-  &c- 


N-  dx 
d' 

lx. 


+  l 


„  /d8z\  __  .  .  „  / 


4  \_P2’  &c.]j  [^Y  —  &c.]0 

r  rim  p  71 

. +  (-  1V»~—  \8z.dz=*  0. 

v  '  dxm  J 


* 
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If  the  functions  y  and  z  be  independent  of  each  other,  their  varia¬ 
tions  Sy  and  6z  will  also  be  independent ;  and,  by  reasoning  as  in 
previous  propositions,  it  will  appear  that  we  shall  have  the  conditions 


^  dP,  d2P2 

A  ~  lu  +  ~  &c- 


du  P 

4“  ( —  1 ) 71  •  —j—  =  0, 

v  '  dxn 


dP /  d2P\  „  ,  _  dmP  ' 


&c _ +  (—  l)m 


m 


dx 


m 


=  o...(i). 


And  for  the  equation  of  the  limits 


Fjtfoq—  V0dx0+  [p,-  dP  +  &c.]  iy,  -  [/’,  -  +  &C.J  Sjf0 


&c.  &c. 


The  mode  of  treating  these  equations  is  exactly  the  same  as  that 
employed  when  V  contained  but  one  function,  and  by  reasoning,  as 
in  that  case,  it  may  be  readily  shown  that  the  number  of  equations 
applicable  to  the  solution  of  the  problem  will  not,  in  general,  be 
affected  by  any  equations  of  condition  restricting  the  limits.  For 
every  such  equation  of  condition  will  diminish  by  unity  the  number 
of  terms  in  (2),  either  by  reducing  to  zero  the  variation  which 
appears  in  such  term  ;  or,  by  uniting  two  terms  in  one,  and  thereby 
diminishing  by  unity  the  number  of  equations  cleducible  from  (2). 

But  the  given  equation  of  condition  will  just  supply  the  place  of 
that  which  has  disappeared. 

Thus  it  will  suffice  to  prove  that  (1)  and  (2)  furnish  the  requisite 
number  of  equations  in  a  single  case,  as  when  the  limits  of  x  are 
alone  fixed. 
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Now  the  first  of  equations  (1)  is  of  the  order  2n  in  y,  and  m  n 
in  •£,  and  the  second  of  equations  (1)  is  of  the  order  m  -|-  n  in  y, 
and  2m  in  z.  They  are  therefore  of  the  forms 


\  dy 

lx'y'Tx"-- 


d?ny*  dz  dm+nz 
dx2n ’  Z,~dx”  “  dxm+n 


dm+ny  ^  dz  d2m 

dxm+n''  ‘  ’  dx  dx2 


] 

3 


=  0 - (3). 


=  0....  (4). 


If,  then,  we  differentiate  (3)  2m  times,  and  (4)  m  n  times,  we 
shall  have  3m  +  n  +  2  equations  with  which  to  eliminate  the  3 m~\-n 


.  .  dz 

quantities  z,  — 

C IJCs 


d3m+nz 


3wi+n,  and  the  resulting  equation  will  he 

of  the  order  2m  +  in  y.  The  integral  of  this  equation  will  con¬ 
tain  2m  -f  2a  constants.  But  the  number  of  equations  given  by 
(2)  is  exactly  2a  +  2m,  viz.  :  the  2 a  equations, 

[a  - ~ id &c] , : = ' °«  [p> ~ S' + ' &c']  „= 1 [iV ~  &a]  * = °> &0- ; 


and  the  2m  equations, 


[iy  —  &C.]!  =  o,  &c. 


Hence  the  problem  is  in  general  determinate,  but  there  are 
exceptions  entirely  similar  to  those  considered  in  the  case  of  a  single 
dependent  function  y. 


82.  If  the  functions  y  and  z  be  connected  by  an  equation  L  —  0, 
and  if  it  be  possible  to  resolve  that  equation  with  respect  to  y  or  z, 

to  obtain  a  result  of  the  form  z  =  f{x,y,  &c.^,  the  values 

cl2Z 

of  &c.,  can  be  formed  by  differentiation,  and  substituted  in 

dx  dx 2’  ’  J 

that  of  V,  which  will  then  contain  x,  y,  and  the  differential  coeffi¬ 
cients  of  y  with  respect  to  ar,  thus  presenting  a  case  already 
considered. 


so  as 
dz 
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83.  But  since  the  proposed  equation  L  —  0  is  often  a  differential 
equation  difficult  to  be  integrated,  we  are  often  compelled  to  adopt 
the  method  already  noticed,  (Page  444)  in  which  by  the  introduction 
of  a  new  indeterminate  quantity  A,  and  a  suitable  determination  of 
its  value,  we  are  enabled  to  obtain  an  expression  for  SU  which  shall 
contain  but  one  of  the  variations  Sy  and  8z  under  the  sign  of  inte¬ 
gration. 

Thus,  if  we  denote  by  0,  the  sum  of  the  terms  exterior  to  the  sign 
of  integration  in  the  value  of  6U,  (Page  445)  there  will  result 


S  U  =  6  +  f'H  (W  +  -  di'Fl  +  ^  +  &c.]  Sydx 

^  CLJb 

+  fX 1  [W'+  +  &c.j  Szdx  ; 

J  Xr,  ax 


and  if  we  so  assume  the  quantity  A  as  to  fulfil  the  condition 


JST  +  Aa'  + 


djP,'  +  A/3Q 

dx 


+  &c.  =  0, 


it  will  appear  by  reasoning,  similar  to  that  employed  when  y  was 
the  only  function,  that  the  condition  S  U  —  0  cannot  be  satisfied  (so 
long  as  the  form  of  8y  is  arbitrary)  unless  we  have  the  two  conditions 

&  =  0  and  fV"  -f-  Acc  - —  -f-  &c.  =  0. 

dx 

Hence,  we  have  for  the  solution  of  the  problem,  the  three  general 
equations 

L  —  0,  N  4-  Aa  —  _ _ _ , 

dx 

and  N’  +  Xa'  -  -  +  X/D  +  &0.  _  o. 

dx 

which  are  just  sufficient  to  determine  the  three  unknown  quantities, 
A,  y  and  z. 

84.  We  will  now  give,  in  conclusion,  examples  to  illustrate  the 
cases  and  methods  above  explained. 


I 
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Ex.  To  find  the  nature  of  the  line  which  is  the  shortest  distance 
between  two  given  points  in  space  there  being  no  restriction  by 
which  the  line  is  required  to  be  confined  to  one  plane.. 

The  general  value  of  the  length  of  the  arc  of  a  curve  of  double 


curvature  is 


/(l+T^  +  ^h  dx 


dx2 


dx2) 


taken  between  the  proper  limits. 

Hence  in  the  present  case  we  shall  have 

/  mt-  n~- \  ^ 

Here  V 


a  minimum. 


/  dy 2  dz2\ *  ,r  dV 

=  (1+Z?  +  5^)’  =~dy  =  ’ 


P  _dV 
x~  ,dy 


dx2  ‘  dx2/ 

dy 
dx 


d 


dJL  rji 

dx  V  ^  dx2 


+ 


dz 


P  '  - 

■  )  1  - 


dV 


dV 

dz 

dz 

dx 


=  0 


d 


dz 

dx 


dx2  dx2 

4 

P2  =  0,  P2r  =  0,  &c. 


i  „  dz2 

+  C&2  +  <fo2 


Hence  the  equations 


r/P  d  P  ' 

N - Jp  &c.  =r  0  and  N* - +  &c. 

dx  dx 


0 


become 


dP\ 

dx 


~  0  and 


dPx' 

dx 


=  0 


or  Px 


dy 

dx 


i \  ,  dd2  ,  dz2 
V  1  +  dx2  +  dx 2 


c  and  P*‘— 


dz 

dx 


sj  !+£.+  ** 


dx2  dx‘‘ 


Eliminating  first  —  and  then  — -  between  these  two  equations,  we 
&  %x  dx  1  ’ 

readily  obtain  results  of  the  forms 
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dv  .  dz  . 

—  m  and  —  =  n  m  which  rn  and  n  arc  constants, 
ax  ax 


.  * .  y  =  mx  -j-  p,  and  z  —  nx  -f-  q. 


These  are  the  equations  of  a  straight  line,  which  therefore  is  the 
shortest  distance  required. 

To  find  the  values  of  the  constants  m,  n,  p,  and  q ,  we  introduce 
the  given  limits  arn,  yn,  z0,  xL,  ylt  zv  and  thus  get 

y0  ==  mx0  -f  p,  z0  =  nx0  +  q,  y1  =  mxl  -f  p,  z1  =  nx1  +  q, 


which  suffice  to  determine  m,  n,p  and  q. 

85.  If  the  limiting  values  of  x  only  were  given,  those  of  y  and  2 
remaining  indeterminate,  the  terms  exterior  to  the  sign  of  integra¬ 
tion  would  give 

(Pi)  1  =  0,  (P1)o  =  0,  (/>,'),  =  0,  (/>/)„  =  0, 


which  are  equivalent  to  the  two  equations 

m  —  0  and  n  —  0, 

thus  leaving  the  other  two  constants  p  and  q  indeterminate,  and  pre¬ 
senting  one  of  the  cases  of  exception  already  noticed. 

86.  Ex.  To  find  the  shortest  distance  between  two  given 
surfaces. 

Let  the  equation  of  the  first  surface  be  f0(x0,  y0>  -0)  =  0 • • ••  (1) 

k 

and  that  of  the  second  surface  fi{xu  Vv»  z\)  —  9  ♦  •  •  •  (2) 


As  in  the  last  example 


f=(i+£+ 


and  we  immediately  deduce  as  before 

j  v  .  v 

y  —  mx  -f - p . (3),  2  —  nx  +  q . (4) 

which  show  that  the  shortest  path  is  still  a  straight  line. 

To  fix  the  co-ordinates  of  the  extremities  of  this  line  we  form  the 
complete  increment  of  (1)  and  (2)  thus  : 
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[ 

[ 


df0  ,  dfQ  ( d//\  df0  (dz\~\J  ,  df0  ^  ,  c?/0 


+  —  1  —  + 

,efo?0  c/y0  \dxj 0  <P0  \c?x, 

+  <¥i  (diP 


dx 0  +  j +  T"  *  —  0  • » » *  (5 


dp 


dz 


Put  for  brevity 


TIIq  = 


dA 

fyi 


dXr 


dx1 


dj_ o 
dzQ 

4fo 

dx,. 


ni  = 


Cheir  values  derived  from  equations  (3)  and  (4).  We  shall  thus 
obtain 

(1+  mmQ  +  nv0)  dx0  +  mfy0  +  n0Sz0  =  0 


(1  +  mmx  +  nn()  dx1  +  mlSy1  +  n1Sz1  r=  0. 

Now  eliminating,  by  the  aid  of  these  equations,  dx0  and  dxv  from 
the  equations 

V0dx0  +  (AWo  (A')o^o  —  9 
V\dXl  +  (F1)ldyl  +  (P/)  A=  0, 

and  placing  equal  to  zero  the  coefficients  of  <5y0,  dz0,  Sy^  we 
obtain 

'  m0V0  —  (PJo  (1  +  mm0  -f  nn0)  =0 . (7) 

ml  U  -  (D,  (i  +  mm1  +  nn1  )  =  0 . (8) 

no  V0  —  (P/)o  (!  +  mmo  +  nn0)  =  0 . (9) 

Fx  —  (Pi')i  (1  +  wiwii  -j-  nn-0  =  0 . (19). 

If  now  we  replace  VQ  and  (P^q  &c.  in  (7),  (8),  (9)  and  (10),  by 
their  values 

(1  +  m2  +  n2)^,  — - —  77 - &c. 

-yjl  -f-  m2  -j- 
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we  readily  find  from  (7)  and  (9)  m  —  m0,  n  =  n0 .  an 

and  from  (8)  and  (10),  m  =  m1  and  n  =  n0 . (12). 

Now  eliminating  .r0,  y0,  z0,  xv  yv  zv  which  quantities  occur  in  the 
values  of  m0,  n0,  mlt  and  nv  by  means  of  the  six  equations, 

Vo  —  mxo  +  P>  V\  —  mxi  +  P, 
z0  =  nx0  +  q,  zl  =  nx1  +  q, 

/o(*o>  Vo, 2'o)  =  °>  /i(*i.  Vv zi)  =  °> 

there  will  remain  the  four  equations  (11)  and  (12)  with  which  to 
compute  the  values  of  m,  and  q ;  thus  the  line  of  shortest 
distance  will  be  fixed  in  position ;  and,  by  combining  its  equations 
with  those  of  the  given  surfaces,  we  can  find  the  values  of 

xi  V\  *o  Vo  zo- 

87.  The  equations  (11)  and  (12)  show  that  the  line  of  shortest 
distance  is  normal  to  both  surfaces.  For  the  assumed  values  of 
m0  and  w0  indicate  that  they  represent  the  tangents  of  the  angles 
formed  by  the  projections  of  the  normal  to  the  first  surface  on  the 
planes  of  xy  and  xz  with  the  axis  of  x ;  while  m  and  n  denote  the 
tangents  of  the  corresponding  angles  formed  by  the  projections  of 
the  line  of  shortest  distance. 

A  similar  remark  applies  to  the  quantities  m1  and  «1}  and  the 
normal  to  the  second  surface. 

88.  Ex.  To  find  the  shortest  distance  traced  on  the  surface  of  a 
given  sphere  between  two  given  points  in  the  surface. 

Here  the  quantity  to  be  rendered  a  minimum  is  the  same  as  in 
the  last  two  examples,  viz.  : 


but  since  the  path  is  restricted  to  the  surface,  of  a  given  sphere,  the 

32 
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co-ordinates  x ,  y ,  and  z}  of  any  point  in  the  required  path,  will  be 
connected  by  the  relation 

x2  y 2  -\-  s2  r2,  or  L  =  x  +  y  ^  z~  =  0....  (2). 


dx 


Hence  the  variations  of  y  and  z  will  not  be  independent  of  each 
other. 

dz 

Now  we  might  form  from  (2)  the  value  of  — ,  which,  substituted 

CLjCf 

in  (1),  would  reduce  V  to  a  form  in  which  it  would  no  longer  con¬ 
tain  the  function  z ,  or  its  differential  coefficient,  or  we  may  adopt  the 
method  of  Lagrange,  which  is  usually  the  easier.  Taking  the  second 
method,  we  have 


V 


-( 


dy2  dz 2 \^- 


1  +  -—  + 


dx 2  dx2 


) 


.  p  _ 

•  •  -M  — 


dy_ 

dx 


1  +  ^!  +  ^! 

dx2  dx 2 


P  '  — 

,  jrl  — 


dz 

dx 


x/i+M+S 


dx 2  dx2 


dV  dV 

JV  =  ~=  0,  =  0 

dy  dz 


dL  dy  n 


d 


dL  dz 

—  —y.  cc'  —  — ,  dr  =  z. 
dy  dx  1 

dx 


Hence  the  equations  N  -f-  Aa  — •  ^  o? 


dx 


and 


W+X,'  d^'+ X/3') 

dx 

case, 

xd-l- 

dPx 

xd±- 

d\ 

y&  =  0> 

dx 

dx 

dx 

dz 

dPx’ 

dz 

II 

O 

s* 

dx 

dx 

Xdx 

+  &c.  =  0, 


MAXIMA  AND  MINIMA  OF  ONE  VARIABLE. 


499 


or 


d\  d 
^  dx  c  lx 


dy 

dx 


^  dx 2  ^  dx 2 


0  .  .  .  .  (3), 


dk  d 
dx  dx 


dX 


dz 

dx 


, V  dx 2  <fc2 


=  0 _ (4). 


Eliminating  —  between  (3)  and  (4),  we  get 

vlJU 


d 

dx 


dJL 

dx 


dy2  dz2 
*  dx2  dx2 


d 

~vTx 


dz 

dx 


V 1  +  -  r.  + 


</?/2  dz2 


=  0; 


cfo2  G?.£2 


and  by  integration 


dy 


dz 


Z  dx  ^  dx 


\/'+% 


+ 


dz2 

dx2 


—  c  ,  (5)  j 


or,  by  changing  the  independent  variable  from  x  to  s ,  (5)  becomes 

dz 

ds  J  ds 


dy  dz 

z  — - y  — —  —  c  .  .  .  .  lb). 

'o  J  rle  '  J 


By  similar  reasoning  we  may  obtain 


V 


dx 

ds 


dy  _  dz  dx 

x  “  =  ci  •  •  •  •  v  )i  aR(^  X  ~ds  z  ~  '  '  '  '  (®)* 


ds 


ds 


Multiplying  (6)  by  x ,  (7)  by  z,  and  (8)  by  y,  and  adding,  we  get 

c  c 

cx  +  cxz  +  c2y  =Z  0,  or  z  d - x  4-  —  y—  0  .  .  .  .  (9), 

ci  ci 

the  equation  of  a  plane  passing  through  the  origin. 

i  ■  ■  ■  1 

Thus  the  required  line  of  shortest  distance  on  the  surface  of  the 
sphere,  is  confined  to  a  plane  passing  through  the  centre,  and  is,  con¬ 
sequently,  a  great  circle. 
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The  equation  ax  —  a0  =  0  in  this  case  disappears,  sinco 

dx0  —  0,  dxx  —  0,  £y0  =  0,  §yx  =  0,  =  0,  and  Szx  =  0. 

c  c 

The  constants  —  and  — —  are  found  by  substituting 

ci  ci 

^o,  yQ,  z0>  anl  xltyltzv  for  x,  y,  and  z  in  (0). 

89.  If  the  limiting  values  of  x  only  were  given,  or  the  problem 
that  in  which  it  is  required  to  find  on  the  surface  of  the  sphere,  the 
shortest  path  between  two  parallel  sections,  the  variations  Sy 
&0,  would  not  reduce  to  zero,  and  the  equation  ax  —  a0  =  0 
would  give  the  four  conditions 


(Z\+  >./3)-0  =  0,  (P,  +  X/3)1=0,  (/>/+  X/3')0=0,  (A'+  X/3')i=  0, 


which  apply  to  the  inferior  limit,  with  two  similar  equations  for  the 
superior  limit. 

Eliminating  A0  between  (10)  and  (11),  there  results 


Hence,  the  constant  c  =  0  in  (5) ;  and  that  equation  becomes 


MAXIMA  AND  MINIMA  OF  ONE  VARIABLE. 


501 


.  * .  log  y  —  log  z  +  log  m  =  log  mz ;  and  y  =  mz. 

This  is  the  equation  of  a  plane  passing  through  the  axis  of  x ,  and 
forming  an  arbitrary  angle  (tan-1m)  with  the  plane  of  xz •  Hence, 
the  required  path  is  the  arc  of  any  great  circle  perpendicular  to  the 
planes  of  the  parallel  sections. 
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